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Preface

The algebraic L-theory of quadratic forms relates the topology of manifolds
to their homotopy types. This tract provides a reasonably self-contained ac-
count of this relationship in dimensions > 5, which was established over 20
years ago by the Browder—Novikov—Sullivan—-Wall surgery theory for com-
pact differentiable and PL manifolds, and extended to topological manifolds
by Kirby and Siebenmann.

The term ‘algebraic L-theory’ was coined by Wall, to mean the algebraic
K-theory of quadratic forms, alias hermitian K-theory. In the classical
theory of quadratic forms the ground ring is a field, or a ring of integers in an
algebraic number field, and quadratic forms are classified up to isomorphism.
In algebraic L-theory it is necessary to consider quadratic forms over more
general rings, but only up to stable isomorphism. In the applications to
topology the ground ring is the group ring Z[r| of the fundamental group
7 of a manifold.

The structure theory of high-dimensional compact differentiable and PL
manifolds can be expressed in terms of the combinatorial topology of finite
simplicial complexes. By contrast, the structure theory of high-dimensional
compact topological manifolds involves deep geometric properties of Eu-
clidean spaces and demands more prerequisites. For example, compare
Thom’s proof of the combinatorial invariance of the rational Pontrjagin
classes with Novikov’s proof of topological invariance. The current devel-
opment of the controlled and bounded surgery theory of non-compact man-
ifolds promises a better combinatorial understanding of these foundations,
using the algebraic methods of this book and its companion on lower K-
and L-theory, Ranicki [146]. The material in Appendix C is an indication
of the techniques this will entail.

The book is divided into two parts, called Algebra and Topology. In
principle, it is possible to start with the Introduction, and go on to the
topology in Part II, referring back to Part I for novel algebraic concepts. The
reader does not have to be familiar with the previous texts on surgery theory:
Browder [16], Wall [178], Ranicki [145], let alone the research literature*.
This book is not a replacement for any of these. Books and papers need not
be read in the order in which they were written.

The text was typeset in TEX, and the diagrams in FAAS-TEX.

* ‘The literature on this subject is voluminous but mostly makes difficult
reading’. This was Watson on integral quadratic forms, but it applies also
to surgery theory.
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Introduction

An n-dimensional manifold M is a paracompact Hausdorff topological space
such that each point x € M has a neighbourhood homeomorphic to the
Fuclidean n-space R™. The homology and cohomology of a compact n-
dimensional manifold M are related by the Poincaré duality isomorphisms

H"*(M) = H.(M)

using twisted coefficients in the nonorientable case.

An n-dimensional Poincaré space X is a topological space such that
H™*(X) = H,(X) with arbitrary coefficients. A Poincaré space is finite if
it has the homotopy type of a finite CW complex. A compact n-dimensional
manifold M is a finite n-dimensional Poincaré space, as is any space homo-
topy equivalent to M. However, a finite Poincaré space need not be homo-
topy equivalent to a compact manifold. The manifold structure existence
problem is to decide if a finite Poincaré space is homotopy equivalent to a
compact manifold.

A homotopy equivalence of compact manifolds need not be homotopic
to a homeomorphism. The manifold structure uniqueness problem is to
decide if a homotopy equivalence of compact manifolds is homotopic to a
homeomorphism, or at least h-cobordant to one. The mapping cylinder of a
homotopy equivalence of compact manifolds is a finite Poincaré h-cobordism
with manifold boundary, which is homotopy equivalent rel 0 to a compact
manifold h-cobordism if and only if the homotopy equivalence is h-cobordant
to a homeomorphism. The uniqueness problem is thus a relative version of
the existence problem.

The Browder—Novikov—Sullivan—Wall surgery theory provides computable
obstructions for deciding the manifold structure existence and uniqueness
problems in dimensions > 5. The obstructions use a mixture of the topo-
logical K-theory of vector bundles and the algebraic L-theory of quadratic
forms. A finite Poincaré space is homotopy equivalent to a compact mani-
fold if and only if the Spivak normal fibration admits a topological bundle
reduction such that a corresponding normal map from a manifold to the
Poincaré space has zero surgery obstruction. A homotopy equivalence of
compact manifolds is h-cobordant to a homeomorphism if and only if it is
normal bordant to the identity by a normal bordism with zero rel 0 surgery
obstruction. The theory applies in general only in dimensions > 5 because
it relies on the Whitney trick for removing singularities, just like the h- and
s-cobordism theorems.

The algebraic theory of surgery of Ranicki [143]-[149] is extended here to a
combinatorial treatment of the manifold structure existence and uniqueness
problems, providing an intrinsic characterization of the manifold structures
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in a homotopy type in terms of algebraic transversality properties on the
chain level. The Poincaré duality theorem is shown to have a converse: a
homotopy type contains a compact topological manifold if and only if it
has sufficient local Poincaré duality. A homotopy equivalence of compact
manifolds is homotopic to a homeomorphism if and only if the point inverses
are algebraic Poincaré null-cobordant. The bundles and normal maps in the
traditional approach are relegated from the statements of the results to the
proofs.

An n-dimensional algebraic Poincaré complex is a chain complex C' with
a Poincaré duality chain equivalence C"~* ~ (. Algebraic Poincaré com-
plexes are used here to define the structure groups S.(X) of a space X. The
structure groups are the value groups for the obstructions to the existence
and uniqueness problems. The total surgery obstruction s(X) € S, (X)
of an n-dimensional Poincaré space X is a homotopy invariant such that
s(X) = 0 if (and for n > 5 only if) X is homotopy equivalent to a com-
pact n-dimensional manifold. The structure invariant s(f) € S,+1(M) of
a homotopy equivalence f: N—— M of compact n-dimensional manifolds is
a homotopy invariant such that s(f) = 0 if (and for n > 5 only if) f is
h-cobordant to a homeomorphism.

Chain homotopy theory can be used to decide if a map of spaces is
a homotopy equivalence: by Whitehead’s theorem a map of connected
CW complexes f: X—Y is a homotopy equivalence if and only if f in-
duces an isomorphism of the fundamental groups f.: 7 (X)——m1(Y) and a
chain equivalence f:C(X)—=C(Y) of the cellular Z[r; (X )]-module chain
complexes of the universal covers X ,)7 of X,Y. It will be shown here
that the cobordism theory of algebraic Poincaré complexes can be simi-
larly used to decide the existence and uniqueness problems in dimensions
> 5. A finite Poincaré space X is homotopy equivalent to a compact mani-
fold if and only if the Poincaré duality Z[m;(X)]-module chain equivalence
[X] N —:C(X)"*—C(X) of the universal cover X is induced up to al-
gebraic Poincaré cobordism by a Poincaré duality of a local system of Z-
module chain complexes. A homotopy equivalence of compact manifolds f
is h-cobordant to a homeomorphism if and only if the chain equivalence f
is induced up to algebraic Poincaré cobordism by an equivalence of local
systems of Z-module chain complexes. Such results are direct descendants
of the h- and s-cobordism theorems, which provided necessary and suffi-
cient cobordism-theoretic and Whitehead torsion conditions for compact
manifolds of dimension > 5 to be homeomorphic.

Generically, assembly is the passage from a local input to a global output.
The input is usually topologically invariant and the output is homotopy
invariant. This is the case in the original geometric assembly map of Quinn,
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and the algebraic L-theory assembly map defined here.

The passage from the topology of compact manifolds to the homotopy
theory of finite Poincaré spaces is the assembly of particular interest here.
In general, it is not possible to reverse the assembly process without some
extra geometric hypotheses. Manifolds of a certain type are said to be rigid
if every homotopy equivalence is homotopic to a homeomorphism, that is
if the uniqueness problem has a unique affirmative solution. The classifi-
cation of surfaces and their homotopy equivalences shows that compact 2-
dimensional manifolds are rigid. Haken 3-dimensional manifolds are rigid,
by the result of Waldhausen. The Mostow rigidity theorem for symmetric
spaces and related results in hyperbolic geometry give the classic instances
of higher dimensional manifolds with rigidity. The Borel conjecture is that
every aspherical Poincaré space B7 is homotopy equivalent to a compact
aspherical topological manifold, and that any homotopy equivalence of such
manifolds is homotopic to a homeomorphism. Surgery theory has provided
many examples of groups m with sufficient geometry to verify both this
conjecture and the closely related Novikov conjecture on the homotopy in-
variance of the higher signatures. The rigidity of aspherical manifolds with
fundamental group m is equivalent to the algebraic L-theory assembly map
for the classifying space B7 being an isomorphism. The more complicated
homotopy theory of manifolds with non-trivial higher homotopy groups is
reflected in non-rigidity, with a corresponding deviation from isomorphism
in the algebraic L-theory assembly map.

The Leray homology spectral sequence for a map f: Y —X can be viewed
as an assembly process, with input the E?-terms

Epy = Hy(X; {Hy(f7}(2))})
and output the E°°-terms associated to H,.(Y). The spectral sequence
can be used to prove the Vietoris—Begle mapping theorem: if f is a map
between reasonable spaces (such as paracompact polyhedra) with acyclic
point inverses f~!(z) (x € X) then f is a homology equivalence. The
topologically invariant local condition of f inducing isomorphisms

(fD)s s Ho(f (@) — Ho({2}) (z € X)
assembles to the homotopy invariant global condition of f inducing isomor-
phisms
fo: HoY) — H.(X) .
There is also a cohomology version, with input
ByY = HP(X; {H(f(z))})

and output H*(Y). The dihomology spectral sequences of Zeeman [192] can
be similarly viewed as assembly processes, piecing together the homology
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(resp. cohomology) of a space X from the cohomology (resp. homology)
with coefficients in the local homology (resp. cohomology). The homology
version has input

EPY = HP (X {H,—q(X, X\{2})})

and output H,,_.(X), for any n € Z. The cohomology version has input
Epq = Hy(X {H" 71X, X\{z})})

and output H"*(X).

An n-dimensional homology manifold X is a topological space such that
the local homology groups at each point z € X are the local homology
groups of R"

Z ifx=mn

H.(X, X\{z}) = H.(R",R"\{0}) = {0 itx £

For compact X the local fundamental classes [X], € H,(X, X\{x}) assem-
ble to a global fundamental class [X] € H, (X), using twisted coefficients in
the nonorientable case. The dihomology spectral sequences collapse for a
compact homology manifold X, assembling the local Poincaré duality iso-
morphisms

[Xlon—: H""({2}) — H (X, X\{2}) (z€X)
to the global Poincaré duality isomorphisms
(X]Nn—: H"*(X) — H.(X).
The topologically invariant property of the local homology at each point
being that of R™ is assembled to the homotopy invariant property of n-
dimensional Poincaré duality.

The quadratic L-groups L, (R) (n > 0) of Wall [180] were expressed in
Ranicki [144] as the cobordism groups of quadratic Poincaré complexes
(C, 1) over a ring with involution R, with C' a f.g. free R-module chain com-
plex and ¥ a quadratic structure inducing Poincaré duality isomorphisms
(1+T)po: H**(C) =2 H.(C).

The algebraic L-theory assembly map

A: H(X;L.) — L.(Z[m(X)])
is a central feature of the combinatorial theory of surgery, with H,(X;L.)
the generalized homology groups of X with coefficients in the 1-connective
quadratic L-theory spectrum L. of Z . By construction, the structure groups

S«(X) of a space X are the relative homotopy groups of A, designed to fit
into the algebraic surgery exact sequence

S HA(XL) —5 Ly(Z[m(X)]) — Sa(X)

— H, 1 (X5L) — ...
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The structure groups S,(X) measure the extent to which the surgery ob-
struction groups L, (Z[m(X)]) fail to be a generalized homology theory, or
equivalently the extent to which the algebraic L-theory assembly maps A
fail to be isomorphisms. The algebraic surgery exact sequence for a com-
pact manifold M is identified in §18 with the Sullivan—Wall surgery exact
sequence for the manifold structure set of M.

The total surgery obstruction s(X) € S,,(X) of an n-dimensional Poincaré
space X is expressed in §17 in terms of a combinatorial formula measuring
the failure on the chain level of the local homology groups H.(X, X\{z})
(x € X) to be isomorphic to H" *({z}) = H.(R™,R™\{0}). The condition
s(X) = 0 s equivalent to the cellular Z[m (X )]-module chain complex C/(X)
of the universal cover X being algebraic Poincaré cobordant to the assem-
bly of a local system over X of Z-module chain complexes with Poincaré
duality. The structure invariant s(f) € S,+1(M) of a homotopy equiva-
lence f: N—— M of compact n-dimensional manifolds is expressed in §18 in
terms of a combinatorial formula measuring the failure on the chain level
of the local homology groups H.(f !(z)) (x € M) to be isomorphic to
H,.({z}). The condition s(f) = 0 is equivalent to the algebraic mapping
cone C(f:C(N )———)C(M ))«+1 being algebraic Poincaré cobordant to the
assembly of a local system over M of contractible Z-module chain com-
plexes.

The algebraic L-theory assembly map is constructed in §9 as a forgetful
map between two algebraic Poincaré bordism theories, in which the underly-
ing chain complexes are the same, but which differ in the duality conditions
required. There is a strong ‘local’ condition and a weak ‘global’ condition,
corresponding to the difference between a manifold and a Poincaré space,
and between a homeomorphism and a homotopy equivalence. The assembly
of a local algebraic Poincaré complex is a global algebraic Poincaré complex,
by analogy with the passage from integral to rational quadratic forms in al-
gebra, and from manifolds to Poincaré spaces in topology. The algebraic
L-theory assembly maps have the advantage over the analogous topologi-
cal assembly maps in that their fibres can be expressed in terms of local
algebraic Poincaré complexes such that the underlying chain complexes are
globally contractible.

The generalized homology groups of a simplicial complex K with L-theory
coefficients are identified in §13 with the cobordism groups of local algebraic
Poincaré complexes, where local means that there is a simply connected
Poincaré duality condition at each simplex in K. The cobordism groups
of global algebraic Poincaré complexes are the surgery obstruction groups
or some symmetric analogues, where global means that there is a single
non-simply connected Poincaré duality condition over the universal cover
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K. Surgery theory identifies the fibre of the assembly map from compact
manifolds to finite Poincaré spaces in dimensions > 5 with the fibre of
the algebraic L-theory assembly map. Picture this identification as a fibre
square

{ topological manifolds} ———— {local algebraic Poincaré complexes}

assembly assembly

{ Poincaré spaces} ———— { global algebraic Poincaré complexes}

allowing the homotopy types of compact manifolds to be created out of the
homotopy types of finite Poincaré spaces and some extra chain level Poincaré
duality. The assembly maps forget the local structure, and the fibres of
the assembly maps measure the difference between the local and global
structures. The fibre square substantiates the suggestion of Siebenmann
[160, §14] that ‘topological manifolds bear the simplest possible relation to
their underlying homotopy types’.

The surgery obstruction of a normal map (f,b): M— X from a compact
n-dimensional manifold M to a finite n-dimensional Poincaré space X

0. (f,0) € Ln(Z[m (X)])

is such that o.(f,b) = 0 if (and for n > 5 only if) (f,b) is normal bor-
dant to a homotopy equivalence. In the original construction of Wall [180]
o.(f,b) was defined after preliminary geometric surgeries to make (f,b)
[n/2]-connected. In Ranicki [145] the surgery obstruction was interpreted

as the cobordism class of an n-dimensional quadratic Poincaré complex
(C(f"),) over Z[m(X)] associated directly to (f,b), with

*
—~

- ~ Fi —
fleOX) ~ C(X)"r — C(M)"™* ~ C(M)
the Umkehr chain map.
The algebraic Poincaré cobordism approach to the quadratic L-groups
L.(R) extends to n-ads, and hence to the definition of a quadratic L-
spectrum LL.(R) with homotopy groups

m(L.(R)) = L.«(R) .
In Ranicki [148] the quadratic L-groups L,(A) (n > 0) of n-dimensional

quadratic Poincaré complexes were defined for any additive category with
involution A, with

L.(R) = L.(A(R)) , A(R) = {fg free R-modules} .

In §1 the quadratic L-groups L. (A) are defined still more generally, for any
additive category A with a chain duality, that is a duality involution on the
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chain homotopy category.

The chain complex assembly of Ranicki and Weiss [150] provides a con-
venient framework for dealing with the algebraic L-theory assembly over a
simplicial complex K. The method can be extended to arbitrary topological
spaces using nerves of open covers.

An (R, K)-module M is a f.g. free R-module with a direct sum decompo-
sition

M =Y M(o)
ceK
with R a commutative ring. An (R, K)-module morphism f: M——N is an
R-module morphism such that
f(M(0)) S > N(7) (s €K).
T>0

An (R, K)-module chain complex C'is locally contractible if it is contractible
in the (R, K)-module category, or equivalently if each C(o) (0 € K) is a
contractible f.g. R-module chain complex. The assembly of an (R, K)-
module M is the f.g. free R[m (K )]-module

M(K) = Y M(p(5))
GeK

with p: K ——K the universal covering projection. An (R, K)-module chain
complex C' is globally contractible if the assembly C(K) is a contractible
R[m (K)]-module chain complex. A locally contractible complex is glob-
ally contractible, but a globally contractible complex need not be locally
contractible.

An n-dimensional quadratic complex (C, ) in A (R, K) is locally Poincaré
if the algebraic mapping cone of the (R, K)-module chain map (1 + T")t)o:
C"*——( is locally contractible, with each

(14 T)po(o) : Clo)" V717" — C(0)/0C(0) (0 € K)
an R-module chain equivalence. (See §5 for the construction of the chain du-
ality on A (R, K).) An n-dimensional quadratic complex (C,%) in A (R, K)
is globally Poincaré if the algebraic mapping cone of (1 + T)¢y: C"*—C
is globally contractible, with
(14+T)py : C"*(K) ~ C(K)"* — C(K)

an R[m1(K)]-module chain equivalence. Chain complexes with local (resp.
global) Poincaré duality correspond to manifolds (resp. Poincaré spaces).

The generalized homology groups H,.(K;L.(R)) are the cobordism groups
of quadratic locally Poincaré complexes in A (R, K'). The algebraic L-theory
assembly map

A Hy(K;L.(R)) — Ln(R[m (K)]) ; (C,¢) — (C(K), (K))
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is defined by forgetting the locally Poincaré structure. The geometric assem-
bly map of Quinn [130], [131], [137] pieces together the non-simply connected
surgery obstruction of a normal map of closed manifolds from the simply
connected pieces. Similarly, the algebraic L-theory assembly map A pieces
together a globally Poincaré complex over R[m (k)] from a locally Poincaré
complex in A (R, K).

The main algebraic construction of the text is the algebraic surgery exact
sequence of §14

A o
. — H,(K;L.(R)) — L,(R[r(K)]) — Su(R,K)
— H, 1 (KG;L.(R) — ... .
The quadratic structure groups S, (R, K) are the cobordism groups of quad-
ratic complexes in A (R, K) which are locally Poincaré and globally con-
tractible.

The algebraic surgery exact sequence is a generalization of the quadratic
L-theory localization exact sequence of Ranicki [146, §3]

. — Lp(R) — Ly(ST'R) — L,(R,S) — L, 1(R) — ...,
for the localization R—S~!' R of a ring with involution R inverting a mul-
tiplicative subset S C R of central non-zero divisors invariant under the
involution. The relative L-groups L.(R,S) are the cobordism groups of
quadratic Poincaré complexes (C, 1) over R such that C' is an R-module
chain complex with localization S™'C = ST'!R®p C a contractible S~!R-
module chain complex. In the classic case

R=17,8=17\{0}, SR =Q
the relative L-groups Lo;(R,S) are the Witt groups of Q/Z-valued (—)*-
quadratic forms on finite abelian groups, and Ls;11(R,S) = 0.

The quadratic structure groups S, (K) are defined in §15 as the 1-connective
versions of S,(Z, K), to fit into the algebraic surgery exact sequence

A o
. — Hy(K;L.) — L,(Zm (K)]) — Su(K)

— H, 1(K;L.) — ...
with L. the 1l-connective cover of L.(Z). The Oth space Ly of L. is ho-
motopy equivalent to the homotopy fibre G/TOP of the forgetful map
BTOP—— BG from the classifying space for stable topological bundles to

the classifying space for stable spherical fibrations. The homotopy groups
of IL. are the simply connected surgery obstruction groups

z 0
(L) = 7n(G/TOP) = Ln(Z) — OZ if 7 = ; (mod 4) .
2
0 3
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The dual cells of a simplicial complex K are the subcomplexes of the
barycentric subdivision K’ defined by

D(O’,K) = {6'\081...87= EK/’O'SO'O <op <... <Ur} ,
with boundary
0D(0,K) = | J D(1,K) .
T>0
Transversality is functorial in the PL category: Cohen [38] proved that for

a simplicial map f: M—— K’ from a compact n-dimensional PL manifold
M the inverse images of the dual cells
(M(0),0M(0)) = f~(D(0,K),0D(0,K)) (0 € K)

are (n — |o|)-dimensional PL manifolds with boundary. An abstract version
of this transversality is used in §12 to express the groups h.(K) for any
generalized homology theory h as the cobordism groups of ‘h-cycles in K,
which are compatible assignations at each simplex o € K of a piece of the
coefficient group h.({pt.}). This is the combinatorial analogue of the result
that every generalized homology theory is the cobordism of compact man-
ifolds with singularities of a prescribed type (Sullivan [170], Buoncristiano,
Rourke and Sanderson [22]).

A finite n-dimensional geometric Poincaré complex X is a finite simplicial
complex such that the polyhedron is an n-dimensional Poincaré space. The
total surgery obstruction of X is defined in §17 to be the cobordism class

s(X) = (I, ¢) € Su(X)
of an (n — 1)-dimensional quadratic locally Poincaré globally contractible
complex (I',%) in A (Z, X) with
H.(T'(0))

= H.1(¢(0): C(D(o, X))" 171" —C(D(0, X),0D(0, X)))

= Hopio([X)e 0= C({a})" ™ —C (X, X\ ()
measuring the failure of local Poincaré duality at the barycentre x = 6 € X

of each simplex o € X. The assembly (n—1)-dimensional quadratic Poincaré
complex (I'(X), (X)) over Z[m (X)] is contractible, with
NX) = C([XINn—=—C(X)" " —C(X))sy1 ~ 0.

The structure invariant s(f) € S, +1(M) of a homotopy equivalence f: N
—— M of closed n-dimensional manifolds is defined in §18, measuring the ex-
tent up to algebraic Poincaré cobordism to which the point inverses f~=1(x)
are contractible. The invariant is such that s(f) = 0 if (and for n > 5 only
if) f is h-cobordant to a homeomorphism. The total surgery obstruction has
the following interpretation: for n > 5 a finite n-dimensional Poincaré space
X is homotopy equivalent to a compact topological manifold if and only if
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the Poincaré duality chain equivalence has ‘contractible point-inverses’ up
to an appropriate cobordism relation.
The structure set STOP(X) of an n-dimensional Poincaré space X is the
set (possibly empty) of h-cobordism classes of pairs
(compact n-dimensional topological manifold M ,

homotopy equivalence f: M—X) .
The structure set of a compact manifold M is non-empty, with base point
(M,1) € STOP(M).
The structure invariant s(f) € S,41(M) of a homotopy equivalence of
compact n-dimensional manifolds f: N—— M is defined in §18 to be the
cobordism class

s(f) = (') € Spya(M)

of an n-dimensional quadratic locally Poincaré complex (I';4) in A (Z, M)
with contractible assembly

(M) = C(f:C(N)—C(M)) ~ 0.

The Z-module chain complexes I'(0) (o0 € M) are the quadratic Poincaré
kernels of the normal maps of (n—|o|)-dimensional manifolds with boundary
I+ (9f) ' D(o, M) — g7 'D(0, M) (0 € M) .

(For the sake of convenience it is assumed here that M is the polyhedron

of a finite simplicial complex, but this assumption is avoided in §18). The
structure invariant can also be viewed as the rel 9 total surgery obstruction

S(f) = Sa(M/,N LJ —M) I~ Sn+1(W> = Sn+1(M)
with (W, NU—M) the finite (n+1)-dimensional Poincaré pair with manifold
boundary defined by the mapping cylinder W =N x I Uy M.

The Sullivan—Wall geometric surgery exact sequence of pointed sets for a
compact n-dimensional manifold M with n > 5

. = Ly (Z[m (M) — 797 (M)
— [M,G/TOP] — L,(Z|r1(M)))
is shown in §18 to be isomorphic to the 1-connective algebraic surgery exact
sequence of abelian groups

s Lo @M (M) —= Spea(M)

A
— H,(M;L.) — L,(Z[r1(M)]) .
The function sending a homotopy equivalence of manifolds to its quadratic
structure invariant defines a bijection

st STOP(M) — Spy1(M) 5 f — s(f)

between the manifold structure set and the quadratic structure group.
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The total surgery obstruction theory also has a version involving White-
head torsion. A Poincaré space X is simple if it has a finite simplicial
complex structure in its homotopy type with respect to which

7([X]N—:C(X)" *—C(X)) = 0€ Wh(r) (r=m(X)).
Compact manifolds are simple Poincaré spaces, with respect to the finite

structure given by the handle decomposition. The simple structure groups
S#(X) are defined to fit into the exact sequence

s Hy (XL - L2 (Zl]) — s2(X)

— H, 1(X;L.) — ...

with L2 (Z[r]) the simple surgery obstruction groups of Wall [180]. The
simple structure groups S#(X) are related to the finite structure groups
S« (X) by an exact sequence

L — S8 (X) — Sp(X) — H™(Zy; Wh(r)) —> S?

n—1

(X)) — ...
analogous to the Rothenberg exact sequence
... — L3 (Z[r]) — Ly (Z[x])) — H™(Zy ; Wh(r)) — L?

s 1(Zr) — ...
The total simple surgery obstruction s(X) € S? (X) of a simple n-dimensional
Poincaré space X is such that s(X) = 0 if (and for n > 5 only if) X is simple
homotopy equivalent to a compact n-dimensional topological manifold. The
simple structure invariant s(f) € S; (M) of a simple homotopy equiva-
lence f: N—— M of n-dimensional manifolds is such that s(f) = 0 if (and
for n > 5 only if) f is s-cobordant to a homeomorphism. For n > 5 ‘s-
cobordant’ can be replaced by ‘homotopic to’, by virtue of the s-cobordism
theorem.

The quadratic structure group S, (K) of a simplicial complex K is iden-
tified in §19 with the bordism group of finite n-dimensional Poincaré pairs
(X, 0X) with a reference map (f,df): (X,0X)— K such that 0f: 0X — K
is Poincaré transverse across the dual cell decomposition of the barycentric
subdivision K’ of K. From this point of view, the total surgery obstruction
of an n-dimensional Poincaré space X is the bordism class

s(X) = (X,0) € Sp(X)
with the identity reference map X——X. The quadratic structure group
S, (X) can also be identified with the bordism group of homotopy equiva-
lences f: N—— M of compact (n—1)-dimensional manifolds, with a reference
map M —X. The mapping cylinder W of f defines a finite n-dimensional
Poincaré h-cobordism (W, NU—M) with NU—M — X Poincaré transverse
by manifold transversality.

The symmetric L-groups L™(R) (n > 0) of Mishchenko [115] and Ran-
icki [144] are the cobordism groups of n-dimensional symmetric Poincaré



12 ALGEBRAIC L-THEORY AND TOPOLOGICAL MANIFOLDS

complexes (C, ¢) over R, with duality isomorphisms ¢g: H"~*(C) = H,.(C).
The quadratic L-groups are 4-periodic L,(R) = L.y4(R). The symmet-
ric L-groups are not 4-periodic in general, with symmetrization maps 1 +
T:L,(R)—L*(R) which are isomorphisms modulo 8-torsion.
An n-dimensional Poincaré space X has a symmetric signature

o (X) = (C(X),9) € L"(Z[m(X)])
which is homotopy invariant, with

¢ = [X]N—: C(X)" — C(X)
the Poincaré duality chain equivalence (Mishchenko [115], Ranicki [145]).
The surgery obstruction o, (f,b) of a normal map (f,b): M—X has sym-
metrization the difference of the symmetric signatures

(1+T)o.(f,b) = o"(M)—0"(X) € L"(Z[m(X)]) .
The symmetric L-groups are the homotopy groups of an Q-spectrum L'(R)
of symmetric Poincaré n-ads over R
(L' (R)) = L*(R) .

The 0-connective simply connected symmetric L-spectrum L = IL'(0)(Z) is
a ring spectrum with homotopy groups

Z 0
(L) = L"(Z) = ?2 if 7 = ; (mod 4) |
0 3

the 4-periodic symmetric L-groups of Z. The quadratic L-spectrum L. is a
module spectrum over the symmetric L-spectrum L.

The symmetrization maps 1 + T: L,(R)—L*(R) fit into an exact se-
quence

1+T J ~ o)
. — L,(R) — L"(R) — L"(R) — L,_1(R) — ...

with L* (R) the exponent 8 hyperquadratic L-groups of Ranicki [146]. The 4-
periodic versions of the hyperquadratic L-groups are here called the normal
L-groups of R

k
in accordance with the geometric theory of normal spaces of Quinn [132]

and the algebraic theory of normal complexes of Weiss [186]. The normal
L-spectrum NL'(R) has homotopy groups

m(NL(R)) = NL*(R) .
The hyperquadratic L-groups of Z are 4-periodic, so that the normal L-
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groups of Z are given by

Zg 0

n Tn Z2 . _ 1
NL'(Z) = L"(Z) = { [ ifn=1  (mod4).

Lo 3

The simply connected normal L-spectrum NIL'(Z) has a ‘1/2-connective’
version L' = NL"(1/2)(Z), which is 0-connective and fits into a fibration

sequence

1+T J o~
L. — L — L,

with homotopy groups

LYZ) =7 if n=0
(L) = { im(1+T:Ly(Z)—LY(Z)) =0 ifn=1
L"(Z) ifn>2.

The normal LL-spectrum L isa ring spectrum, which rationally is just the
Q-coefficient homology spectrum L'® Q~ K.(Q,0).

A (k — 1)-spherical fibration v: X —sBG(k) has a canonical L -orient-
ation U, € Hk(T(V);IE'), with T'(v) the Thom space of v and H denoting
reduced cohomology with wq (v)-twisted coefficients. The fibration sequence
L.—L —L" induces an exact sequence of cohomology groups

ke 1+7T . k J ke ~
. — H¥(T(v);L.) — HY(T(v);L") — H¥(T(v);L")

é .
— H*™YT@w); L) — ... .
A topological block bundle v: X —>BTfOJP(l€) has a canonical L' -orient-
ation Uy € H*(T(v);L’) , with v = Ji: X—BG(k). It was proved in
Levitt and Ranicki [94] that v: X — BG(k) admits a topological block bun-
dle reduction 7: X — BT OP(k) if and only if there exists a L'"-orientation
U; € H*(T(v); L") such that
J(U,) = U, €im(J: H*(T(v); L) —H*(T(v);L"))

= ker(0: H*(T(v); L) — H*t (T (v);L.)) .
Thus 6(U,) € H*+t1(T(v);L.) is the obstruction to the existence of a topo-
logical block bundle structure on v. If this vanishes and k > 3 the structures
are classified by the elements of the abelian group

H*(T(v);L.) = H(X;L.) = [X,G/TOP] = [X,G(k)/TOP(k)] .

Rationally, the symmetric L-spectrum of Z has the homotopy type of a
wedge of Eilenberg-MacLane spectra

LeQ ~ \/K(Q4j),

J=0
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and the L’-orientation of an oriented topological block bundle v: X —
BSTOP(k) coincides with the inverse of the Hirzebruch £-genus

Up@Q = L7(7) = L(-) € H*(T();L)©Q = Y HY(X;Q),
Jj=0
since both are determined by the signatures of submanifolds. See Taylor and
Williams [173] for a general account of the homotopy theory of the algebraic
L-spectra, and for an exposition of the work of Morgan and Sullivan [119]
and Wall [182] on surgery characteristic classes for manifolds and normal
maps in terms of the algebraic L-spectra.
An n-dimensional Poincaré space X has a Spivak normal structure
(vx: X — BG(k), px: S""F — T(vx))
with vx the normal (k — 1)-spherical fibration defined by a closed regular
neighbourhood (W, 9W) of an embedding X C S™** (k large)
SFL oW — W ~ X

and px the collapsing map

px : S"TE — SR el(STTR\W) = W/OW = T(vx) .
The total surgery obstruction s(X) € S,,(X) has image

HX) = 6(Upy) € Hoor(X;L) = HY(T(vx);L.) ,

the obstruction to lifting vx: X—BG(k) to a topological block bundle
Uvx: X—BTOP(k). A particular choice of lift 7x corresponds to a bordism
class of normal maps (f,b): M——X with M a closed n-dimensional mani-
fold, by the Browder-Novikov transversality construction on py:S"tk—
T(Vx) == T(ﬁx>, with

f=px|: M= (px) " (X)— X, b: vy — ix,

s(X) = 0o.(f,b) € ker(S,(X)—H,_1(X;L.))

= im(0: L, (Z]|m (X)])—Sn(X)) .
It follows that s(X) = 0 if and only if there exists a normal map (f,b): M
— X with surgery obstruction
o.(f,b) € ker(0: Ly, (Z[m1(X)])—S, (X))
= im(A: H,(X;L.)—L,(Z[r (X)])) .

This is just the condition for the existence of a topological reduction vy
such that the corresponding bordism class of normal maps (f,b): M— X
has o.(f,b) = 0 € L,(Z]m(X)]). For n > 5 this is the necessary and
sufficient condition given by the Browder—Novikov—Sullivan—Wall theory for
the existence of a topological manifold in the homotopy type of X. The
theory has been extended to the case n = 4, provided the fundamental
group 71(X) is not too large (Freedman and Quinn [56]).
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A closed n-dimensional manifold M has a topologically invariant canonical
L*-homology fundamental class [M]., € H,(M;L") which assembles to the
symmetric signature

A([M]L) = o"(M) € L™(Z[m (M)]) .
Cap product with [M]y, defines the Poincaré duality isomorphism
[M],N—: [M,G/TOP] = H°(M;L.) — H,(M;L.)
which is used in the identification of the algebraic and geometric surgery
sequences.

A normal map (f,b): N—M of closed n-dimensional manifolds has a
normal invariant

[f,0L € Hy(M;L.) = H°(M;L.) = [M,G/TOP]
with assembly the surgery obstruction
A([f,bL) = ou(f,b) € Ln(Z[m1(M))])
and symmetrization the difference of the L'-homology fundamental classes
(1+1)[f, b = f«[NJL—[M]L € H,(M;L") .

The localization away from 2 of the LL'-orientation [M], € H,(M;L") of

a closed n-dimensional manifold M
ML, ® Z[1/2) € H,(M; L) ® Z[1/2] = KO,(M)® Z[1/2]

is the K O[1/2]-orientation of Sullivan [168]. Rationally

(ML ®Q = [MlgnL(M) = > ([M]g N Lk(M))
k>0
€ H,(M;L)®Q = ZHn—4k(M;@)
k>0
is the Poincaré dual of the L-genus L(M) = L(1yr) € H**(M; Q) of the sta-
ble tangent bundle 7y = —vpr: M—BSTOP, with [M|g € H,(M;Q) the
rational fundamental class. Let (f,b): N—— M be a normal map of closed n-

dimensional topological manifolds, as classified by a map ¢: M—G/TOP
such that

(f" Yoy —va: M — G/TOP —s BTOP .
The rational surgery obstruction of (f,b) is the assembly
o(f;0) ®Q = A([f, 0L ® Q) € Ln(Z[m1(M)]) ® Q
of the element
[fob®Q = filNL®Q—-[ML®Q
= [Mlo N (£(M) U (L(c) = 1))

€ Hn(M,L)®Q == ZHn—4k(M7Q) ’
k>0
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with 0 component in H,,(M;Q).
The symmetric structure groups S*(X) are defined to fit into an exact
sequence of abelian groups

s Hy (XL — IM(Zm (X)) — S™(X)
e Hy (XL —

The symmetrization of the total surgery obstruction s(X) € S, (X) of an
n-dimensional Poincaré space X is the image of the symmetric signature

o"(X) € L™(Z[m (X)])
(14+T)s(X) = 00*(X) € S"(X) .
Thus (1 +T)s(X) = 0 € S*(X) if and only if there exists an L’-homology

fundamental class [ Xy, € H, (X;L") with assembly the symmetric signature
of X
A([XJ) = o"(X) € L"(Z[m (X)]) -

The wisible symmetric L-groups V L*(R[n]) of Weiss [187] are defined for
any commutative ring R and group m, with similar properties to L*(R[n]).
The visible analogues of the normal L-groups can be expressed as general-
ized homology groups of the group 7 with coefficients in NL'(R), so that
there is defined an exact sequence

s Lo(RlA]) -5 VIP(Rlx]) —> H,(Bm:NL(R))
O L (R[A]) —> ...

The 1/2-connective visible symmetric L-groups VL*(X) = VL*(1/2)(Z, X)
are defined in §15 to fit into a commutative braid of exact sequences

Sn+1(X) Hn(X;IL) Hn(X,IL)
H,(X;L.) VL"(X)
/ X , V K
Hyr (X5 1) La(Zlm (X)) S, (X)
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The visible symmetric L-groups VL*(Bm) of a classifying space Bm are
the versions of V L*(Z[x]) in which the chain complexes are required to be
O-connective (= positive) and the Poincaré duality chain equivalences are
required to be locally 1-connected.

An n-dimensional Poincaré space X has a 1/2-connective visible symmet-
ric signature

" (X) = (C,¢) e VL™(X)

with assembly the symmetric signature

o"(X) = (C(X), (X)) € L"(Z[m (X)]) -
The main geometric result of the text is the expression in §17 of the total

surgery obstruction of X in terms of the 1/2-connective visible symmetric
signature

s(X) = 00"(X) € S, (X) .
Thus s(X) = 0 € S,,(X) if and only if there exists an L’-homology fun-

damental class [X], € H,(X;L") with assembly the 1/2-connective visible
symimetric signature

A([X]L) = o"(X) e VL™(X) .

The simply connected symmetric signature of an oriented 4k-dimensional

Poincaré space X is just the signature (alias index)
0" (X) = signature (X)
= signature (H**(X;Q),¢) € L*(z) = 7,
with ¢ the nonsingular symmetric form
¢ H*(X;Q) x H*(X;Q) — Q; (z,y) — (zUy,[X]q) .
The Hirzebruch formula expresses the signature of an oriented 4k-dimen-
sional manifold M as
signature (M) = (Lx(M),[M]g) €Z C Q,

with £,(M) € H*(M;Q) the 4k-dimensional component of the £-genus
L(M) = L(Ty) € H*(M;Q), and [M]g € Ha(M;Q) the rational funda-
mental class. This is a special case of o* (M) = A([M],), since the signature

of M in L*(Z) = Z is the clockwise image of the fundamental L.-homology
class [M]L, € Hy,(M;L") in the commutative square

Hap(M; L) —A— L% (Z[my (M)

Hyp({#}; L") —=—— L**(Z)
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and the anticlockwise image is the evaluation (L (M), [M]g)-

Let X be a simply connected 4k-dimensional Poincaré space. If the Spivak
normal fibration vx: X— BSG admits a topological reduction vx: X —
BSTOP there exists a normal map (f,b): (M,vy)—(X,0x) from a 4k-
dimensional manifold M, with surgery obstruction the difference between
the evaluation of the £-genus of 7x on [X]g € Hy,(X;Q) and the signature
of X

0.(f;0) = (0" (M) —0"(X))/8
= ((Lr(—7x), [X]q) — signature (X))/8 € Lyx(Z) = Z .

There exists a manifold M** with a normal homotopy equivalence (f,b):
(M, vy )— (X, Dx) if and only if there exists a topological reduction rx
such that X satisfies the Hirzebruch signature formula with respect to vx.
The simply-connected assembly map A: Hyp(X;L.)— L4k (Z) is onto, so
that

S4k(X) — H4k_1(X;]L.) ; S(X) — t(X)

is one-one. The total surgery obstruction of X is such that s(X) = 0 €
S4x(X) if and only if the topological reducibility obstruction is ¢(X) =0 €
Hy—1(X;L.). Thus X is homotopy equivalent to a manifold if and only
if vx admits a topological reduction (Browder [16] for k£ > 2, Freedman
and Quinn [56] for k& = 1). Moreover, it follows from the computation
Lar1+1(Z) = 0 that if X is homotopy equivalent to a manifold M*F the
structure set of M is in one-one correspondence with the set of topological
reductions vx satisfying the formula, namely

STOP(M) = Syry1(X) = ker(A: Hyp(X;L.)— Lay(Z))
C Hy(X;L.) = HY(X;L.) = [X,G/TOP].
The symmetric L-theory assembly map for any connected space M factors
through the generalized homology of the fundamental group 7 (M) =7

A H (ML) 25 Ho(BrL) -5 Lzl

with f: M —— B the map classifying the universal cover, and A, the assem-
bly map for the classifying space Brr. (There is a corresponding factorization
of the quadratic L-theory assembly map). The L’-homology fundamental
class of an n-dimensional manifold M assembles to the symmetric signature

A(ML) = Ax(f[M]L) = 0" (M) € im(Az) € L"(Z[n]) .
The evaluation map

Hy,—4(Bm; Q) — Homg(H"~"(Bm;Q), Q)
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(which is an isomorphism if H,(B7;Q) is finitely generated) sends
LIML®Q = ) ful[Mlg N L(M))

k>0

€ H,(Bm;L)®Q = ZHn—4k(B7T§@)
k>0

to the higher signatures of M, which are the QQ-linear morphisms defined by
H"*(BmQ) — Q3 z — (L(M) U f*z,[M]g) = (z, fi[MlL®Q) .
The assembly of f.[M], ® Q is the rational symmetric signature of M
Ar(fi[ML)®Q = o*(M)®Q

€im(A;, ® Q: H,(Bm; L") @ Q—L"(Z[7]) @ Q) .
For finite 7 and n = 0(mod 2) this is just the special case of the Atiyah—
Singer index theorem which states that the 7m-signature of the free action
of m on the universal cover M of a closed manifold M with m (M) = = is
a multiple of the regular representation of m. See §22 for the connection
between the symmetric signature and the w-signature.

The Novikov conjecture on the homotopy invariance of the higher signa-
tures of manifolds M with 71 (M) = 7 is equivalent to the injectivity of the
rational assembly map A, ® Q: H,(Bm; L") ® Q— L*(Z[7]) ® Q.

For a finitely presented group m and n > 5 every element of the L.-
homology group H, (Bm;L.) of the classifying space Br is the image of
the normal invariant [f,b], € H,(M;L.) of a normal map (f,b): N—M
of closed n-dimensional manifolds with m (M) = w. Every element of
Sn41(Bm) is the image of the structure invariant s(f) € S,41(M) of a
homotopy equivalence f: N——M of closed n-dimensional manifolds with
m1(M) = 7. The kernel of the quadratic L-theory assembly map A,

ker(Ay: Ho(Bm;L.)—— L. (Z[r])) = im(S«y1(Bm)—H,.(Bm;L.))

consists of the images of the structure invariants s(f) of homotopy equiva-
lences f: N——M of closed manifolds with fundamental group m (M) = .
The image of the assembly map

im(A,: Ho(Bm;L.)—L.(Z[r])) = ker(L.(Z[r])—S«(Bm))

consists of the surgery obstructions of normal maps of closed manifolds
with fundamental group 7. The image of A, for finite m was determined by
Hambleton, Milgram, Taylor and Williams [69] and Milgram [109].

The ultimate version of the algebraic L-theory assembly should be topo-
logically invariant, using the language of sheaf theory to dispense with the
combinatorial constructions, i.e. replacing the simplicial chain complex by
the singular chain complex. From this point of view the total surgery ob-
struction s(X) € S,,(X) of an n-dimensional Poincaré space X would mea-
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sure the failure of a morphism of chain complexes of sheaves inducing the
maps
(X]Nn—: H" *({z}) — H.(X, X\{z}) (z € X)

to be a quasi-isomorphism, up to the appropriate sheaf cobordism relation.
Although the text is primarily concerned with the applications of algebraic
Poincaré complexes to the topology of manifolds and Poincaré spaces, there
are also applications to the topology of singular and stratified spaces, as well
as to group actions on manifolds — see Zeeman [192], Sullivan [170], McCrory
[106], Goresky and MacPherson [62], [63], Siegel [162], Goresky and Siegel
[64], Pardon [125], Cappell and Shaneson [28], Cappell and Weinberger [31]
and Weinberger [185]. Indeed, the first version of the intersection homology
theory of Goresky and MacPherson [62] used the combinatorial methods
of PL topology, while the second version [63] used topologically invariant
chain complexes of sheaves.
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Summary

81 develops the L-theory of algebraic Poincaré complexes in an additive
category with chain duality. §2 deals with the algebraic analogue of the
Spivak normal fibration. An ‘algebraic bordism category’ (A,B,C) is an
additive category with chain duality A, together with a pair (B,C C B) of
subcategories of the chain homotopy category of A. In §3 the quadratic
L-groups L, (A,B,C) (n € Z) are defined to be the cobordism groups of
finite chain complexes in B with an n-dimensional quadratic C-Poincaré
duality. The quadratic L-groups L.(R) of a ring with involution R are the
quadratic L-groups L.(A(R)) of the algebraic bordism category A(R) =
(A(R),B(R),C(R)) with B(R) the category of finite chain complexes in
A (R), and C(R) the category of contractible chain complexes in A (R).
The additive category A .(X) is defined in §4, for any additive category A
and simplicial complex X. In §5 a chain duality on A is extended to a chain
duality on A ,(X). The simply connected assembly functor A ,(X)—A
is defined in §6. The chain duality on A ,(X) has a dualizing complex
with respect to a derived Hom, which is obtained in §7. The chain duality
on A, (X) is used in §8 to extend an algebraic bordism category (A,B,C)
to an algebraic bordism category (A ,(X),B.(X),C.(X)) depending co-
variantly on X, as a kind of ‘(A,B, C)-coefficient algebraic bordism cat-
egory of X’. The algebraic bordism category obtained in this way from
(A(R),B(R),C(R)) is denoted by (A (R, X),B(R,X),C(R).(X)). The as-
sembly functor A (R, X)—A(R[m1(X)]) is defined in §9. In §10 this is used
to define an algebraic bordism category (A(R, X),B (R, X),C(R, X)), with
C(R, X) the chain homotopy category of finite chain complexes in A(R, X)
which assemble to a contractible chain complex in A(R[m1(X)]). An alge-
braic analogue of the m-7 theorem of Wall [180] is used in §10 to identify the
‘geometric’ L-groups L.(A (R, X),B(R,X),C(R, X)) with the ‘algebraic’
L-groups L.(R[m1(X)]). The theory of A-sets is recalled in §11, and ap-
plied to generalized homology theory in §12. The quadratic L-spectrum
L.(A,B,C) of an algebraic bordism category (A,B,C) is defined in §13 to
be an Q-spectrum of Kan A-sets with homotopy groups . (L.(A,B,C)) =
L.(A,B,C). The quadratic L-groups L.(A(R, X),B (R, X),C(R).(X)) are
identified in §13 with the generalized homology groups H.(X;L.(R)). The
braid relating the visible L-groups, the quadratic L-groups and the gen-
eralized homology with L-theory coefficients is constructed in §14, with a
connective version in §15. The symmetric L-theory orientations of topolog-
ical bundles and manifolds are constructed in §16. The theory developed
in §1-§16 is applied in §17 to obtain the total surgery obstruction s(X) and
in §18 to give an algebraic description of the structure set STOF(M). In
619 the total surgery obstruction is identified with the obstruction to geo-
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metric Poincaré transversality. §20 deals with the simply connected case.
The transfer properties of the total surgery obstruction are described in
§21. The rational part of the total surgery obstruction in the case when
the fundamental group is finite is computed in §22 in terms of the mul-
tisignature invariant, and this is used to construct the simplest examples
of Poincaré spaces with non-zero total surgery obstruction. §23 relates the
total surgery obstruction to splitting obstructions along submanifolds. §24
expresses the total surgery obstruction s(X) € §,,(X) of an aspherical n-
dimensional Poincaré space X = B satisfying the Novikov conjectures in
terms of codimension n signatures. §25 deals with the 4-periodic version
of the total surgery obstruction, which applies to the surgery classification
of compact AN R homology manifolds. §26 considers the version of the
theory appropriate to surgery with coefficients. Appendix A develops the
nonorientable case of the theory. Appendix B deals with an alternative
construction of assembly in L-theory, using products. Appendix C relates
assembly to bounded surgery theory.



Part 1

Algebra
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§1. Algebraic Poincaré complexes

A chain duality (1.1) on an additive category A is a generalization of an
involution on A, in which the dual of an object in A is a chain complex
in A. A chain duality determines an involution on the derived category
of chain complexes in A and chain homotopy classes of chain maps, al-
lowing the definition of an n-dimensional algebraic Poincaré complex in
A as a finite chain complex which is chain equivalent to its n-dual. The

symmetric L*(A)
{ quadratic — &'OUP® { L.(A)

symmetric
{ quadratic
tion, geometric Poincaré complexes have a symmetric signature in L*(A)
and normal maps have a quadratic signature (= surgery obstruction) in
L.(A) for A = {f.g. free Z[n]-modules} with the standard duality involu-
tion, with 7 the fundamental group.

are defined to be the cobordism groups of

Poincaré complexes in A. As already noted in the Introduc-

Let then A be an additive category. A chain complex in A

d d
C: ... ———)CT+1 — C, — Cr_1 — ... (’I“EZ)

is finite if C,. = 0 for all but a finite number of r € Z. C' is n-dimensional
if C,., =0 unless 0 <r <n.

The algebraic mapping cone of a chain map f:C'——D in A is the chain
complex C(f) in A defined by

tew - (0 O
cif) — 0 dC :

C(f)r = Dr®Crqy — C(f)r—1 = D1 ®Crsa .
Inclusion and projection define chain maps
D — C(f) , C(f) — SC
with SC the suspension chain complex defined by
dsc = d¢: SC, = Cry — SC,_1 = C,_2.
The total complex of a double complex C, . in A with differentials
d:Cpg—Cp1q , d':Cpy—Cpy-1 (p,qEZ)

such that d'd’ = 0, d"d” = 0, d'd’ = d"d’ is the chain complex C in A
defined by
de = Y (d"+(=)d): Cp = Y Cpqg—Cry.
pt+q=r p+q=r

Given chain complexes C, D in A let Homy (C, D), . be the double complex
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of abelian groups with
Homy (C, D), = Homy(C_p, Dy) ,
d(f) = fde¢: C—py1 —> Dy , d"(f) = dpf: C—p —> Dy_1 .
The total complex is the chain complex Homy (C, D) defined by
dHomA(C,D) : Homy (C, D), = Z HomA(C—p;Dq)
ptg=r
— HOHlA(C, D),«,1 s f —dpf + (—)qfdc .
Define X"C' to be the chain complex in A with
dEnC = (—)rdc : (EnC)T = r—m — (EnC)T_l = Cr—l—n .
The nth homology group H,,(Homa(C, D)) (n € Z) is the abelian group of
chain homotopy classes of chain maps f:¥"C'——D. The isomorphisms of
chain objects
(B"C)r = Croyy — (S"C)p = Crp s @ — (=) T/ 2
define an isomorphism of chain complexes ¥"C = S™C'.
Let B (A) be the additive category of finite chain complexes in A and chain
maps. The embedding
A ifr=0
0 ifr+#0
is used to identify A with the subcategory of B (A) consisting of 0-dimensional

chain complexes.
Given a contravariant additive functor

T: A—B(A); A— T(A)
define an extension of 71" to a contravariant additive functor
T:BA) —B(A); C— T(C)
by sending a finite chain complex C' in A to the total complex T'(C') of the
double complex T'(C), . in A defined by
T(Cpg = T(Cp)q » d = T(dc) , d" = dr(c_,)

1:A—BA); A— A, A, :{

that is
drcy = Z (drc_,) + ()T (dc)) :
ptg=r
(), = Z T(C—p)q — T(C)r-1 .

p+q=r
For any morphism f:C'——D in B (A) it is possible to identify
C(T(f):T(D)—T(C)) = STC(f:C—D)

up to natural isomorphism in B (A).
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DEFINITION 1.1 A chain duality (T,e) on an additive category A is a con-
travariant additive functor T: A——B (A) together with a natural transfor-
mation

e: T? — 1: A — B(A)
such that for each object A in A
(i) e(T(A)).T(e(A) = 1: T(A) —T3(A) — T(A),
(ii) e(A): T?(A)— A is a chain equivalence.
The dual of a chain complex C' is the chain complex T'(C'), and X"T(C) is

the n-dual of C.
O

Note that the n-dual X"T'(C) of an n-dimensional chain complex C need
not be n-dimensional.

DEFINITION 1.2 A chain duality on A is 0-dimensional if for each object A
in A the dual chain complex T'(A) is 0O-dimensional. A 0-dimensional chain
duality is an involution on A .

i

In the O-dimensional case e(A): T?(A)— A is an isomorphism of 0-dimen-
sional chain complexes for each object A in A, and the n-dual X"T(C') of
an n-dimensional chain complex C' is n-dimensional, with

"T(C)y = T(C)peyy = T(Cr—y) .
An involution is a contravariant additive functor 7: A—— A together with a
natural equivalence e’ = e~1:1—T2: A——A such that for each object A
in A
¢ (T(A)™" = T((A)) - T°(4) — T(4),

i.e. an involution on A in the sense of Ranicki [148].
Fix an additive category A with a chain duality (7', ).
For any objects M, N in A define the abelian group chain complex

M ®4 N = Homy(T(M),N) .

The construction is covariant in both variables, with morphisms ¢g: M —
M’, h: N—— N’ in A inducing abelian group morphisms

gRah: My N — M’@AN/ ;
(f:T(M)—N) — (hfT(g9): T(M")—N") .
The duality isomorphism of abelian group chain complexes

TM,N3 M @5 N — Ny M
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is defined by
Tun: (M®yN), = Homyp(T'(M)_p,N)

~

— (N®y M), = Homy(T(N)_p, M) ;
(f: T(M)_y—N) —> (Tagn (F): T(N)_y—>M)
with
Tu,n(f) = e(M)T(f):
T(N)_p — T(T(M)_p)_n CT*(M)y — My = M .
The inverse of T N is

(Tvn)™" = T : N@a M = M ®u N,
since for any f € M ®4 N
TnuTun(f) = e(N)T(e(M)T(f)) = e(N)T*(f) T(e(M))
= fe(T(M))T(e(M)) = feM@yN .

ExAMPLE 1.3 Given a ring R with an involution R— R; r——7 let AP(R)
be the additive category of f.g. projective (left) R-modules. Define a 0-
dimensional chain duality

T: AP(R) —» AP(R) ; P —» T(P) = P* = Homp(P,R)
by
RxP"— P*; (r,f) — (x — f(x).7),

e(P) ' P— P,z — (f — f(x)).
The tensor product of f.g. projective R-modules P,Q is the abelian group
PorQ = PezQ/{rz@y—z@rylze PyeQ,reR},

such that the slant map defines a natural isomorphism

P®rQ — Homg(P*,Q) = PRum Q; 2@y — (f — f(x).y) .
The duality isomorphism Tp q: P ®@pr(r) @—Q @p»r(g) P corresponds to
the transposition isomorphism

Tpg: POrQ — Q®rP; 20y —y®ux.
Similarly for the full subcategory A"(R) C AP(R) of f.g. free R-modules.
O

EXAMPLE 1.4 Given a commutative ring R, a group 7w and a group mor-
phism w: m7——{%1} let R[r|* denote the group ring R[r] with the w-twisted
involution
“: R[n]Y — R[#]Y; a = ngg —a = ngw(g)g_1 (rg €R) .
geTm gem
m
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This is the example occurring most frequently in topological applications,
with w an orientation character. In the orientable case w = +1 write R[r]Y
as R[r]. The additive category of f.g. free R-modules is written

AMR) = A(R).
There is also a version of the theory for based f.g. free R-modules, with

Whitehead torsion considerations.
Given a finite chain complex C in A write

c" =1TC),. , X"T(C) = C" .
For a chain map f: C——C" the components in each degree of the dual chain
map T(f): T(C")—T(C) are written
F=T():C" =T —C" =TC)_, .
Given also a finite chain complex D in A define the abelian group chain
complex
C®yD = HomA(T(C’),D) .

The duality isomorphism

Tep: CopaD — Dy C
is defined by
TC,D = E(—)quCmeZ

(C XA D)n — Z (Cp XA Dq)r — (D XA C)TL ’
p+q+r=n
with inverse

(Tep)™ = Tpo: Doy C — C®u D |

H, (C ®4 D) is the abelian group of chain homotopy classes of chain maps
¢: C"*——D in A . The duality isomorphism for C' = D

T = Toe: ConC — C@,C

is an involution (T2 = 1), so that C' ®, C is a Z[Zs]-module chain complex.
symmetric
quadratic
category with involution of Ranicki [144], [148] can now be developed for an
additive category A with chain duality.

Use the standard free Z|[Zs]-module resolution of Z

The algebraic theory of surgery on complexes in an additive

Wt s TT| —— Z{Ts] — Z{Z] — Z(Zs)]
to define for any finite chain complex C'in A the Z-module chain complexes
W*C = Homg, (W,C ®4 C) = Homgz, (W, Homy (TC,C))
{W%C = W ®z(z,) (C @4 C) = W ®gz,) Homy (TC,C) .
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The boundary of the n-chain
¢ = {¢s € Homy(C",Cp_ris) |7 € Z,s > 0} € (W*C),
{?,b = {¢s € Homy (C",C_r_s) |7 € Z,s > 0} € (We,C),,
is the (n — 1)-chain with
{ (09)s = dew,c(ds) + (=) Hoso1 + (=) Tds-1)
(0Y)s = dog,c(s) + (=)W + (=) Ts41)
for s > 0, with ¢_; = 0.

symmetric
quadratic
in A are defined for n € Z by

(@) = mavic)

Qn(C) = Hp(WyC) .

(ii) A chain map f: C——D of finite chain complexes in A induces a Z[Zs]-
module chain map

DEFINITION 1.5 (i) The Q-groups of a finite chain complex C'

fRf: CRC — DRy D
and hence Z-module chain maps
{ o WhC — W%D
f% : W%C — W%D .
]
The morphisms of @-groups induced by a chain map f:C——D depend
only on the chain homotopy class of f, and are isomorphisms for a chain
equivalence.

symmetric

quadratic (Poincaré) complex

DEFINITION 1.6 (i) An n-dimensional {

in A { (g’ j})) is a finite chain complex C' in A together with an n-cycle

( )

¢ € (WAO), - po: C"*—C' . .
{¢ € (WyC)n (such that the chain map (1 + T)by: C"—*—C is a chain

equivalence in A).
symmetric
quadratic

{f: (C,9) — (C,¢')
[ (Cop) — (C",4)
is a chain map f: C——(C’ such that
{f%(¢) = ¢ € Q")
fa(¥) = ¢ e Qn(C) .

The map is a homotopy equivalence if f: C——C" is a chain equivalence.

(ii) A map of n-dimensional { complexes in A
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Note that the chain complex C' in 1.6 is only required to be finite, and
not n-dimensional as in Ranicki [144].
Let f: C——D be a chain map of finite chain complexes in A. An (n+1)-
cycle
{ (6¢,0) € C(f*:WAC—W"D), 11
(09, ¢) € C(fy: Wy, C—=We; D)
¢ € (W"C)y
¥ € (WyC)n
{5¢ = {0¢s € (D @a D)nt14s|s =0}
oY = {0¢s € (D ®4 D)ny1-s|s > 0}

is an n-cycle { together with a collection

such that
dpe,p(0¢s) + (=)""*(d¢s—1 + (=)*Td¢s-1)
+ (=)"(f ®a f)(¢s) = 0€(D®@a D),
dpe,p(0%s) + (=) (0%sg1 + (=) T To41)
+ (5)"(f ®a [)(hs) = 0€(D®aD),_,
The (n + 1)-cycle
{ (060, ¢0) € C(f @4 f:C @4 C—D @4 D)y
(L +T)0%0, (L4 T)thg) € C(f @a f:C @4 C—=D @4 D)py1
determines a chain map
{(5¢o,¢o) . Dl O(f)
(1+ T)(6%0.140) : D™1=* — C(f)

with
(5¢07¢0) = ((Zi;b}?*) : Dn—l—l—r —_>C(f)r = Dr@crfl
_ (L4 T)dho

DL R C(f)r =D, ®C,_1.

symmetric

quadratic (Poincaré) pair

DEFINITION 1.7 (i) An (n + 1)-dimensional {
in A
{(f:C—>D, (06,9))
(f:C—D, (30, 1))
is a chain map f: C——D of finite chain complexes together with an (n+1)-
cycle { (60, 0) € C(f*)n41 (
(09, 9) € C(f%)n+1
{(&bo,(éo) : DL s O(f)
(1+T)(0¢o, ¢ho) : D" — C(f)

such that the chain map
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is a chain equivalence).
symmetric

. Poincaré complexes
quadratic

(ii) A cobordism of n-dimensional

{ (C,9) { (C",¢)
(C )" L)

{((f [):CeC'—D, (66,9 & —¢'))
((f f):Cel'—D, 0y, &—v)) .

symmetric

. Poincaré pair
quadratic P

is an (n 4 1)-dimensional {

O

symmetric L™(A)
quadratic ~group { L,(A)
an additive category with chain duality A is the cobordism group of n-
symmetric
quadratic

DEFINITION 1.8 The n-dimensional (n€Z)

dimensional { Poincaré complexes in A .

O

DEFINITION 1.9 Given a finite chain complex C' in A define the double
skew-suspension isomorphism of Z-module chain complexes
{32: SHWHC) = WA(SC); 6 — 5%, (%), = o,
521 8 W C) — Wy (S20) 5 b — S%p, (S)s = s .
|

symmetric
quadratic
with the double skew-suspension maps defining isomorphisms

52 Ln(A) — L™M(A); (C,¢) —> (52C, 5%9)
52 L,(A) =, Lpia(A) ;5 (C0h) — (S2C, S%))

PROPOSITION 1.10 The n-dimensional { L-groups are 4-periodic,

forn € Z.
PROOF The functor S?:B (A)—B (A) is an isomorphism of additive cat-
egories.

m

ExaAMPLE 1.11 Let R be a ring with involution, so that the additive cat-
egories with duality involution

A"(R) = {f.g. free R-modules} , AP(R) = {f.g. projective R-modules}
are defined as in 1.3.

(i) The quadratic L-groups of AY(R) for ¢ = h (resp. p) are the free (resp.
projective) versions of the 4-periodic quadratic L-groups of Wall [180]

Ln(A1(R)) = Li(R) (ne€Z).
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(ii) The symmetric L-groups of A?(R) for ¢ = h (resp. p) are the 4-periodic
versions of the free (resp. projective) symmetric L-groups of Mishchenko
[115]

L"(AYR)) = lim LYY (R) = LI (R) (n€Z).
k

See Ranicki [144],[148] for proofs of both (i) and (ii). The 4-periodicity

of the symmetric L-groups is ensured by the use of finite rather than n-

dimensional chain complexes in 1.6. See 3.18 below for a further discussion.
]

The 4-periodic L-groups of the additive category A"(R) of a ring with
involution R are written
Lo(A"(R)) = Ln(R) = Lntas(R) ,
L"(A"(R)) = L"™(R) (n€Z).
symmetric (C,¢) .
. lex i
quadratic (C' ")

by algebraic

DEFINITION 1.12 The n-dimensional { n A

i C
symmetric mplex {( . 9)

obtained from an n-dimensional { quadratic (C,v)

symmetric

surgery on an (n + 1)-dimensional quadratic

(
{(f C—D, (00, ¢))
(f:C—D, (6¢,7))
dc 0 (=)""leof*
der = | (=)"f dp  (=)"d¢9o
0 0 (-)rdp
C! = C.®D,y,®DV !
—C'_, = C1®D. D"

is given in the symmetric case by

oo 0 0
oo = | ()" fTor (=)"TTepr (—)"(me
0 1 0

Cln—r = C" T @ Dn—r-i-l D (TQD)T+1
—C. = C,® D,y D"

G5 0 0
o, = | (=) fThps (=)""TTé¢psr1 O
0 0 0

C/n—r+s _ C«n—r+s D Dn—r+s+1 D (T2D)r—s—|—1
—C. = C,®D, .1 ®@D" " (s>1)
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and in the quadratic case by
de 0 ()" 1+ T)hof*
der = | (=)' f dp (=) (L+T)ovof"
0 0 (—)ds
C, = C,®Dppy DV
— C,_, = Cro1® D, @DV 2
Yo 0 0
A 0 0 0
0O 1 0
Clnfr — Cnfr D anrJrl D (TQD)T_;_l
—C! = C.®D, . D" !
% (_)T—FSTwsflf* 0
,(/}; — 0 (_)n—r—s—leé,lps_l 0
0 0 0
C/n—’r—s — Cm—r—s EB Dn—r—s+1 EB (TQ-D)T+S+1
—Cl = C,®Dpy1 @D (s>1) .

O

symmetric
quadratic
plexes in A is the equivalence relation generated by homotopy equivalence
and algebraic surgery.

PROOF As for Ranicki [144, 5.1], the special case A = AP(R) = {f.g. project-
ive R-modules}.

PRrROPOSITION 1.13 Cobordism of n-dimensional { Poincaré com-

]
symmetric

quadratic complex

DEFINITION 1.14 The boundary of an n-dimensional {

{0

symmetric
quadratic

{3(C,¢) = (0C,09¢)
o(C,¢p) = (9C,0¢)

in A is the (n — 1)-dimensional { complex

symmetric

obtained from (0,0) by surgery on the n-dimensional { quadratic pair

{ (0:0—C, (¢,0))

(0:0—C, (1, 0)) . In the symmetric case
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w5 93)

9C, = Croy ®@C™™" —5 8C,_y = Cr®CM 1,

o = (T IOV

och Tt = ¢ @ (T?°C)yy1 — 0C, = Cryr ®@C™T

90, = ((_)n—r-gST¢s+1 8) :

60n—r+s—1 _ Cn—r+s D (Tzc)r—s—i—l
— 590, = Crpy ®C™ (s> 1)

and in the quadratic case

o = <dc (—)T(1+T)1/)o> '
0 (=)"de
20, = Crp1 ®C" " — 0C,_; = CrC" "L
0 0
0Py = <1 0> :

oCc "l = O @ (T°C)py1 — 0C, = Crpr @C™7
(—)rs Ty 0
Ny = :
w ( 0 0
80?1—7’—8—1 — Cn_T_S @ (T2C)r—|—s+1
— 0C, = Crpy®C"" (s>1).

It is immediate from the identity
90 — {S‘lC(¢0:C’”_*—>C)
LSTO((1 + Tapo: C*—C)

_ . symmetric (C,0) . . .
that an n-dimensional { quadratic complex { (C. ) is Poincaré if and only

if the boundary { ggg’ ;?) is contractible.
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PROPOSITION 1.15 The homotopy equivalence classes of n-dimensional
tri ) . .
SYMMELTic complexes in A are in one—one correspondence with the homo-
quadratic
symmetric

. Poincaré pairs in
quadratic

topy equivalence classes of n-dimensional {

A.
PROOF As for Ranicki [144, 3.4], the special case A = AP(R).

i C
Given an n-dimensional symmet@c complex (C,9) in A define the
quadratic (C, )

n-dimensional { symmet?ic Poincaré pair
quadratic
69(C, ¢) (0,9¢) )
= = jection : 9C' — C"™* | ’ .
{ 00(C, ) ( Po = proJechon { (0, 09)

symmetric
quadratic

p= (10— o )

apply the algebraic Thom construction to obtain an n-dimensional
symmetric
quadratic

Conversely, given an n-dimensional { Poincaré pair in A

complex

Bon {uDD,aqa)/c = (C(£),50/9)

0)/C = (C(f),0¢/9)
with

095 0 :
(5¢/¢)8 = ((_)n—r—1¢8f* (—)n_r—i_sTQSs*l ) '

C(f)n—r+s+1 — Dn—T+S+1 o) Cn_T+S — C(f) = Dr ©® Cr—l
5 >0 (b—l = O) )

n—r 1¢Sf* ( n r— ST¢S+1
C(f)n—r—s—l—l — pnre 8+1€B0n r—s ___)C(f = DT@CT_l

(s

01
oo = ( O o

| \/

which is homotopy equivalent to d0(B/0B).
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symmetric

quadratic
= L™(A

{ (C,¢) in A is such that { (C,9) =0 € L™(A) if and only if { (C¢) is

(C,¢) (C,9) =0€ Lp(A) (C,v)
homotopy equivalent to the boundary 9(D,0) of an (n + 1)-dimensional

symmetric ‘
[ s (D,0) in .

It follows from 1.15 that an n-dimensional Poincaré complex
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§2. Algebraic normal complexes

An algebraic normal complex is a chain complex with the normal structure
of a Poincaré complex, but not necessarily the Poincaré duality. Algebraic
normal complexes are analogues of the normal spaces of Quinn [132], which
have the normal structure of Poincaré spaces, but not necessarily the duality.
Indeed, a normal space determines an algebraic normal complex.

The algebraic theory of normal complexes of Ranicki [145] and Weiss
[186] is now generalized to an additive category A with a chain duality
(T: A—B (A),e: T?——1). Algebraic normal complexes will be used in §3
to describe the difference between symmetric and quadratic L-groups of A .

Use the standard complete (Tate) free Z[Zs]-module resolution of Z

— 1-T 1+T 1—-T
W ... — Z[Zs] — Z|Zs] — Z|Zs] — Z|Zs] —> ...

to define for any finite chain complex C' in A the Z-module chain complex

wrc = HomZ[Zz}(W, CRyC) = HomZ[ZZ}(W, Homy (TC, C)) .
A chain 6 € (/W%C )n is a collection of morphisms

0 = {0, € Homy (C" "5 C,)|r,s € Z} ,

with the boundary d(6) € (W%C)n_l given by

d(0)s = dbs + (=) 0sd" + (=)" " (051 + (=)*TOs-1) -

crrtstl L ¢, (rseZ) .
DEFINITION 2.1 (i) The hyperquadratic Q-groups of a finite chain complex
C in A are defined by
Q"(C) = H,(W*C) (n€Z).

(ii) A chain map f:C——D of finite chain complexes in A induces a Z-
module chain map

f% - W0 — W%D
via the Z[Zs]-module chain map f ® f:C @y C—D @4 D .

The short exact sequence of Z-module chain complexes
0 — WHC — WHC — S(Wy,C) —> 0

induces the long exact sequence of Q-groups of Ranicki [144, 1.1]

Q) 5 Qre) -5 (O 5 Qua(0)

— Q"N C) — ...
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with

~ J¢s fors>0 [+ T)py fors=0
(J9)s = {0 fors <0 ’ (A+T)e)s = {0 for s > 1

(HO)s = 0_5_1 for s>0.
DEFINITION 2.2 (i) A chain bundle (C,7) is a chain complex C'in A together
with a 0-cycle v € (W*TC)y.
(ii) A map of chain bundles in A
(f:0) + (Cy) — (C',9)
is a chain map f: C——C" together with a 1-chain b € (W%TC)l such that
FA) = v = db) € (WFTC)y .
o
For any chain complex C' in A there is defined a suspension isomorphism
S WHC — §~HW%SC) ; 6 — S0
sending an n-chain 0 € (W%C)n to the (n 4+ 1)-chain S8 € (/W%SC)nH
with
(80);, = 0, : (SC)y" T+l = on=rtt . (SC), = Cp_1 .
Hence for any n € Z there is defined an n-fold suspension isomorphism
S WATC — §T(WhCmT)
sending a 0O-cycle v € (/W%TC)O to the n-cycle Sy € (/W%C”_*)n with
(S"Y)s = Yngs : Cr — C7"7"7°% (r;s€Z) .
DEFINITION 2.3 Given a chain bundle (C,~) let Q,(C,v) (n € Z) be the

twisted quadratic Q-groups of Weiss [186], designed to fit into a long exact

sequence
1+T g, H

L —— Qn(C,y) — QM(C) == Q™(C) — Qn_1(C,7)
— Q"1 CO) — ...
with
I+ QMC) — QM(C) ; ¢ — () — 67 (S™) -
An element of @Q,,(C,~) is an equivalence class of pairs
(p€ (W), x € (W*C)nin)
such that
d(¢) = 0 (W C)uor, J(8) = (0)(S™) = d(x) € (W*C)y ,
with
L+T: Qu(Cy) — Q"(C) ;5 (6,x) — ¢,
H: Q" ™H(C) — Qu(C7) ; x — (0,) .
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The addition in @, (C,~) is by

(¢,0) + (¢, x) = @+, x+x +9¢),
with
gs = QbO(’Ys—n—H)QbE) 07— Cn—v‘—i-s—i-l (7173 € Z) .

|
J+ is induced by a morphism of the simplicial abelian groups K (W)
—K (W\%C) associated to the abelian group chain complexes W% C, w%C
by the Kan—Dold theorem, rather than by a chain map W%C’/T)W%C.
For v = 0 J, = J is induced by the chain map J: W?C—W?”»C and

Q+(C,0) = Q.(C).
A map of chain bundles (f,b): (C,v)—(C",~’) induces morphisms of the
twisted quadratic Q)-groups

(£,0)% = Qu(C,7) — Qu(C',7") 5 (%) — (£, FPx+ (Fdo)*(S™D)) .

DEFINITION 2.4 (i) An (algebraic) n-dimensional normal complez (C,0) in
A is a finite chain complex C in A together with a triple

0 = (¢ € (W*C)p,y € (WATC)o,x € (W*C)pi1)
such that

d(¢) = 0€ (W% C)p_y , d(y) = 0€ (WATC)_; ,

J(®) = (90)*(8"y) = d(x) € (W*C), .
(C,0) is an n-dimensional symmetric complex (C, ¢) with a normal structure

Ezi X)n (n+1)-dimensional normal pair (f: C—D, (66,6)) in A is an (n+1)-
dimensional symmetric pair (f:C——D, (d¢, ¢)) in A together with a map
of chain bundles (f,b): (C,vy)—(D,d7) and chains x € (W%C)n_i_l, dx €
(/W%D)n+2 such that

J(9) = (60)*(S™) = d(x) € (W*C), ,

J(30) — 88y (5767) + F*(x — (30)*(5™)) = d(6x) € (W*D)ss ,
with (60,0) short for ((6¢,dv,0x), (¢,7, x))-

(iii) A map of n-dimensional normal complexes in A
(£,0) : (C,¢,7,.0) — (C',¢,7,X)

is a bundle map (f,b): (C,v)—(C",~’) such that
(f;0)% (¢, x) = (¢'.X") € Qu(C",7) .

The map is a homotopy equivalence if f: C——C" is a chain equivalence.
(iv) The normal L-groups NL"(A) (n € Z) are the cobordism groups of
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n-dimensional normal complexes in A .
]

REMARK 2.5 Geometric normal (resp. Poincaré) complexes and pairs de-
termine algebraic normal (resp. Poincaré) complexes and pairs. The meth-
ods of Ranicki [145] and Weiss [186] can be combined to associate to any
(k — 1)-spherical fibration v: X — BG(k) over a finite CW complex X a
chain bundle in A (Z[x]*) (cf. 1.4)
a'(v) = (C(X),7)
with X any regular covering of X such that the pullback 7: X — BG(k)
is oriented, 7 the group of covering translations, C(X) the cellular Z[n]-
module chain complex of X, and w: m——{+£1} a factorization of the orien-
tation character
wr(v) : m(X) — 7 — {£1}.
The hyperquadratic structure 7 is unique up to equivalence (i.e. only the
homology class v € Q°(C(X)~*) is determined), and depends only on the
stable spherical fibration v: X—BG. Let T'(v) be the Thom space of v,
and let U, € H*(T(v),w) be the w-twisted Thom class, with H* denot-
ing reduced cohomology. The Alexander—Whitney—Steenrod diagonal chain
approximation
A)’E : C(X) — HOl’nZ[ZQ](W, C(X) K7z C(X))
induces the ‘symmetric construction’ of Ranicki [145, §1]
dx = 10 A5 Hy(X,w) = Hy(Z" @gpmw C(X))

— Q"(C(X)) = Hy(Homgz, (W, C(X) @z C(X))) .
The composite of the Thom isomorphism and the symmetric construction

o n(T0) 25 1y (X, w) 25 ore(X)

extends to a natural transformation of exact sequences of abelian groups

- = Dot (T(0)) — Tk (T(0)) 2 Hy o (T(0)) — T (T(v)) — ..

| |

L= Q"MHC(X)) — Qu(C(X),7) — Q"(C(X)) 15 QM (C(X)) — ...

from the certain exact sequence of Whitehead [190], with A the Hurewicz
mabp.

An n-dimensional geometric normal compler (X,vx,px) in the sense of
Quinn [132] is a finite CW complex X together with a (k — 1)-spherical
fibration vx: X —BG(k) and a map px:S"™*——T(vx). The algebraic
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normal complex of (X, vx, px) with respect to a covering X of X is defined
by

a-\*(Xa VX;ﬁX) = (C(X),@%X)
with (C(X),~) = 6*(vx) and (¢,x) € Qn(C(X),7) the image of px €
Tntk(T(vx)). The Z[ri(X)]-module duality chain map of ¢*(X) is given
by the cap product

g0 = ox(X])o = [X]N—: CX)"™ — C(X),
with the fundamental class defined by
[X] = h(px)NU,, € Hy(X,w) .

A (finite) n-dimensional geometric Poincaré complex X is a (finite) CW
complex together with an orientation map w: 71 (X )——Zy and a fundamen-
tal class [X] € H,(X,w) such that cap product defines a Z[m (X)]-module
chain equivalence

X]N—: C(X)"* — C(X) .

An embedding X C S"** (k large) determines the normal structure (vx, px)
of Spivak [164], so that X is an n-dimensional geometric normal complex.
The n-dimensional symmetric Poincaré complex in A (Z[r]™)

0" (X) = (C(X),9)

is such that Jo*(X) =o*(X,vx, px)-
O

The following result deals with the analogue for algebraic Poincaré com-
plexes in any additive category with chain duality A of the Spivak normal
structure of a geometric Poincaré complex:

PROPOSITION 2.6 (i) An n-dimensional symmetric complex (C, @) in A has
a normal structure (v, x) if and only if the boundary (n — 1)-dimensional
symmetric Poincaré complex O(C, ¢) admits a quadratic refinement.

(ii) There is a natural one—one correspondence between the homotopy equiv-
alence classes of n-dimensional symmetric Poincaré complezes (C,¢) in A
and those of n-dimensional normal complezes (C, ¢,~, x) with ¢g: C"~*—
C a chain equivalence.

(iii) There is a natural one—one correspondence between the homotopy equiv-
alence classes of n-dimensional quadratic complexes (C,1)) in A and those
of n-dimensional normal complezes (C, ¢,~,x) with v = 0.

PROOF (i) Write

8(07 ¢) = (807 a¢) ’ oC = Silc(gb()) )
and let e: C——S0C = C(¢p) be the inclusion. Consider the exact sequences
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of (Q-groups

1+T J o~
Qn_l(aC) —_— Q“_l(aC) — Q”_l(GC’) ,
% &% .
on(cm) 2 one) s Gr(sac) .

The obstruction J(d¢) € Q" 1(dC) to a quadratic refinement of d(C, o)
corresponds under the suspension isomorphism @”_1(80)—>@”(580) to
the obstruction é%.J(¢) € Q(SOC) to a normal refinement of (C, ).

(ii) An n-dimensional symmetric Poincaré complex (C,¢) determines an
n-dimensional normal complex

J(C.¢) = (C,¢,7,x)
with (7, x) unique up to equivalence. The class v € @0 (T'C) is the image
of » € Q™(C) under the composite
J . (p)~1 s
Q"(C) — Q™(C) —— Q™(C"™") — QU(TC) .
(iii) An n-dimensional quadratic complex (C, 1)) determines an n-dimensional
normal complex with v = 0 and

(1 +T)(C,¢) = (C,(1+T)9,0,x)

such that
(1+T)Yy ifs>0 0 if s >0
1 T s = s — .

(+T)9) {o its<0, X b_s1 ifs<O0.
Conversely, an n-dimensional normal complex (C, ¢,~, x) with v = 0 deter-
mines an n-dimensional quadratic complex (C, ), by virtue of @,,(C,0) =
Qu(0).

o
DEFINITION 2.7 (i) An n-dimensional (symmetric, quadratic) pair (f: C—
D, (6¢,7)) in A is an n-dimensional symmetric pair with a quadratic struc-
ture on the boundary, i.e. a chain map f:C'——D of finite chain com-
plexes in A together with an (n — 1)-cycle ¥ € (Wy(C),,—1 and an n-chain
6¢ € (W” D), such that

FAA+T)y = d(6¢) € (W*D),_y .
(ii) The pair (f: C——D, (d¢, 1)) is Poincaré if the chain map
(60,1 +T))o : D" — C(f)

is a chain equivalence.

o

PROPOSITION 2.8 (i) The homotopy equivalence classes of n-dimensional
(symmetric, quadratic) Poincaré pairs in A are in natural one—one corre-
spondence with the homotopy equivalence classes of n-dimensional normal
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complexes in A .

(ii) The cobordism classes of n-dimensional (normal, symmetric Poincaré)
pairs in A are in natural one—one correspondence with the cobordism classes
of (n — 1)-dimensional quadratic Poincaré complezes in A .

PROOF (i) An n-dimensional normal complex (C,¢,7,x) in A determines
the n-dimensional (symmetric, quadratic) Poincaré pair in A

(ic: 0C—C" " (6, 1))
defined by
ic = (01):0C, = CrpydC" " — C" " |
doc = (dc (_)T%) :
0 (-)rdy
o0, = Cr1®C" " — 0C,_; = C,pC™ "t

X 0
100 = ( ° * * ) :
1+’Y—n¢o V—n—1

9C" = C"H a0y, — OCy_r1 = Cpp®C"H

X—s 0
77&5 = < * * ) :
7—n—8¢0 ,y_n—s—l

0" = C" M pC_, — 0C, 1 = Cpr_ s ®C™ (s >1),
§ps = Yonys: Cp —> C"7"F5 (5>0) .

Conversely, an n-dimensional (symmetric, quadratic) Poincaré pair (f: C—

D, (0¢,1)) in A determines an n-dimensional normal complex (C(f), ¢, 7, X)
in A with the symmetric structure

(< o0 O) ifs=0
1+T)¢0f 0

¢s = ( ) if s=1
0 (14 T)vo
(5¢8 > if s >2
0
C(f ©C" ! — C(f)n—r+s = Dn—r—|—s D Cn—r—i—s—l .

The normal Stl"U.Ctl/l\l“e (’y, X) is determined up to equivalence by the Poincaré
duality, with v € Q°(D~*) the image of (§¢/(1 + T)v) € Q™(C(f)) under
the composite

((860,(1+T)1h0) ™) " e T ST
Q"(C(f)) QM D"™) — QMD"T) — QU(DT).
(ii) Given an n-dimensional (normal,symmetric) pair in A (f: C——D, ((d¢, 07, 6x), ) )}
let (C’,¢') be the (n — 1)-dimensional symmetric complex obtained from
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(C, ) by surgery on (f:C——D,(d¢,¢)). The trace of the surgery is an
n-dimensional symmetric pair ((g ¢'):C ® C'—D’, (§¢', ¢ & —¢')) with

g = inclusion: C — D' = C(¢of*: D" '7*—0),

g = projection : C' = S'C((66,¢)o: D" *—C(f)) — D’ .

The natural isomorphism
@n+1(Dn—|—1—*) _?_> @n+1<D/n—*_>Cln—*)

sends the chain bundle $"16y € Q"1 (D"1=*) to a normal structure on
the trace which restricts to 0 € @”(C'“_*), corresponding to a quadratic
refinement ¢’ € Q,,_1(C") of ¢’ € Q""(C"). The symmetric complex (C, ¢)
is Poincaré if and only if the quadratic complex (C’,v') is Poincaré.

Conversely, given an (n — 1)-dimensional quadratic Poincaré complex
(C’, ") define an n-dimensional (normal, symmetric Poincaré) pair (C—0,

(0, (1 + T)ep)).

O

DEFINITION 2.9 The quadratic boundary of an n-dimensional normal com-
plex (C, ¢,v, x) is the (n — 1)-dimensional quadratic Poincaré complex

9(C, ¢,7,x) = (9C, )

defined in 2.6 (i) above, with 0C = S71C(¢g) the desuspension of the
algebraic mapping cone of the duality chain map ¢¢: C"~*——C'". This can
also be viewed as the complex associated by 2.8 (ii) to the n-dimensional
(normal, symmetric Poincaré) pair (0—C, ((¢,7,7),0)).

o

DEFINITION 2.10 The n-dimensional hyperquadratic L-group L™(A) (n € Z)
is the cobordism group of n-dimensional (symmetric, quadratic) Poincaré
pairs in A, designed to fit into the quadratic-symmetric exact sequence
1+7T J  ~ 1o}
. —> Ly(A) — L"(A) — L"(A) — L, 1(A) — ... .
|

For a ring with involution R and A = AP(R) the hyperquadratic L-
groups L*(A) of 2.10 are just the hyperquadratic L-groups L*(R) of Ranicki
[146, p. 137].

ProroSsITION 2.11 The hyperquadratic L-groups L* (A) are isomorphic to
the cobordism groups NL*(A) of normal complexes in A

L*(A) = NL*(A),
so that there is defined an exact sequence

1+T J o
. Ln(A) — L"(A) — NL™A) — Lp_1(A) —> ...
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with
9: NL™(A) — Ln-1(A) 5 (C,0,7,x) — (9C,¢)
given by the quadratic boundary (2.9) of normal complezes.
PROOF The identities E"(A) = NL"(A) (n € Z) are immediate from 2.8 (i)
and its relative version relating (symmetric, quadratic) Poincaré triads and
normal pairs. See Ranicki [146, §2.1] for algebraic Poincaré triads.
o

In the case A = AY(R) (¢ = h,p) for a ring with involution R write the
normal L-groups as

NL*(AY(R)) = NLy(R) .
EXAMPLE 2.12 The hyperquadratic L-groups Z;(R) (¢ = h,p) of Ranicki

[146, p. 137] are the cobordism groups of (symmetric, quadratic) Poincaré
pairs over a ring with involution R which fit into an exact sequence

1+T J —~ o
. — LI(R) — Lj(R) — Lyj(R) — L?

The relative terms H*(Zs; Ko(R)) in the Rothenberg exact sequences re-
lating the free and projective L-groups of R are the same for the symmetric
and quadratic L-groups

. — L}(R) — L2(R) — H™(Z2; Ko(R)) — Ly Y (R) — ... ,
. — L"(R) — LP(R) — H"(Zsy; Ko(R)) —> L"

n—1

(R) — ...

Thus the free and projective hyperquadratic L-groups of R coincide
L*(R) = Ly(R) = Ly(R) .

Similarly, the hyperquadratic L-groups of the categories A"(R) and &p(R)

coincide, being the 4-periodic versions of the hyperquadratic L-groups L*(R)

L"(A"R)) = L"(A"(R)) = lig L"M(R) (n€7),

the direct limits being taken with respect to the double skew-suspension
maps. Use the isomorphisms given by 2.11

NL*(AY(R)) = L*(A%(R)) (q=h,p)
to write
NL*(R) = NL;(R) = NL(R) = lim L****(R) .
k

O

REMARK 2.13 The exact sequence of 2.11 for A = A (R) = A"(R) is the
algebraic analogue of the exact sequence of Levitt [92], Jones [80], Quinn
[132] and Hausmann and Vogel [75]

C— QN (K) — L,(Z[r]) — QY (K) — QY (K) — ...,
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with QF(K) (resp. QY (K)) the bordism group of maps X —K from n-
dimensional geometric Poincaré (resp. normal) complexes, with 7 = 7 (K)
the fundamental group of K and n > 5. The symmetric signature of
Mishchenko [115] and Ranicki [145,§1] defines a map from geometric to
symmetric Poincaré bordism
ot QF(K) — L*(Z[x]) ; X — o*(X) = (C(X),¢) .
The hyperquadratic signature of Ranicki [146,p.619] defines a map from
geometric to algebraic normal bordism
5" QY (K) — L'(Z[r) ; X — 5°(X) = (C(X),é,7,x) -

The signature maps fit together to define a map of exact sequences

 —— I (Za]) =2 L (2[a]) 25 L2 r]) —Ls IM(Z[x]) —

The normal signature is the stable hyperquadratic signature
5" QN (K) — NL"(Z[r]) = lig L""*(Z[n)) .
k
The normal signature determines the quadratic signature
0. = 05 : QN(K) — th; Loyar—1(Z[x]) = Ln_1(Z[x]) .

There is also a twisted version for a double covering K—— K, with the

w-twisted involution on Z[r], and the bordism groups (K, w) of maps

X — K such that the pullback X*—— X is the orientation double cover.
]

EXAMPLE 2.14 (i) Let R be a ring with involution, and let (B, ) be a
chain bundle over R, with B a free R-module chain complex (not necessarily
finite or finitely generated). The cobordism groups L™(B,3) (n > 0) of n-
dimensional symmetric Poincaré complexes (C, ¢, 7, x) in A (R) with a chain
bundle map (f,b): (C,v)—(B, ) fit into an exact sequence

S Ly(R) — LB, B) — Qu(B,B) — Ly 1(R) —> ...
with

Ly,(R) — L™(B,B) ; (C,¢) — ((C, (1 +T),0,4),0) ,

L"(B,B) — Qu(B,B) ; ((C,d,7,x),(f,0)) — (f,0)% (v, x) »

0 : Qn(B,ﬁ) — Ln—l(R) 3 (Qb,X) — 8( 7¢757>_<) 5

where (B, ¢, [3,X) the restriction of (B,¢,[,x) to any finite subcomplex
B C B supporting (¢,%) € Qn(B,3). As in Weiss [186] there is defined
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a universal chain bundle (B, ) over R, with 8 € Q°(B~*) such that the
algebraic Wu classes of Ranicki [146, 1.4] are isomorphisms

0"(8) : Ho(B) — H"(Z2;R); v — B_o(z)(z) (r€Z).
For the universal chain bundle (B, /) and any finite chain complex C in
A (R) there is defined an isomorphism
Ho(Homp(C, B)) — Q°(C™"); f — f*(B)
so that the chain bundles (C,v € Q°(C~*)) are classified up to homotopy

equivalence by the chain homotopy classes of chain maps C——B. For
universal (B, ) the forgetful maps define isomorphisms

L"(B,B) — L™(R) ; (C,6,7,x) — (C,0) ,

Qn(B,B8) — NL"(R); (¢,x) — (B"7,0(B,9,5,X)) -
(ii) Let K be a field of characteristic 2 which is perfect, i.e. such that
K—K;x——2? is an isomorphism, so that for all n € Z
H"(Z3:K) = K, K x H"(Z9;K) — H"(Z2:K) 5 (z,y) — 2’y

with the identity involution on K. The chain bundle over K
0

0 0 0 0

(B: ... >y K K » K > K > ..., B =1)
is universal. The quadratic Witt group Lo, (K) is detected by the Arf in-
variant, and the symmetric Witt group L?*(K) is detected by the rank
(mod 2), with isomorphisms

Q2+1(B,f) = K/{z +2*|z € K}

— Ly (K);a— (KoK, (g 1) ),

Q2(B,B) = {z e K|z +2*>=0} = Zs

= NL*(K) = L*(K); 1 — (K, 1)
and Lo.41(K) = L**T1(K) = 0. In particular, this applies to K = F.
o
By analogy with the observation of Quinn [132] that the mapping cylinder
of a map of geometric normal complexes defines a cobordism, we have:

PROPOSITION 2.15 The algebraic mapping cylinder of a map of n-dimen-
sional normal complexes in A

(f7 b) : (0/7 ¢/7 ’Y’» X/) — (07 gbv Y5 X)
is an (n + 1)-dimensional normal pair in A
M(f,b) =

( (f 1) C/ S C_>C7 ((6¢7’77 5X)7 <¢/ D —¢;7/ D -, X/ D _X)) ) b D O) )
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which defines a cobordism between (C, ¢,v,x) and (C,d,7, ).
PROOF The chains d¢, 0y are determined by a chain level representative for
the identity

(f7 b)%(¢’»X’) = ((ba X) S Qn(cv 7) :

O

REMARK 2.16 (i) Let A be an additive category with a 0-dimensional chain
duality. An algebraic normal map in A is a normal map of n-dimensional
symmetric Poincaré complexes

(f:0) = (C",¢", 7. X') — (C, 0,7, x) -
The algebraic mapping cylinder M (f,b) of 2.15 is an (n + 1)-dimensional
(normal, symmetric Poincaré) pair. The quadratic kernel of (f,b) is the
n-dimensional quadratic Poincaré complex

U*(fv b) = (C(f'),d})
obtained by applying the construction of 2.8 (ii) to M(f,b), with f' the
Umkehr chain map defined up to chain homotopy by the composite
¢ —1 f* ¢/
f!: C (¢0) s Om—* —_>C/n_* —O_>Cl.
The symmetrization of the quadratic kernel is an n-dimensional symmetric
Poincaré complex

(1+T)ou(f,0) = (C(f), 1+ T)¢)

such that up to homotopy equivalence

1+ T)o.(f,0) @ (C,9) = (C, ') .
The construction of 2.8 (ii) defines an isomorphism between the cobordism
group of (n + 1)-dimensional (normal, symmetric Poincaré) pairs in A and
the quadratic L-group L, (A). The quadratic signature of (f,b) is the cobor-
dism class of the quadratic kernel

a.(f,0) = (C(f'), ) € L (A) .

The methods of Ranicki [144], [148] show that o.(f,b) = 0 € L, (A) if and
only if M (f,b) is algebraic normal cobordant rel 0 to a symmetric Poincaré
cobordism between (C, ¢,~, x) and (C’, ¢", v, x').

(ii) The quadratic kernel o.(f,b) of a geometric normal map (f,b): X'— X
of n-dimensional geometric Poincaré complexes obtained in Ranicki [145] is
the quadratic kernel o,(f,b) of an induced algebraic normal map of n-
dimensional symmetric Poincaré complexes in A(Z[r]")

(f:b): o*(X') = (C',¢/,7 X)) — 0" (X) = (C.d,7,X) 5
with w:m——Zy the orientation map, and C' = C(X), ¢ = C’()N(’)~the
cellular chain complexes of the cover X of X and the pullback cover X’ of
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X', The quadratic signature of (f,b) is the cobordism class of (C(f"'), )
0.(f,0) = o.(f,0) = (C(f),¥) € La(A(Z[7]")) = Lu(Z[x]"),

with symmetrization

1+ T)ou(f,b) = o"(X') = o™(X) € L"(Z[]") .
For X’ = M a manifold and (f,b): M— X a geometric normal map in the
sense of Browder [16] the surgery obstruction of Wall [180] is the quadratic
signature of (f,b) with 7 = 71(X) and X the universal cover of X.
(iii) Geometric normal complexes can be constructed from geometric Poin-
caré bordisms of degree 1 normal maps of geometric Poincaré complexes,
as follows. Given a normal map (f,b): X’—— X of n-dimensional geometric
Poincaré complexes let W ~ X be the mapping cylinder of f, so that
(W; X, X') is an (n + 1)-dimensional normal complex cobordism. Given
also a geometric Poincaré cobordism (V; X, X') there is defined an (n + 1)-
dimensional geometric normal complex

Y = VUsgW.

The normal signature of Y is the stable hyperquadratic signature
5*(Y) = (C(Y),¢,7,x) € NL"" N (Z[m (Y)]) = ling LY Zm (Y))

with boundary the quadratic signature of (f,b) relative to m (X)—m(Y)
05" (Y) = o.(f,b) € L,(Z[m (Y)]) .
(iv) For the mapping cylinder W of the 2-dimensional normal map
(f,b): X' = Stxst — X = 52
determined by the exotic framing of S! x S with Kervaire-Arf invariant 1
and for the geometric Poincaré cobordism

(V:X,X") = (D*uS! x D?*; 5% 8! x §1)
the construction of (iii) gives a simply-connected 3-dimensional geometric
normal complex Y =V Uy W such that

05" (Y) = o.(f,b) = 1€ Lo(Z) = Zso .
Thus Y is not normal bordant to a geometric Poincaré complex, and (a

fortiori) the normal fibration vy: Y —— BSG is not topologically reducible,
with vy: Y ~ S§? Vv §3—=83 3 BSG detected by the generator

1€ m3(BSG) = m(G/TOP) = 75 = Q) = L2(Z) = Z» .
O

From now on the normal structure (v,y) will be suppressed from the
terminology of a normal complex (C, ¢, , x), which will be written as (C, ¢).
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§3. Algebraic bordism categories

An algebraic bordism category A = (A, B, C) is a triple defined by an addi-
tive category with chain duality A and a pair (B,C C B) of additive cate-
gories of chain complexes in A satisfying certain conditions. The L-groups
L*(A) symmetric
L.(A) of A are defined to be the cobordism groups of {quadra,tic

NL*(A) normal
complexes in A which are B-contractible and C-Poincaré. The main re-

sult of §3 is the exact sequence relating quadratic, symmetric and normal
L-groups of an algebraic bordism category.

As in §§1,2 let A be an additive category with chain duality, and let B (A)
be the additive category of finite chain complexes in A and chain maps.

DEFINITION 3.1 (i) A subcategory C C B (A) is closed if it is a full additive
subcategory such that the algebraic mapping cone C(f) of any chain map
f:C—D in C is an object in C.
(ii) A chain complex C in A is C-contractible if it belongs to C. A chain
map f:C——D in A is a C-equivalence if the algebraic mapping cone C'(f)
is C-contractible.

(C,9)

complex { (C. ) in A is C-contractible

symmetric
quadratic
if the chain complexes C' and C"~* are C-contractible.

(iv) An n-dimensional { Z}lflr;lérrlzzéc complex { gg’ fz)) in A is C-Poincaré if

(iii) An n-dimensional

the chain complex
IC = S71C(¢p: C"*—C)
{ 0C = S7O((1 +T)o: C"*—=C)
is C-contractible.
|

DEFINITION 3.2 An algebraic bordism category A = (A, B, C) is an additive
category A with a chain duality T: A——B (A), together with a pair (B, C C
B) of closed subcategories of B (A), such that for any object B in B
(i) the algebraic mapping cone C(1: B—B) is an object in C,
(ii) the chain equivalence e(B): T?(B) — B is a C-equivalence.
m

ExAMPLE 3.3 For any additive category with chain duality A there is de-
fined an algebraic bordism category

AA) = (AB(A),C(A))
with B (A) the category of finite chain complexes in A, and C(A) C B (A)
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the subcategory of contractible complexes.

]
DEFINITION 3.4 Let A = (A, B, C) be an algebraic bordism category.
symmetric (C, o)
(i) An n-dimensional {quadratic complex < (C,1) in A is an n-dimen-
normal (C, )
symmetric
sional { quadratic complex in A which is B-contractible and C-Poincaré.
normal
Similarly for pairs and cobordisms.
symmetric L™(A)
(ii) The { quadratic L-groups § L,(A) (n € Z) are the cobordism
normal NL™(A)
symmetric
groups of n-dimensional { quadratic complexes in A.
normal

O

PROPOSITION 3.5 If A = (A,B,C) is an algebraic bordism category such
that Q*(C) = 0 for any C-contractible finite chain complex C' in A then the
forgetful maps define isomorphisms

NL™(A) — L™(A) 5 (C,é,7,X) — (C,8) (n€Z).

PROOF An n-dimensional symmetric complex (C,¢) in A has a normal
structure if and only if

J() € im(¢g’: Q(C™ ) —Q"(C)) .
The hyperquadratic Q-groups of C,C"~* and 9C = S~1C(¢g: C"*—C)
are related by an exact sequence

%
5 OMOC) — O () 2 () — O N OC) —s ..

If (C, ¢) is C-Poincaré then 8C is C-contractible, Q*(9C) = 0 and there is
defined an isomorphism

of = QUCT) — QMO
so that (C, ¢) has a normal structure. Similarly for pairs.
m

EXAMPLE 3.6 The algebraic bordism category A(A) = (A, B(A),C(A)) of
3.3 is such that Q*(C) = 0 for C(A)-contractible (= contractible) B (A)-
contractible (= any) finite chain complexes in A, so that

NL*(A(A)) = L*(A(A)) = L*(A) .
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DEFINITION 3.7 A functor of algebraic bordism categories
F: A= (ABC) — A = (A,B,C)
is a (covariant) functor F: A——A’ of the additive categories, such that
(i) F(B) is an object in B’ for any object B in B,
(ii) F(C) is an object in C’ for every object C' in C,
(iii) for every object A in A there is given a natural C’-equivalence
G(A): T'F(A) — FT(A)

with a commutative diagram

GT(A)

T'FT(A) FT%(A)

T'G(A) Fe(A)

T'’F(A) ERACONN F(A) .

PROPOSITION 3.8 A functor of algebraic bordism categories
F: A= (ABC) — A = (AB,C)

induces morphisms of L-groups

F: L*(A) — L*(A’)
F: L.(A) — L,(A)
F: NL*(A) — NL*(A)

(

L*(F)

and there are defined relative L-groups < L.(F)  to fit into a long exact
L

NL*(F)

SeEqueNce
F
. — L"(A) — L™(\) — L"(F) — L" }(A) — ...
F
. — Ly(A) — L,(A) — L (F) — L1 (A) — ...

s NLP(A) — NL(AY) — NLO(F) — NLV1(A) —> ... .
PRrROOF For any objects M, N in A define a chain map of abelian group
chain complexes

F(M,N): M®y N — F(M)®y F(N) ;
(¢: T(M)—N) — (F(¢)G(M): T'"F(M)——FT(M)—F(N))
which is compatible with the duality equivalences. An n-dimensional sym-
metric complex (C,¢) in A induces an n-dimensional symmetric complex

(F(C), F(¢)) in A’. Similarly for quadratic and normal complexes, and also
for pairs. Working as in Ranicki [146, §2] define the relative L-group L™(F)
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to be the cobordism group of pairs
((n — 1)-dimensional symmetric complex (C, ¢) in A ,
n-dimensional symmetric pair (F(C)—D, (§¢, F(¢))) in A') .
Similarly for the quadratic and normal cases.
i

PROPOSITION 3.9 Let A be an additive category with chain duality, and let
(BCB(A),CCB,DCC) be a triple of closed subcategories of B (A). The

relative L-groups of the functor of algebraic bordism categories
F: AN = (ABD) — A = (A,B,C)

defined by inclusion are given up to isomorphism by the absolute L-groups
of the algebraic bordism category A" = (A, C, D)
(i) L*(F) = L"~'(A")
(ii)) Lp(F) = Lp_1(A")
(iii) NL™(F) = L,_1(A")
and there are defined exact sequences
o
i) ... — L*"(A") — L"(N) — L"(A) — L" " YA") — ...
o
(i) ... — Lp(A") — Ly(A) — Lp(A) — L1 (A") — ...
0
(i) ... — L") — NL"(A') — NL"(A) — L1 (") — ...
with 0 given by the boundary of 1.14 for (i) and (ii), and by 2.10 for (iii).
PROOF (i) The relative symmetric L-group L™ (F') is the cobordism group of
n-dimensional symmetric pairs (f: C——D, (¢, ¢)) in (A, B, C) with (C, ¢)
defined in (A,B,D) (i.e. the pair is B-contractible, C-Poincaré and the
boundary is D-Poincaré). Define inverse isomorphisms

L"Y(A,C,D) —> L™(F) ; (C,¢) — ((C,8),(C—0,(0,))) ,

L"(F) — L"'(A,C,D) ; (f:C—D, (5. ¢)) — (C',¢')

with (C,¢') the (n — 1)-dimensional symmetric complex in (A, C,D) ob-
tained from (C,¢) by algebraic surgery on the n-dimensional symmetric
pair (f: C——D, (0¢,¢)) in (A,B,C).
(ii) As for (i), with symmetric replaced by quadratic.
(iii) As for (i), with symmetric replaced by normal, and using 2.9 (ii) to
obtain a quadratic structure on the effect of surgery on a normal pair.

i

The exact sequences of 3.9 are generalizations of the localization exact
sequence of Ranicki [146] (cf. 3.13 below), and of the relative L-theory
exact sequences of Vogel [174].
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EXAMPLE 3.10 For any algebraic bordism category A = (A, B, C) the exact
sequence of 3.9 (iii) for the triple (B, B, C) can be written as

14T J . d
. — L,(A) — NL"(A) — NL"(A) — L,_1(A) — ...
with A = (A, B, B). If A satisfies the hypothesis of 3.5 then NL*(A) can be
replaced by L*(A). In particular, this can be done for the algebraic bordism
category A = A(A) of 3.3 (cf. 3.6), recovering the exact sequence of 2.12
1+7T J o
. — L,(A) — L™(A) — NL"(A) — L, 1(A) — ... .

O

EXAMPLE 3.11 Given a ring with involution R and ¢ = p (resp. h, s) define
the algebraic bordism category
A1(R) = (A%(R),B!(R),CI(R))
with A?(R) the additive category of f.g. projective (resp. f.g. free, based
f.g. free) R-modules with the duality involution of 1.11, BY(R) = B (A)?(R)
the category of finite chain complexes in A?(R), and C?(R) C BY(R) the
subcategory of contractible complexes C, such that 7(C) = 0 € K;(R) for
g = s. The quadratic L-groups of A?(R) are the type ¢ quadratic L-groups
of R
L.(A*Y(R)) = LYR) .
Let
{ « 1 Ko(R) — Ko(R) ; [P] — [P*]
«: K1(R) — Ki(R); 7(f: R"—>R") — 7(f*: R"—>R")
projective class

torsion
intermediate quadratic L-groups LX(R) for a *-invariant subgroup X C

be the induced involution of the reduced { group of R. The

{ gogg; can be expressed as the L-groups of an algebraic bordism category
1

L¥(R) = { L.(A7(R), B (R), CP(R))

" L.(A*(R),B*(R), C*(R))

with § B () C B (R)
CX(R) C B*(R) contractible
AP(R) . {projective class [C] € X C Ky(R)
s with ) ~
A*(R) torsion 7(C) € X C K (R) .
projective, free and simple quadratic L-groups of R are the special cases

LRy = Ly(r) , LNR) = L),

the subcategory of { chain complexes

C in the category { The

Lio}ggo(R)(R) — L*gl(R)(R) — Lh(R)
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Given *-invariant subgroups ¥ C X C {ISO(R) the exact sequence of

~ LKi(R)
(B?(R), BX(R),BY (R))

(C*(R),CY(R),C*(R))
is isomorphic to the Rothenberg exact sequence of Ranicki [144, §9]

. — LY(R) — LYX(R) — H™(Z;X/)Y) — LY _[(R) — ...,
corresponding to the isomorphisms
L, (AP (R),BY(R),BY (R)) — H"(Z2;X/Y); (C,¢)) — [C]
Ln—1(A%(R),C¥(R),CY(R)) — H™(Z2;X/Y) ;
(C, ) — 7(L+T)pg: C*1=*—C) = 7(C) + (—)"7(C)* .
Similar considerations apply to the symmetric and normal L-groups.

quadratic L-groups given by 3.9 (ii) for the triple {

O

REMARK 3.12 In dealing with the free L-theory of a ring with involution R
the terminology is abbreviated, writing

AMR) = MR) = (A(R),B(R),C(R)),

L*(A(R)) = Ly™(R) = L""™(R),

Ln(A(R)) = LZ(R) = Ln(R),

AR) = (A(R),B(R),B(R)), NL"(A(R)) = NL™(R) .

)
)

O

ExaMPLE 3.13 Let R be a ring with involution, and let § C R be a mul-
tiplicative subset of central non-zero divisors which is invariant under the
involution. The localization of R inverting S is the ring with involution

ST'R = {r/s|reR,scS}
with
r/s = rt/st, (r/s) = 7/5 (reR,s,teS).

Define algebraic bordism categories

I'(R,S) = (A(R),B(R),C(R,S)),

A(R,S) = (A(R),C(R,S),C(R))
with C(R, S) C B (R) the closed subcategory of the finite f.g. free R-module
chain complexes C such that the localization

S71C = ST'R®iC
is in C(S7!'R), i.e. a contractible finite chain complex in A(S™'R). The
localization maps of quadratic L-groups are isomorphisms
Lo(T(R,S)) — L.(A(S'R)) = L.(S"'R) :
(C,Y) — (S71C,87 %) (n€Z)
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because

(i) for every finite chain complex C' in A (R) localization defines isomor-
phisms of abelian groups

lim, Qn(D) — lim, Qu(S™'D) = Qu(S7'C) (n€Z)
C— C—
with the direct limits taken over all the finite chain complexes D in
A (R) with a C (R, S)-equivalence C — D,
(i) every finite chain complex in A(S™!R) is C (S~ R)-equivalent to S~1C
for a finite chain complex C in A (R).
Let L, (R,S) = L,-1(A(R, S)), the cobordism group of (n — 1)-dimensional
quadratic Poincaré complexes (C,%) in A (R) with C in C(R,S). The lo-
calization exact sequence of Ranicki [146, §4]

d
. — L,(R) — L,(S™'R) — L,(R,S) — L,_1(R) — ...
is isomorphic to the exact sequence of 3.9 (ii)
. — L,(A(R)) — L,(I'(R,S)) — L,—1(A(R,S))
— L 1(A(R)) — ... .

The quadratic L-group L, (R,S) is isomorphic to the cobordism group of
n-dimensional quadratic Poincaré complexes in the category of S-torsion
R-modules of homological dimension 1. In particular, the boundary map
forn =0

0: Lo(ST'R) = Lo(T(R,S)) — Lo(R,S) = L_1(A(R,S))

sends the Witt class of a nonsingular quadratic form S™'(M,\, u) over
S71R induced from a quadratic form (M, ), u) over R to the Witt class of
a nonsingular S~!R/R-valued quadratic linking form

OS™ (M, A\, ) = (OM,0\,0pu) ,
with
OM = coker(A: M—M™) ,

ON: OM x OM — ST'R/R; 2 — (y — x(2)/s)
(r,ye M*,zeM,se S, Nz)=sye M") .

Similarly for the symmetric L-groups.
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PROPOSITION 3.14 Given an additive category with chain duality A and
closed subcategories D C C C B C B(A) there is defined a commutative
braid of exact sequences

NG T

L,(A,C,D) NL"(A,B,D) NL"(A,B,B)
L,(A,B,D) NL"(A,B,C)
NL"+1(A, B, B) L,(A,B,C) Ln_1(A,C,D) .

PROOF The exact sequences through L, (A, C,D) are given by 3.9 (ii), and
those through NL*(A,B,B) by 3.9 (iii).
m

For any object C in a closed subcategory C C B (A) the suspension SC' =
C(0: C——0) is also an object in C.

DEFINITION 3.15 (i) A closed subcategory C C B (A) is stable if
(a) C contains the finite chain complexes C' in A such that SC' is an object
in C,
(b) C contains the n-duals C"~* (n € Z) of objects C' in C.
(ii) An algebraic bordism category A = (A,B,C) is stable if B and C are
stable closed subcategories of B (A).
m

PROPOSITION 3.16 (i) The double skew-suspension maps of L-groups

5. LP(A) — L(A) 5 (C,d) —> (S2C, )
S” ¢ Ln(8) — Lota(A) 5 (C4) — (5%C,9)

S*: NL'(A) — NL™H(A) 5 (Co6,7:%) — (52C,6,7,X)
are defined for any algebraic bordism category A = (A, B,C) and alln € Z,
using the double skew-suspension isomorphisms of QQ-groups given by 1.9.
(ii) The double skew-suspension maps of L-groups are isomorphisms for a
stable algebraic bordism category A.



3. ALGEBRAIC BORDISM CATEGORIES 59

PROOF (i) Trivial.
(ii) For stable A the double skew-suspension functor defines an isomorphism
of categories

=2 . . . .
S™ : {n-dimensional symmetric complexes in A}

— {(n + 4)-dimensional symmetric complexes in A}

for all n € Z by virtue of the stability of B and C. (Actually only 3.15 (i)
(a) is being used here.) Similarly for quadratic and normal complexes, and
also for pairs.

m

EXAMPLE 3.17 (i) The algebraic bordism category A(A) = (A, B (A),C(A))

. tri tri
of 3.3 is stable. The { Y LhCHHC Symmetric
quadratic quadratic

L-groups of the additive category with chain duality A
{ L*(A(A)) = L*(A)
L.(A(A)) = L.(A) .
Also, by 3.5 the normal L-groups of A(A) are the symmetric L-groups of A
NL*(A(A)) = L*(A),

since Q*(C) = 0 for any C (A)-contractible (= contractible) finite chain
complex in A .

(ii) The normal L-groups of A(A) = (A,B(A),B(A)) are the normal L-
groups of A

L-groups of A(A) are the {

NL*(A(A)) = NL*(A) .

O

EXAMPLE 3.18 Given a ring with involution R define the algebraic bordism
category

Ar(R) = (A(R),B4(R),Ci(R))

with A (R) the additive category of f.g. free R-modules, B, (R) the additive
category of finite chain complexes C' in A (R) which are positive (i.e. C,. =0
for r < 0), and C4(R) C B4 (R) the subcategory of the contractible positive
complexes. The inclusion Ay (R) C A(R) in the algebraic bordism category
A(R) of 3.12 induces the natural maps to the 4-periodic {symmetpc
quadratic

groups of R
{L"(A+(R)) — L"(A(R)) = L"(A(R)) = L""™(R)
Ln(A-i-(R)) — Ln(A(R)) = Ln(A (R)) = Ln+4*(R)

(neZ).
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The symmetric L-groups of Ay (R) are the symmetric L-groups of R as
originally defined by Mishchenko [115]

L*(A4(R)) = L*(R).

It was shown in Ranicki [144] that the maps {L

{ are not

isomorphisms in general, and also that
are

L.(A+(R)) = L.(R)

with L.(R) the original 4-periodic quadratic L-groups of Wall [180].
o

Call L™(R) the connective symmetric L-groups of R, to distinguish them
from the 4-periodic symmetric L-groups L""4*(R). See §15 for the general
L-theory of algebraic Poincaré complexes with connectivity conditions.

The algebraic surgery below the middle dimension used in Ranicki [144]
to prove the 4-periodicity of the quadratic L-groups of rings with involution
admits the following generalization for algebraic bordism categories, which
is needed for §6 below.

DEFINITION 3.19 (i) An n-dimensional chain complex C' in A is highly con-
nected if there exist morphisms I': C,,——C}. 11 (2r > n) such that

dl' +T'd = 1: C, — C, (2r>n).

(ii) An n-dimensional chain complex C in A is highly B-connected if it is
B-equivalent to a highly connected complex.
]

EXAMPLE 3.20 Let (A, B,C) = (AY(R),B%(R),C%(R)) (¢ = p, h, s) for some
ring with involution R. The following conditions on an n-dimensional chain
complex C' in A are equivalent:

(i) C is highly connected,

(ii) C is highly B-connected,
(iii) H"(C) = H,(C) =0 for 2r > n,

(iv) C is C-equivalent to an n-dimensional chain complex D in A such that

D, =0 for 2r > n.
o

DEFINITION 3.21 (i) An n-dimensional quadratic complex (C, ) (resp. pair
(f: C—D,(09,v))) in A is highly B-connected if the chain complexes C
(resp. C' and D) are highly B-connected.
(ii) Let L,(A)" (n € Z) be the cobordism group of highly B-connected
n-dimensional quadratic complexes in A = (A, B, C).

m
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DEFINITION 3.22 The algebraic bordism category A = (A, B, C) is connected
if
(i) for each object A in A the dual chain complex T'A is such that (T'A), =
0 for r > 0,
(ii) for every B-contractible chain complex B and k € Z the subcomplex
B[k] C B defined by
e
0  otherwise
is B-contractible.
o

In particular, A = (A, B, C) is connected if T: A—B (A) is 0-dimensional
(1.2) and B =B (A).

If C' is a finite chain complex in A which is positive (i.e. C;. =0 for r < 0)
and A = (A,B,C) is connected then C @4 C = Homy (T'C, C) is a positive
Z|Zs]-module chain complex.

PROPOSITION 3.23 For a connected algebraic bordism category A = (A, B, C)
the forgetful maps are isomorphisms

Ln(A)" = Ln(A) 5 (Co) — (C,9) (n€Z).
PROOF As in Ranicki [144] define inverses
Ln(A) = Ln(A)" 5 (Cp) — (C",0)
by sending an n-dimensional quadratic complex (C,%) in A to the highly
B-connected quadratic complex (C’,7’) in A obtained by surgery on the
quadratic pair (C——Ck], (0,%)), with k the least integer such that 2k >

n.
O

Theorem A of Quillen [129] is an algebraic K-theory analogue of the Vi-
etoris mapping theorem, stating that a functor F: A——A’ of exact cat-
egories with contractible fibres is a homotopy equivalence of categories, and
so induces isomorphisms F: K,(A) — K,(A’) in the algebraic K-groups.
There is an evident algebraic L-theory analogue: a functor of algebraic
bordism categories F: A = (A, B,C)— A’ = (A’,B’,C’) such that

(*) for every n € Z and every B-connected n-dimensional symmetric com-

plex (C, ¢) in A and every B’-connected (n+ 1)-dimensional symmetric
pair B/ = (f": F(C)—D’,(6¢', F(¢))) in A’ there exists an (n + 1)-
dimensional symmetric pair £ = (f: C—D, (¢, ¢)) in A with F(E)
B’-equivalent to E’
induces isomorphisms F: L*(A) — L*(A’) in the symmetric L-groups, and
L*(F: A——A’) = 0. Similarly for quadratic L-theory. The following highly-
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connected quadratic version is required for the proof of the algebraic m-m
theorem in §10 below.

PROPOSITION 3.24 A functor of connected algebraic bordism categories
F: A= (ABC) — AN = (A,B,C)
such that

(x) for every n € Z and every highly B-connected n-dimensional quadratic
complex (C, 1) in A and every highly B’ -connected (n+1)-dimensional
quadratic pair E' = (f': F(C)—D', (8¢, F(v))) in A’ there exists an
(n+1)-dimensional quadratic pair E = (f: C——D, (61,1)) in A with
F(E) B'-equivalent to E’

induces isomorphisms F: L,(A)— L.(\’) in the quadratic L-groups, and
Lo (F: A—A") = 0.
PRrROOF The induced map F: L,,(A)—> L, (A’) is one-one because by 3.23 an
element in the kernel is represented by a highly B-connected n-dimensional
quadratic complex (C,1) in A for which there exists a highly B’-connected
(n + 1)-dimensional quadratic pair in A’/

E' = (" F(C)—D', (8¢, F(¥))) -
The corresponding (n + 1)-dimensional quadratic B-Poincaré pair E =
(f:C—D, (0¢,¢)) in A with F(E) B’-equivalent to E’ gives (C,v) =
0€ Ly(A).
The induced map F: Ly, +1(A)—L,,1+1(A’) is onto because by 3.23 every ele-
ment in L, 11 (A’) is represented by a highly B’-connected (n+1)-dimensional
quadratic complex (D', d1)") in A’ defining a highly B’-connected (n + 1)-
dimensional quadratic pair £ = (0——D’, (§¢',0)) in A’. The algebraic
Thom construction (Ranicki [144, 3.4]) applied to the corresponding (n+1)-
dimensional quadratic pair £ = (f:C—D, (d1,4¢)) in A with F(E) B'-
equivalent to E’ is an (n + 1)-dimensional quadratic complex (C(f), /)
in A such that

F(O(f),00/¢) = (D',6¢") € im(F: L1 (A)—sLng1 (A)) .
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¢4. Categories over complexes

An additive category A and a simplicial complex K are combined to de-

fine an additive category { i (([I(()) of K-based objects in A which depends

{contravamantly on K. In §5 a chain duality on A is extended to a chain

covariantly

duality on { A (( K))’ allowing the extension of an algebraic bordism cate-
A*(K)

gory A = (A, B, C) to an algebraic bordism category { AL (K)

DEFINITION 4.1 (i) An object M in an additive category A is K-based if it
is expressed as a direct sum

M = > M)

ceK
of objects M(o) in A, such that {oc € K| M (o) # 0} is finite. A morphism
f: M—— N of K-based objects is a collection of morphisms in A

f = Af(r,o0):M(c)—N(1)|o,7 € K} .

. A*(K) . . . .
(ii) Let AL(K) be the additive category of K-based objects M in A, with
morphisms f: M— N such that f(7,0): M(0c)—N(7) is 0 unless {: E Z,
so that B

f(M(o)) € > N(7)

<o

f(M (o)) € > N(7) .

T>0
(iii) Forgetting the K-based structure defines the covariant assembly functor
AY(K) — Ay M — M*(K) = Y M(o)
ceK
AK)— A; M — M (K) = > M(o) .

ceK
O

chain
cochain

with

EXAMPLE 4.2 The simplicial { complex { ﬁggi_* of K is a finite

chain complex in {
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Regard the simplicial complex K as a category with one object for each
simplex ¢ € K and one morphism ¢ — 7 for each face inclusion o < 7.

DEFINITION 4.3 Let {ﬁ [[KK]] be the additive category with objects the

covariant
functors

contravariant

M: K— A; 0 — M[o]

such that {o € K|M]|o] # 0} is finite. The morphisms are the natural
transformations of such functors.
O

Assume that the simplicial complex K is locally finite and ordered, so
that for each simplex ¢ € K the set

{K*(U) = {reK|r>0,|r|=|0|+1}
K.(o) = {reK|t<o,|r|=|o| -1}

is finite and ordered, and its elements are written

{K*(U) = {dp0,010,020,...}
K*((T) = {300‘,610',820',...}.

DEFINITION 4.4 Define the covariant assembly functor for a simplicial com-
plex K

B(A)*[K] = B(A*[K]) — B(A,(K)) ; C — C*[K]
{B(A*[K]) — B(A*(K)) ; C —> C,[K]

by sending a finite chain complex C' in { ﬁ [[KK]] to the finite chain complex

C*IK] . [AJ(K) .
{C*[[K]] in {A*(K) with

C*[K]y = 3 Clolsjo) » CTIK](0) = STICo]

oceK

(c € K).
UK, = Y Clolioo « C.IK](0) = §IClo]
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The assembly is the total complex of the double complex in A defined by

C*[Klpq = Z Clolq

UEK,|O":—p
CilKlpg = Y. Clolg,
L ceK,|o|=p

(' C*[K]pg — C*[K]p-1,4 ; c[o] — Z(_)iéic[g]

d': CulKlpq — CilK]p-14 ; c[o] — Z(—)i&-c[a] ,

{d” D C*[Klp,g — C*[K]pg-1; clo] — doo(clo])
d": Ci[K]pq — CilKlpq-1; clo] — deisi(clo]) ,

dio € K*(o)
81'0' S K*(O')

the chain map induced by the inclusion {

the sum in d’ being taken over all the elements { with

d;: Clo]—C[0;0]
{ 0;: Clo]—C[0;0]

oc——0;0

0,0 —>0.
O

EXAMPLE 4.5 The assembly of the 0-dimensional chain complex Z in

A(Z)"[K]
{A(Z)*[K] defined by

Z: K— AZ)CB(A(Z)); 0 — Zo] = Z

cochain

with the identity structure chain maps Z[o] = Z[7] is the simplicial { b
chain

complex of K

LZ'[K] = A(K)™"
{Z*[K] = A(K)

already considered in 4.2 above as a chain complex in { A (Z;*(K)

REMARK 4.6 If A is embedded in an abelian category the double complex
{ C*[K]

C.IK] of 4.4 determines a spectral sequence E(C) with E?-terms

o { H?(K;{H,(C[o))})
P.q H,(K;{Hq,(Clo])}) ,
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H,(C

which converges to { H* &)

(CL[K])
F,C*[K], = eK|Z|>— C[a]qHUl C C*[K],

FpC*[K]q = > C[U]q—la\ - C*[K]q .

oeK,|o|<p

with respect to the filtration defined by

Define the covariant functors

AT(K) — A'[K]; M — [M], [M][o] = ) M(7)

AL (K) — ALK]: M — [M], [M][o] = Y M(r).

. . A*(K) i ) A
For any object M in {A*(K) and any object N in {

Homy- ) ([M],N) = > Homu(M(o), N[o])
ceK
Homy, 11([M], N) = > Homy(M(c), N[o]) .
ceK
A direct application of the contravariant duality functor 7: A—B (A)
T:A*(K)—B (A).(K)
T:A(K)—B(A)*(K)
not define a chain duality on A ,(K). In §5 below the chain duality T: A—

B (A) will be extended to a chain duality {?ﬁ ((Ifi )):IIBQ% ((i ((KK)))

only gives a contravariant functor { and so does

using
)

| o JATE) ATIK]
the following embedding of { AL(K) in the functor category { ALK] .

PROPOSITION 4.7 (i) A finite chain complex C' in ﬁ ((II?) is contractible

if and only if each of the chain complexes C (o) (o € K ) in A is contractible.

ii) A chain map f: C——D of finite chain complexes in AT(K) s a chain
(i) p p AL(K)

equivalence if and only if each of the diagonal components
flo,0): C(0) — D(o) (0 € K)

1$ a chain equivalence in A .

PROOF Proposition 2.7 of Ranicki and Weiss [150].
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REMARK 4.8 Given an additive category A let D (A) be the homotopy cat-
egory of finite chain complexes in A and chain homotopy classes of chain

/ *
maps. Let {g ,Ei *[[KK]])) be the localization of the triangulated category
D (A*[K]) . : : : {A*[K]
inverting the chain complexes C in such that each
{D(A*[K]) © ’ AL[K]

of the chain complexes Clo] (0 € K) in A is contractible. Using the
methods of Ranicki and Weiss [150, §3] it can be shown that the functor

A*(K)—A* K]
{ AL(K)—ALK
the homotopy categories

] is a full embedding which determines an equivalence of

D (A*(K))

=,
D (A.(K)) —

D'(A[K]) ; C — [C]
D'(AL[K)) : C — [C].

O

PROPOSITION 4.9 For any finite chain complex C in A (K) the assembly
[C.[K] of the finite chain complez [C] in A [K] is naturally chain equivalent
to the finite chain complex C\(K) in A obtained by forgetting the K-based
structure.

PROOF Define a natural chain equivalence in A

Bo : [CLIK] — C.(K)
by
Bt [CLIK] = Y (A g o)),

ceK

—— Cu(K)p = Y C(0)n; a®b— e(a)b,

using the chain equivalences e: A(Al°l)—=7Z in A (Z) defined by augmen-
tation.
m

REMARK 4.10 The star and link of a simplex ¢ € K in a simplicial complex
K are the subcomplexes defined by

starg (o) = {r€ K|oT € K},
linkg (o) = {reK|ote K,ont=10}.

The dual cell of o is the contractible subcomplex of the barycentric subdi-
vision K’ defined by

D(o,K) = {6¢01...0p, € K'|c <09 <01 <...<0p},
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with boundary
0D(0,K) = | JD(r,K) = {6461...5, € K'|c <09 <01 <...<0p}.

T>0
The barycentric subdivision of the link of ¢ € K is isomorphic to the bound-
ary of the dual cell D(o, K)

(linkg (o))" = 0D(0,K) .
The star and link in K’ of the barycentre ¢ € K’ of o € K are given by the
joins

(starg (0),linkg/ (0)) = 9o’ * (D(0,K),0D(0,K)) .
The local homology groups of |K| at a point = € |K| in the interior of 0 € K
are given by
H (K], [K\{z}) = H. (K, K\stk(0)) ,

with

stg(o)={re K|t >0}
the open star of o in K. Now S™I7IA(K, K\stg(c)) is the cellular chain
complex of the relative CW pair (|D(o, K)|, |0D(o, K)|), with one g-cell

e! = |D(o,K)NT'|

= |UJmA.. ReKo<n<n<...<np <7} (g=Irl—]o)
for each 7 € stx (o). The subdivision chain equivalence
STI7IA(K, K\stx (o)) = C(|D(0,K)|,|0D(0, K)|)

— A(|D(0, K)|, |0D(0, K)|)
induces isomorphisms
H.(K,K\stg(c)) = H,_;(D(0,K),0D(0,K)) .

The following conditions on a locally finite simplicial complex K are equiv-
alent:
(i) the polyhedron |K| is an n-dimensional homology manifold, i.e. the
local homology of |K| at each point x € |K]| is

H.(|K|,|K\{z}) = H.(R",R"\{0}) = {

(ii) K is a combinatorial homology n-manifold, i.e. for each simplex o € K
H. (K, K\stx(0)) = H.(R",R"\{0}) ,
(iii) each linkg (o) (0 € K) is an (n—|o| —1)-dimensional homology sphere

Z itx=0,n—|o]—1
0 otherwise ,

Z if x=n
0 otherwise,

H,(linkg (o)) = H,(S"171-1) = {

(iv) eachdD(o, K) (0 € K) is an (n—|o|—1)-dimensional homology sphere,
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(v) each (D(0,K),0D(0,K)) (0 € K) is an (n — |o|)-dimensional geomet-
ric Z-coefficient Poincaré pair

H*(D(0,K),0D(0, K)) = H,_jy—s(D(0,K)) .
O

By contrast with 4.9, for a finite chain complex C' in A*(K) the assembly
[C]*[K] is not chain equivalent to C*(K). If K is an oriented n-dimensional
homology manifold with boundary 0K then [C|*[K] is chain equivalent to
S7(CH(K)/C"(0K)).

EXAMPLE 4.11 As in 4.2 regard the simplicial cochain complex A(K)™* as
a chain complex in A (Z).(K), with
A(K) (o) = STz (¢ e K) .
The associated chain complex [A(K)™*] in A (Z).[K] is such that
[A(K)"][0] = A(K,K\stk(0))" (0 € K).
The spectral sequence E([A(K)™*]) of 4.6 is the dihomology spectral se-
quence of Zeeman [192] converging to H *(K), with
E2 = H,(K;{H Y(K,K\stg(0))}) -
If K is an n-dimensional homology manifold

- Z ifr=n
H(K, K\stx(0)) = {O otherwise (o€ K),

and the spectral sequence collapses to the Poincaré duality isomorphisms
H"™(K) = H,(K)

using twisted coefficients in the nonorientable case. See McCrory [106] for
a geometric interpretation of the Zeeman spectral sequence.
]

EXAMPLE 4.12 The simplicial chain complex A(K) is Z-module chain equiv-
alent to the assembly B*[K] of the chain complex B in A (Z)*[K] defined
by
Blo] = A(K,K\stg(0)) (c € K),
with a chain equivalence
AK) — B*[K]; 0 — 5 .
For any n-cycle [K] € A, (K) let
[K][o] € Bplo] = An(K, K\stk(0)) (0 € K)
be the image n-cycles. Evaluation on [K] defines a chain map in A (Z)*[K]
¢ = ([K],-): S"Z — B
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with
K
o] = (Kllol,—) = §"Zio] = $Z — A(K)
— Blo] = A(K,K\stk(0)) .
The assembly of ¢ is the cap product Z-module chain map
oK) = [K]Nn—: S"ZIK] = A(K)"™* — B*[K] ~ A(K).
The following conditions on K are equivalent:
(i) K is an n-dimensional homology manifold with fundamental class
[K] € Hy(K), with each ¢[o] (¢ € K) a Z-module chain equivalence,
(ii) ¢: S"Z——B is a chain equivalence in A (Z)*[K].
For a homology manifold K the assembly ¢[K] is the Poincaré duality chain
equivalence.
m

EXAMPLE 4.13 The simplicial chain complex A(K") of the barycentric sub-
division K’ is the assembly C.(K) = A(K'’) of the chain complex C in
A(Z).(K) defined by
C(o) = A(D(0,K),0D(0,K)) (c € K) .
The Z-module chain equivalences given by augmentation
elo]: [Clle] = A(D(o, K)) — Ziol| = Z;7—1 (6 <7€K)

define a chain equivalence e: [C] iz in A(Z).[K], with Z as in 4.5. C'is
chain equivalent in A (Z).(K) to the assembly B*[K] of the chain complex
B in A (Z)*[K] of 4.12, with Blo] = A(K, K\stk(0)).

As in McCrory [106, §5] consider the Flexner cap product Z-module chain
map

Ar: A(K) @z A(K)™" — A(K")

defined by

Ye(9)S ifr<o
Ap: A(K)@zAYK) — Ap_y(K') ; o077 — ¢ 'S

0 otherwise
with S running over the r-simplexes of the dual cell of 7 in o

D(o,7) = o' ND(r,K)
= {(6¢61...6,) e K'|[T<09g<01<...<0,.<o0},
with » = p — ¢ and
e(S) = €(og,01)€(01,02) ... €(0r-1,0,) € {+1,—1}
the product of the incidence numbers of the successive codimension 1 pairs

of simplices, defined using the ordering of K. The adjoint of Ap is a Z-
module chain map

AArp : A(K) ey HomA(Z)*(K)(A(K)f*,A(K'))
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which is shown to be a chain equivalence in 7.3 below. Cap product with
any homology class [K] € H,(K)

¢ = [K]N—: H"*(K) — H.(K') = H.(K)
is induced by the chain map ¢ in A (Z).(K) obtained by the evaluation of
AAF on any representative n-cycle [K] € A, (K)

¢ = AAR[K] = [K]Nn—: AK)"* — A(K') .
The diagonal components of ¢ are the Z-module chain maps

¢(0,0) = ([K]lo],—) :
A(K)"*(0) = 8"z — A(K")(0) = A(D(0,K),dD(0, K))
obtained by the evaluations on cycles representing the images of [K]
[K][o] € Hy (K, K\stx(0)) = Hy,_|s(D(0,K),0D(0,K)) .

The following conditions on K are equivalent:

(i) K is an n-dimensional homology manifold with fundamental class
[K] € H,(K), with each ¢(0,0) (¢ € K) a Z-module chain equiv-
alence,

(i) ¢ = [K]N—: A(K)"*—A(K’) is a chain equivalence in A (Z).(K).
For a homology manifold K the assembly ¢.(K) is the Poincaré duality
chain equivalence.

i

DEFINITION 4.14 (i) Let X be a topological space with a covering

U X = x

veV
by a collection { X [v] |v € V'} of non-empty subspaces X[v] C X. The nerve
of the covering is the simplicial complex K with vertex set K(® =V such
that distinct vertices vg, vy, ...,v, € V span a simplex o = (vgvy ...v,) € K
if and only if the intersection

Xo] = Xvo] N X[vi] N...NX[vy]

is non-empty.

(ii) Let K be simplicial complex. A K-dissection of a topological space X
is a collection {X|[o]|o € K} of subspaces X[o] C X (some of which may
be empty) indexed by the simplexes o € K, such that

XloT] if o,7 € K span a simplex o7 € K

@ Xlolnxi] = {,
(b) | X[l = X .

ceK
The nerve of the covering of X is the subcomplex {0 € K | X[o] # 0} C K.

O

otherwise ,
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EXAMPLE 4.15 Let X, K be simplicial complexes. If f: X— K’ is a sim-
plicial map then {X[o] = f~!D(0,K)|oc € K} is a K-dissection of X.
Conversely, any K-dissection {X|[o]|o € K} of X determines a simplicial
map g: X'— K’ with g7 D(0, K) = X[o]’ (0 € K).
For any K-dissection {X|[o]|o € K} of X define 0X[o] C X[o] to be the

subcomplex

U X[r] (¢ €K).

T>0
The simplicial chain complex of X is a chain complex C.(K) = A(X) in
A (Z).(K) with

C(0) = AX[o.0X[o]) . [Cllo] = A(X[o)) (o € K) |

The assembly [C].[K] is the cellular chain complex of the homotopy colimit
CW complex

[X] = hocolim X[o] = < IT &' % X[a])/{(a,é?ib) ~ (8;a,b)}

ceK ooy
with one (p + ¢)-cell for each p-simplex o € K and each ¢-simplex in X|o].
The projection
[X] — |X]; (a,b) —> b
is a map with contractible point inverses, inducing the chain equivalence
Be: [Cl«[ K] iC* (K) of 4.9. Define a filtration of [X] by

F,[X] = hocolim X|o]
g€K,|o|<p

_ ( [T allx X[a])/{(a,@ib) ~ (Dia,b)} .

oeK, |o|<p
The spectral sequence determined by the corresponding filtration of [C].[K]
is the spectral sequence E([C]) of 4.6, namely the spectral sequence with
respect to the first grading of the double complex D with

Dyq = Cpyq(FplX]) = Z Aq(X]o])
o€K,|o|=p
ZZ ZO-_NT Dp,q — Dpfl,q 5

- ZdA(X[U]) t Dpqg —> Dpg-1 -

E([C]) is the Leray—Serre spectral sequence with E2-terms

E2, = Hy(K:{Hy(X[0])}) |

converging to
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with
By = im(Hpyq(Fp[X])——Hpiq(X)) /im(Hpiq(Fp—1[X])— Hpiq(X)) -
O

EXAMPLE 4.16 Given a topological space X let Open(X) be the category
whose objects are the open sets in X and whose morphisms are inclusions
of open sets. Let K be the nerve of a finite open cover U = {U; |j € J}
of X, and let R be a commutative ring. The Cech complexr (Bott and Tu

[12,p. 110]) of U with coefficients in a { contravariant
covariant

F: Open(X) — B(R) ; U — F(U)

is the assembly R-module chain complex

cw.r) = {

functor

C*[K]
C.[K]
A (R)*[K] :
of the -module chain complex C' defined b
{ A(R).[K] " '
Cljogr---jn] = F(Uj,NU;, N...nUj) ((Goj1---gn) € K™ .
In particular, for any finite open cover U of a differentiable manifold X there

. contravariant
is defined a { ) functor
covariant

()

F = {Q* : Open(X) — BR) ; U — {Q*(U)

Q:
()
Q:(U)

of { B differential forms on U. The assembly R-module
compactly supported

sending an open subset U C X to the R-module chain complex {

chain complex C(U, F) is the { Cech—deRham complex

of X, with homology

compactly supported

mewm) - { B0
8.5

h
the 12.12

deRham cohomology of X, as in [12, {

{ compactly supported ]-D
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§5. Duality

An algebraic bordism category A = (A,B,C) and a locally finite simplicial
complex K will now be shown to determine an algebraic bordism category
{A*(K) = (A*(K),B*(K),C*(K))

Ad(K) = (A(K),B.(K),C.(K))

which depends {Contrfwarlantly n K. In §13 below the symmetric (resp.
covariantly
quadratic) L-groups of this category will be identified with the generalized
cohomology
{ homology groups of K

{L”(A*(K)) = BTG A)
L (

(
L*(A(K)) = H,(K;L'(A

)
res ( (K)
e {7 (1)

with coefficients in an Q-spectrum L’
that

= H™"(K;L.(A))
RIS IV
A) (resp. L.(A)) of Kan A-sets such

—~ — — —

mn(L'(A)) = L"(A) (resp. mp(IL.(A)) = Ln(A)) .

Algebraic Poincaré complexes in A*(K) are analogues of the ‘mock bun-
dles’ over K used by Buoncristiano, Rourke and Sanderson [22] as cocycles
for generalized cohomology h*(K). For PL bordism h = QFL a (—d)-
dimensional cocycle p: E—— K is a d-dimensional mock bundle, a PL map
such that the inverse image p~1(0) (0 € K) is a (d + |o|)-dimensional PL
manifold with boundary p~!(dc). Dually, algebraic Poincaré complexes in
A« (K) are analogues of manifold cycles for generalized homology h.(K).
For PL bordism a d-dimensional cycle p: E—— K is just a PL map from a
d-dimensional PL manifold E, in which case the inverse image p~!(D(o, K))
(0 € K) is a (d — |o|)-dimensional manifold with boundary p~!(0D(o, K)).

For the additive category M (Z) = {Z-modules} write
{M(Z)*(K) = 2°(K) {M(Z)*[K] = Z7[K]
M(Z)«(K) = Z«(K) * | M(Z).[K] = Z.[K]

For any finite chain complexes C, D in A there is defined an abelian group
chain complex C' ®, D = Homy (T'C, D) as in §3. Given chain complexes

.| A*[K] . . Z* K]
C,D in {A*[K] define a chain complex C' ®, D in {Z* K] by

(C®a D)[o] = Clo]®a Dlo] (0 € K),
and let
Tep: CoaD — Dy C
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be the isomorphism with components
Te,plo] = Teis),plo] ¢ Clo] ®a Dlo] — Dlo] @4 Clo] (0 € K) .

PROPOSITION 5.1 An algebraic bordism category A = (A, B, C) and a locally
finite ordered simplicial complex K determine an algebraic bordism category

{A*(K) = (A*(K),B*(K),C*(K))
A(K) = (A(K),B.(K),C.(K)) .
T: A" [K]—B (A" (K))

B
T:A[K]—B(A.(K))
an object M to the chain complex T'M with

T(M|o])r_|s
040 = { 0,
dry(o,0) = dry(o) 2 (TM),(0) — (TM)r—1(0) ,
dru(r,0) = (=)'T(M[r]l—Mlo]) : (TM),(0) — (TM),—1(7)
£ {0>T, lo| = ||+ 1, 7 =00
o<, |lo|=|r|-1, c =0T .

PROOF Define a contravariant functor { by sending

The contravariant functor defined by the composite
T
T: A*(K) — A*[K] — B(A*(K))
T
T: A (K) — AK] — B(A.(K))
A*(K)
AL (K)
{M®A*(K) N = Homy-g)(TM,N) = ([M]®a [N])*[K]
M ®p, (k) N = Homy, x\(TM,N) = ([M

M Rp«xy N
Thus { M gi Eg; N is a chain complex in A with

is such that for any objects M, N in {

(M @p+xy N)pr = EZKAZ< (M(X) @4 N(1t)) 40|

(M @4, (1) N)r = EZKAZ> (M(N) @4 N(1))r—|o| -

The duality isomorphism of Z-module chain complexes
TM,N : M®A*(K) N — N®A*(K) M
TvN : M ®p, k) N = N®up,(x) M
for N =T'M sends the 0-cycle
{ 1e (M ®A*(K) TM)O = HomA*(K)(TM, TM)O
1e (M ®A*(K) TM)O = HOIDA*(K)(TM, TM)O
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to a O-cycle
e(M) € (TM @iy M)o = Homp« () (T?M, M)
e(M) € (TM ®a, (k) M)o = Homy, () (T*M, M)y ,
defining a natural transformation
e: T? — 1: A*(K) — B(A*(K))
{e :T? —1: AK) — B(A,(K))
such that e(TM).T(e(M)) = 1.

The additive category {g E[IQ is the full subcategory of {

B (A*(K))
B (A.(K))
: . : . .| A*(K)
with objects the finite chain complexes C' in AL (K) such that each C(0)
(0 € K) is an object in B. The dual chain complex T'C' is then also defined
. [ BYK) o . C*(K)
in {]B%*(K). Similarly for {C*(K).
o

EXAMPLE 5.2 If the chain duality on A is 0-dimensional (e.g. if A = A (R) =

{f.g. free R-modules}) then the dual of an object M in {i (([I{()) is the

. . A*(K) .
chain complex T'M in { AL (K) with

r=|o|

TM,(0) = T((M][o]) if {r:_‘a

B = 0 otherwise .
|

EXAMPLE 5.3 The chain complexes B,C in A (Z).(K) defined in 4.2 and
4.15 by

B(o) = STz | B.(K) = A(K)™*,
C(o) = A(D(0,K),0D(0,K)), C.(K) = A(K') ~ A(K)
are dual to each other, with the subdivision chain equivalences in A (Z)
TB(o) = STIIA(K, K\stx(0)) ~ C(0) = A(D(0,K),dD(0,K))
defining a chain equivalence TB ~ C'in A (Z).(K).
m

EXAMPLE 5.4 An m-dimensional quadratic Poincaré complex n-ad over
a ring with involution R in the sense of Levitt and Ranicki [94, §3] is an
(m — n)-dimensional quadratic Poincaré complex in A (R)*(A™).

m

ExAaMPLE 5.5 Let C' be the chain complex in A (Z).(K) associated to a
K-dissection {X[o]|o € K} of a simplicial complex X in 4.15, with

Clo) = A(X[0],0X[0]) (6 € K) , C.(K)=A(X).
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For any n € Z the n-dual of C is the chain complex X"TC' = C™™* in
A(Z).(K) with
" (o) = A(X[o])"
[C"][0] ~ A(X[o],0X[0])* 117" (0 € K)
(C")w(K) = ([CLIK)"™™ ~ AX)"".
i

A A-map of simplicial complexes is a simplicial map which is injective on
simplexes.

PROPOSITION 5.6 Let A = (A,B,C) be an algebraic bordism category.

A— . o .
A { simplicial map f:J—>K of finite ordered simplicial complexes induces

{ contravariantly

. a covariant functor of algebraic bordism categories
covariantly

{f* : A(K) — A*(J)

fe o A(J) — A(K)

inducing morphisms of the symmetric L-groups

{f* D LM(AN(K)) = H'(EKGLA(A)) — L™(A*(J)) = H™"(J;L°(A))
fot LM(AL(T)) = Hy(J;L7(A)) — LM(AL(K)) = Hn(K;L(A)) .

Similarly for the quadratic L-groups.

PROOF See §13 below for the identifications of the L-groups with the gen-

eralized (co)homology groups.
(i) The functor induced by a A-map f: J— K is defined by

FATK) — AT(J) s M — f*M, f*M(e) = M(fo) |

with T'(f*M) = f*(T'M).
(ii) The functor fi: Ax(J)— A, (K) induced by a simplicial map f: J— K
is given by
foir Au(J) — ALK); M — f.M | f.M(r) = > M),
oced, fo=T
with
(fM).(K) = M.(J) = Y M(o).
oeJ

For any object M in A ,(J) define a C-equivalence in A

Be(M) : [M].[J] — [f.M].[K]



78 ALGEBRAIC L-THEORY AND TOPOLOGICAL MANIFOLDS

by
Br(M) : [M].[J], = (O AAI) @z M(0)), —
oedJ
MK = (O AV ), M(o)), s a®b— fa®b.

The dual C-equivalences determine a natural C, (K )-equivalence
G(M) = T(Bg(M)) : T(f.M) — f(TM),

making F' = f.: A.(J)—>A.(K) a functor of algebraic bordism categories.
m

EXAMPLE 5.7 Given a simplicial complex K let f: K——{x} be the unique
simplicial map. The assembly of a finite chain complex C' in A ,(K) is the
finite chain complex C.[K]| = f.C in A induced by the functor

fot A(K) — AL({x}) = A.
The C-equivalence defined in the proof of 4.9 is given by
B = B4(C) : [CL[K] — C.(K) .
]

ExAMPLE 5.8 Let X,J be simplicial complexes such that X has a J-
dissection {X[o]|o € J}, so that as in 4.15 there is defined a chain complex
C in A (Z)«(J) with

Clo) = A(X[0],0X[o]) , [C]lo] = A(X]o]) (0 €J) .
The pushforward of C with respect to a simplicial map f: J— K is the
chain complex f,C' in A (Z).(K) associated to the K-dissection { f, X[7]|T €
K} of X defined by

fX[r] = U xlo].
celd,f(o)=T1
In particular, if X[o] = g~'D(o, J) for a simplicial map g: X —.J’ then
fX[r) = (f'9)7'D(,K) (7 € K)
for the composite simplicial map f'g: X —J —K’, since
fID(1,K) = lJ D@,J) (reK).
o€, f(o)=T1

REMARK 5.9 The method of 5.1 also applies to show that
{A*[K] = (A*[K],B*[K],C*[K])
A[K] = (ALK],B.[K], C.[K])
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is an algebraic bordism category, with the chain duality
T
T: A*[K] — B(A*(K)) — B(A*[K])
T
T: AJK] — B(A(K)) — B(A,[K])
A [K]
AL [K]
{M@A*[K]N = Homy«x)(TM,N) = (M ®4 N)*[K]
M®A*[K] N = HOIIIA*[K](TM,N) = (M XA N)*[K] .

such that for any objects M, N in {

O

EXAMPLE 5.10 The dual in the sense of 5.9 of the object Z in A (Z).[K]
of 4.5 is the chain complex [A(K)™*] in A (Z).[K] associated to the chain
complex A(K)™* in A(Z).(K) of 4.2
TZ = [A(K)™],
with
TZlo] = [A(K)"][lo] = A(K, K\stx (o))" (0 € K) .
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§6. Simply connected assembly

Asin §5 let A = (A, B, C) be an algebraic bordism category, and let K be a
locally finite simplicial complex. The simply connected assembly functor of
algebraic bordism categories A,(K)——A will now be defined. The simply
connected assembly map for the algebraic bordism category A = A(R) of
a ring with involution R will be generalized in §9 to a universal assembly
functor A(R).(K)—A(R[m (K)]).

PROPOSITION 6.1 The assembly functor of §4
AK)— A; M — M.(K)

extends to a simply connected assembly functor of algebraic bordism cat-
symmetric
quadratic

{L”(A*(K)) — L"(A) ;5 (C,¢) — (Cu(K), ¢.(K))

Lo (A(K)) — Ln(A) 5 (C,9) — (Cu(K),1u(K)) -

PRrROOF For any ob jeﬁcJt M in A ,(K) use the dual of the natural chain equiva-

lence Bps: [M].[K]— M, (K) given by 4.9 to define a natural C-equivalence
T8y = T(M(K)) — T(IMLL[K]) = (TM).(K) .

In particular, for any finite chain complex C' in A ,(K) there is defined an
assembly Z|[Zs]-module chain map

C®A*(K) C = HOHIA*(K)(TC, C) —
Homy ((TC) (K), Ca(K)) ~ Homg (T(C.(K)), Ca(K))
= C.(K)®sC(K) .

egories Ny (K)——A inducing assembly maps in the L-groups

O

The Alexander—Whitney—Steenrod diagonal chain approximation of a sim-
plicial complex X is a Z-module chain map

Ax @ A(X) — WPA(X) = Homygy, (W, A(X) ®z A(X)) ,
called the symmetric construction in Ranicki [145]. The evaluation of Ax
on any n-cycle [X] € A, (X) representing a homology class [X]| € H,(X)
determines an n-dimensional symmetric complex (A(X), ¢) in A (Z), with
¢ = Ax([X]), such that

b0 = [X]N—: AX)"™" — A(X) .
If X is an n-dimensional Z-coefficient geometric Poincaré complex with fun-

damental class [X] € H,,(X), then ¢q is a chain equivalence and (A(X), ¢)
is an n-dimensional symmetric Poincaré complex in A (Z).
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EXAMPLE 6.2 Given a K-dissection {X|[o]|o € K} of a simplicial complex
X let C be the chain complex in A (Z).(K) defined in 4.15, with

C(o) = A(X[o],0X][o]) (c € K) , C.(K)=A(X).
The symmetric constructions
Axpr ¢ [Cllo] = A(X[o]) — WEA(X[0]) (0 € K)
fit together to define a Z-module chain map
Ac : [ClL[K] — W*C = Homgg,) (W, ([C] @z [C)).[K]) .

The evaluation of Ax on any n-cycle [X] € [C].[K], representing a homol-
ogy class

determines an n-dimensional symmetric complex (C, ¢) in A (Z),(K) with
¢ = Ac¢[X], such that the assembly is homotopy equivalent to the n-
dimensional symmetric complex in A (Z)

(Cu(K), 9(K)) = (A(X), Ax([X]))

considered in Ranicki [145]. Let E = E(][C]) be the Leray-Serre spectral
sequence associated to the double complex D of 4.15, with E?-terms

E2, = Hy(K;{Hy(X[o])}) |

converging to H,(X). For each 0 € K let D|o] be the quotient double
complex of D defined by

Dlolp,q = Z A(X[7])q

T>0,|T|=p

and let
9y : A(X) ~ D — Dlo] ~ SI°IA(X][0],0X][0])

be the chain map determined by the projection of the total complexes. (See
8.2 below for a direct construction of J,.) The n-dimensional symmetric
complex (C,¢) in A (Z).(K) is such that
¢o(0) = [X(o)]N—: C"*(0) = A(X[o])* 177"
— C(0) = A(X[o],0X][0]) ,
with
X[o]] = 8, ([X]) € Hy_jo)(X[0],0X[0]) (0 € K) .

The spectral sequence E = E([C"*]) of 4.6 is the spectral sequence of the



82 ALGEBRAIC L-THEORY AND TOPOLOGICAL MANIFOLDS

double complex D with

Dpq = Z A(X|o], X[0o])" P71,
oEK, IUI*p
ZZ (0—0:0)" : Dpg — Dp-14 »
—// J— R
ZdA(X 8X[0' * D p,q Dpvq_l *

The E -terms are given by

By = Hy(; (779X 0], 0X[0])}) .
and E converges to
H([C" 7« [K]) = H" " (X)

with respect to the filtration
F,H" " (X) = ker (H”‘*(X)——)H"_*( U X[a])) .
ceK,|o|>p

Cap product with [X] € [C].[K], defines a map of double complexes
[X]N—: D — D
given on the E2-level by the cap products
(Xl =} By, = Hy(K:{H"117(X[0],0X[0])})
— B, = Hy(K; {Hy(X[o])})
and converging to the cap product
(X]Nn—: H"*(X) — H.(X)

on the E*-level. In particular, if each (X[o],0X]o]) (¢ € K) is an (n —
|o|)-dimensional Z-coefficient geometric Poincaré pair then (C, ¢) is an n-
dimensional symmetric Poincaré complex in A (Z).(K) and X is an n-
dimensional Z-coefficient geometric Poincaré complex. This is a general-
ization of the familiar result that a homology manifold is a Poincaré space.

EXAMPLE 6.3 Let {X[o]||o € K} be the K-dissection of the barycentric

subdivision X = K’ defined by the dual cells
X[o] = D(0,K) (0 €K),

which are contractible. In this case the Leray—Serre spectral sequence F of

4.15 collapses, with

H,(K) ifq=0

E., = Hy(K;{Hy(D(0,K))}) = {0 ifg#£0
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and 5.5 gives the Zeeman dihomology spectral sequence E (already discussed
in 4.11) converging to H" *(K), with

E,, = H,(K;{H"1°I=9(D(0,K),0D(0, K))}) .
O

REMARK 6.4 The assembly functor A ,(K)——A is defined in 6.1 using
actual colimits, but there is also an assembly functor

ALK —B(A); M — M,[K],
using chain homotopy colimits. By an abstract version of the Eilenberg—

Zilber theorem there is defined for any chain complex C' in A ,[K] an as-
sembly Z-module chain map
ag : (C®a C) K] — CilK]®a Ci[K] .

As for the construction of the Steenrod squares «q is only Zs-equivariant
up to a chain homotopy aq:apT =~ Tag, with oy Zs-equivariant up to
a higher chain homotopy as:a;T ~ Taq, and so on ..., defining a ‘Zo-
isovariant chain map’ {as|s > 0} in the sense of Ranicki [144,§1]. The
simply connected assembly of an n-dimensional symmetric complex (C, ¢)
in A ,[K] is an n-dimensional symmetric complex in A

(C,9)« K] = (CL[K], ¢« [K]) -
In particular, for any n-cycle
K] = Y rr€Z.JK]n = A(K), (r €Z)
TEK,|T|=n
there is defined an n-dimensional symmetric complex (Z, ¢) in A (Z).[K],
with

Zilo] = {Z h=0ck), Z.K] = AK),

0 ifk#£0
¢ = Y. r(1801)€Z2L)K]n = ) (Zo] @z Z[o])nof ,
TeK,|T|=n oeK

b = 0€(Z®zZ)+[Klnts (s>1)
such that the assembly in A (Z) is the n-dimensional symmetric complex
(Z;0):[K] = (A(K), o ([K]))
considered in Ranicki [145]. By 5.10 the n-dual of Z is the chain complex
in A (Z).|K]
7 = S"TZ = [C]

associated to the chain complex C in A (Z),(K) with

Clo) = s"7lolz | C(K) = A(K)",

2" 7o) = [Cllo] = A(K,K\stk(0))"™" (0 € K) .
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The duality chain map in A (Z).[K]
oo = [K]N—:2""" —Z
has components
¢olo] = ([K][o], =) :Z""[0] = A(K,K\stk(0))"™" — Zlo] = Z;

rr fr>0 |7 = n

r—s { _
0 otherwise

with [K][o] the image of [K]
Kllo] = > rm € AK K\stg(0))n (0 €K).

T>0,|T|=n

The assembly duality chain map ¢o[K|: (Z" ")« [K]—Z «[K] in A (Z) fits
into a chain homotopy commutative diagram

$o[K]

(Z"77). K] = [Cl[K]

~

Bo\ [K]N—
C.(K) = A(K)"™™

with Sc the chain equivalence given by 4.9. Thus K is an n-dimensional Z-
coefficient homology manifold (resp. Poincaré complex) with fundamental
cycle [K] € A(K), if and only if the chain map ¢o: Z" " ——Z in A (Z).[K]
is such that each

¢olo] : 2" [o] — Z[o] (0 € K)
is a Z-module chain equivalence (resp. the assembly ¢o[K]: (2" ")« [K]—>
Z «[K] is a Z-module chain equivalence). Identifying

H.(Z""[o]) = H" (K, K\stx(0)) = H""(|K],|K[\{o})

= H" 117 (star g (3), linkg (3)) (0 € K) ,
we again recover the result that a homology manifold is a geometric Poincaré
complex. This is the chain homotopy theoretic version of the spectral se-
quence argument of 6.2.
]
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§7. Derived product and Hom

Borel and Moore [11] defined derived duality in the category of chain com-
plexes of sheaves of R-modules for a Dedekind ring R, using it to prove
Poincaré duality for R-coefficient homology manifolds. It is a special case
of the Verdier duality for chain complexes of sheaves, which plays an impor-
tant role in intersection homology theory — see Goresky and MacPherson
[63,1.12]. The chain duality defined in §5 on the category of chain complexes
in A (R).(K) (for any commutative ring R and finite simplicial complex K)
will now be interpreted as a Verdier duality, with A(K’; R) as the dualizing
complex.

For a Dedekind ring R with field of fractions F' the derived dual of an
R-module M is defined to be the R-module chain complex

TM : ... — 0 — Homg(M, F) —> Homp(M, F/R) ,

using the injective resolution F—F'/R of R. The derived duality M —T M
has better homological properties than the ordinary duality M—M* =
Homp(M, R). The homology H,.(TC) of the derived dual T'C' of an R-
module chain complex C' depends only on the homology H,(C'), with uni-
versal coefficient theorem split exact sequences

0 — Extp(H,_1(C),R) —> H,(TC) —> Homp(H,(C),R) —> 0.

For a finite f.g. free R-module chain complex C' the derived dual T'C' is
homology equivalent to the ordinary dual C* = Hompg(C, R).
Let A = A (R) = {f.g. free R-modules} for a commutative ring R. From

now on, the additive category {iggg*yé}) defined in §6 will be denoted
KJ-

A[R, K] L . R,
by {A (R, K), and its objects will be called (f.g. free) { (R, K)-
K]

Given an { Eﬁ’) K)

modules.
-module chain complex C' denote the corresponding R-

module chain complex by { gz{(]) rather than by { g* Ef;{])

The abelian groups Homp (M, N), M ®r N are R-modules, for any R-

modules M, N, since the ground ring R is commutative. Thus for { E% K])__

modules M, N there are defined R-modules and R-module chain complexes
Hom(g g (M, N) = Homy (g (M, N) M @r k) N =M @ur k) N

{Hom(RvK)(M,N) = Homy (r,x) (M, N), {M@(R,K) N =M @4 (r,x) N -
Given (R, K)-module morphisms f: M —M’, g: N—— N’ there is defined

an R-module morphism

(f*,9+) : Homg xy(M',N) — Homp x)(M,N') ; b — ghf .
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By the definition of (R, K)-module morphisms

Hom g 1) (M, N) = > Hompg(M(c),[N][o]) .
ceK
Thus it is possible to give the R-module Hom (g x)(M, N) the structure of
an (R, K)-module by setting

Hom g, (M, N)(0) = Hompg(M(0o),[No]) (o€ K),

but this is unnatural: if f is not the identity the R-module morphism (f*, g.)
is not an (R, K)-module morphism.

The following derived products and Hom functors are modelled on the
derived functors appearing in sheaf theory, and allow the resolution of
Hom (g, x)(M,N) by an (R, K)-module chain complex RHom g (M, N)
which is natural in both M and N.

DEFINITION 7.1 The derived product M g N of (R, K)-modules M, N is
the (R, K)-module with

(M Xr N)(K) = Y. MM @rN(p) S M(K)®r N(K) ,
A, €K AN

(M KRp N Z M (X N(p) (0 e K).
ANp=0c

The associated [R, K|-module [M Xp NJ is such that
[M®g Nllo] = [M]lo] ®r [N][o] (o€ K),
[M &g N|[K] = M®urx) N = Hompg x)(TM,N) ,
with 4.9 giving an R-module chain equivalence
BM&RN . M®(R,K) N — (M &R N)(K) .
o
The derived product C' X D of (R, K)-module chain complexes C, D is
the (R, K)-module chain complex

(CHrD),= > C,RpD,, dzRy) =z Rdy+(—)de Ky.
ptg=r
The R-module chain complex (C' Xp D)(K) is a subcomplex of C(K) ®g
D(K) such that there is defined a chain equivalence

Bewpp : C®rxy D = [CXWg D|[K] = Homg x)(TC, D)

and
H,((CXr D)(K)) = H,(C®rg,K)D)

= Ho(Homg,i)(C""", D)) (n€Z).
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EXAMPLE 7.2 Let f: X— K', g: Y —— K’ be simplicial maps, so that there
are defined (R, K)-module chain complexes C, D as in 4.16, with

C = A(X;R) , [C]lo] = A(f7'D(0,K);R) (0 € K),
D = A(Y;R) , [D]l7] = A(g™'D(1,K);R) (1€ K).
The derived product CXpg D is chain equivalent to the (R, K)-module chain

complex A(Z; R) associated to a simplicial map h: Z—K’, with Z a tri-
angulation of the pullback polyhedron

1Z] = {(z,y) € [X| x |[Y[| f(z) = g(y) € |K'| }
and h a simplicial approximation of the map
Z| — |K| 5 (2,y) — f(z) = 9(y) .
The R-module chain complex Hom g x)(A(X; R), A(Y; R)™*) is chain equiv-
alent to A(X x Y, X x Y\Z; R)~*, with

A(Y;R)™(1) = A(g"'D(7,K);R)"™ (1 € K).
o
EXAMPLE 7.3 The adjoint of the Flexner chain level cap product (4.13) is
a Z-module chain equivalence
AAp © A(K) — Hom, i) (AK) ™, A(K")) ~ A(K') Ky A(K') |
by the special case f=g=1: X =Y = K—K of 7.2.
o

EXAMPLE 7.4 The Alexander—Whitney diagonal chain approximation for
K is defined by

Ag : A(K) — A(K) @ A(K) ;

n
(VU1 + .. Vy) — Z(vovl e 0;) @ (Vg1 V)
i=0

Let C be the (Z, K)-module chain complex defined as in 4.15 by
C(K) = AK') , Clo) = A(D(0,K),0D(0,K)) (0 €K).
The Alexander—Whitney diagonal chain map for K’ factors through a (Z, K)-
module chain equivalence
A i AK") — AK") Ry A(K') C AK') 05 AK') .
o

DEFINITION 7.5 The derived Hom of (R, K)-modules M, N is the (R, K)-
module chain complex

RHOIH(RJ()(M,N) = TMXlRN
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The derived Hom defined for any (R, K )-module chain complexes C, D by
RHOIII(RJ()(C, D) = TC &R D y
is such that there is defined an R-module chain equivalence

Brewmyp @ Homg k) (C, D) = [RHomg k) (C, D)|[K] = [TC Xpg D]K]

—+ RHomp 10)(C, D)(K) = (I'C K D)(K) .
PROPOSITION 7.6 The (R, K)-module chain complex A(K'; R) with
A(K';R)(0) = A(D(0,K),0D(0,K); R) (0 € K)
is a dualizing complex for the chain duality T: A (R, K)—B (A (R, K)) with

respect to the derived Hom, meaning that T is naturally chain equivalent to
the contravariant functor

T' = RHomp )~ A(K'; R)) : A(RK) — B(A (R K)) ;
M — T'M = RHom g (M, A(K'; R)) .

PROOF Use the augmentation R-module chain maps e: A(K’; R)(0)—R
to define a natural transformation 7"——T

T'M(c) = (TMXgrA(K';R))(0) — TM(oc)®r R = TM(o) ;
z(A) @y(p) — z(A) @ ey(p) -

This is a natural chain equivalence, since the R-module chain maps
1®e: [T'"M][o] = [TM][oc] @r [A(K'; R)][0]
= [TM][o] ®r A(D(0,K); R) — [TM][c] ®r R = [T'M]|o]
are chain equivalences.
|

More generally, for any (R, K)-module chain complex C' 7.6 gives a natural
(R, K)-module chain equivalence

TC ~ RHomg k) (C,A(K';R)) .
A simplicial map f: K——L induces a pullback functor
ff+ AR L] — ARK]; M — f*M, f*M[o] = M|[fo] .
EXAMPLE 7.7 The [R, K]-module chain complex associated to the dualizing
(R, K)-module chain complex A(K'; R) is chain equivalent in A [R, K] to
the pullback f*R along the simplicial map f: K—{x} of the [R, {*}]-module
R

[A(K';R)] ~ f*R.
Specifically, the augmentation maps define chain equivalences

dlo] : [AK"; R)lo] = A(D(0.K);R) — [*Rlo] = R (s € K)..
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¢8. Local Poincaré duality

The following notion of local Poincaré duality is an abstraction of the local
Poincaré duality properties of a homology manifold, and in fact serves to
characterize the geometric Poincaré complexes which are homology mani-
folds. The universal algebraic L-theory assembly map will be defined in §9
by passing from local Poincaré complexes to global Poincaré complexes.

Let R, K be as in §7, with R a commutative ring, K a finite simplicial
complex and A (R, K) the additive category with chain duality defined in

5.1.
. , symmetric (C,9)
DEFINITION 8.1 An n-dimensional quadratic complex {(07 V)

A (R, K) is locally Poincaré if it is C(R)«(K)-Poincaré, i.e. if the dual-
ity is given by an (R, K)-module chain equivalence
{¢0 N il —_— C
(1+T)po: Cm* — C.

in

O

The derived product X of §7 will now be used to associate to an n-

symmetric (C, o) . .
quadratic complex {(C7 V) in A(R,K) a collection

UG o)lol|o € K} of (n — |o|)-dimensiona symmetric airs in
{{<aw>[aJ|aeK} f(n=lol)-d 1{quadramc p )[I]MR%
C,p)lo

C, ) . L . {(
such that (C, is locally Poincaré if and only if each )

{ (C, ) Y Y (C.)[o]
Poincaré pair in A (R).

dimensional {

1S a

By definition, an n-dimensional symimetric complex { (C,¢) inA(R,K)

quadratic (C, )
is an n-dimensional chain complex C' in A (R, K) together with an n-cycle

{ ¢ € (WAO), = Homyp,) (W, [C Br C][K)),

Ve (WyC)n = W Rgz, [CXr ClK], .

From now on, the (R, K)-module chain complex [C' X C][K] = C®g k) C
will be replaced by the (R, K)-module chain equivalent complex (C Xp
C)(K).
DEFINITION 8.2 (i) Given an (R, K)-module chain complex C define the R-
module chain map 9, : C(K)——S!°1C(o) for each simplex o = (vgvy . . Vo)
in K to be the composite

01 C(K)y = Y C(m)n

projection

C(O’())n
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with 09 < 01 < ... < 0}, = o defined by o; = (vovy...v;) (0 < 5 < o)
and d;: C(0j—1)n—j+1—>C(0j)n—;j (1 < j < |o|) the relevant components
of dC(K)ZC(K)n_j+1—>C(K)n_j.

symmetric

quadratic complex { (C.9) in A (R, K) de-

(C.9)
symmetric
quadratic

{(C, ¢)lo] = (i[o]: 9[Cllo]—[C][o], (¢lo], 8[0]))
(C,9)lo] = (ilo]:9[C]la]l—[Clla], (¥[o], IY[o]))

(ii) Given an n-dimensional {

fine for each 0 € K an (n — |o|)-dimensional { pair in A (R)

with
ilc] = inclusion : 0[C ZC Cllol, = ZC(T)T.
T>0 T>0
symmetric (plo], 09[o]) . . € (W”C),
The quadratic structure {( B is the image of € Wy

under the Z-module chain map

(W*C = Homgz, (W, (C Xg C)(K))

W%C = W®Z[Zg] (C.RC)( )
2, W @iz, SI7(C ®R C)(0) |

\
identifying

(CHRRC = ) C(\ (1)
ANp=0o

= coker(i[o] @ i[o]: [Cllo] @r O[C]lo]—[Cl[o] @r [C[0]) -
O

EXAMPLE 8.3 Let C be the (Z, K)-module chain complex defined as in 4.13
by

C(K) = A(K') , C(o) = A(D(0,K),dD(0,K)) (0 € K) .

The Z-module chain map 9,: C(K)—S?IC(c) of 8.2 induces the natural
maps passing from the global (= ordinary) homology of |K| to the local
homology at ¢ € |K|

0, : HAC(K)) = H.K) = H.(K) = H.(K]) 20

H. (K|, [K\{7}) = H.(K, K\stg(o))
= H,(starg/(0),linkg/ (7)) = H.(9c" * (D(0,K),0D(0,K)))
= H*_|U|(D(U,K>,8D(O',K)) = *—|J|(C(a)) :
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If K is an n-dimensional homology manifold the images of the fundamental
class [K] € H,(K)
0,([K]) = [D(0,K)] € Hy iy (D(0. K),0D(0,K)) (0 € K)
are the fundamental classes of the (n — |o|)-dimensional geometric Poincaré
pairs (D(o, K),0D(0, K)).
m

symmetric
quadratic

PROPOSITION 8.4 An n-dimensional { complex {Eg’ ié mn

Y

‘ : . . C,9)[o] .
A (R, K) 1is locally Poincaré if and only if each (c, o € K) is
( ) Y f y if { (C,)]o] ( )
symmetric . L
quadratic Poincaré pair in A (R).
PROOF By 4.7 a chain map f:C——D in A (R, K) is a chain equivalence if
and only if the (o, 0)-component f(o,0): C(0)——D(0) is a chain equiva-
lence in A (R) for each o € K. The duality R-module chain map

[Cllo]*~ 717 = C¢""*(0) — [C][0]/0[C]lo] = C(o)

an (n — |o|)-dimensional

of { Eg’ i))[[i]] is the (o, 0)-component of the duality (R, K)-module chain

gb ICn_*_>C (07 gb)
map {(10+ T)po: C=*—C' of { (C, )
O

REMARK 8.5 An n-dimensional pseudomanifold is a finite n-dimensional
simplicial complex K such that

(i) every simplex of K is a face of an n-simplex,

(ii) every (n — 1)-simplex of K is a face of exactly two n-simplexes.

The result of McCrory [105] that K is a homology manifold with fun-
damental class [K] € H,(K) if and only if there exists a cohomology
class U € H"(K x K, K x K\A) with the image in H"(K x K) dual to
AL[K] € H,(K x K) can now be proved directly, using the chain duality
theory of §5 and the derived product X of §7.

Assume (for simplicity) that K is oriented and connected, so that the
sum of the n-simplexes is a cycle representing the fundamental class [K] €
H,(K)

(K] = ) 7€ker(d:Ap(K)—An_1(K)) .
rek™
For each simplex o € K the pair (D(o,K),0D(0,K)) is an (n — |o|)-
dimensional pseudomanifold with boundary. As in 6.2 there is defined an
n-dimensional symmetric complex in A (Z, K)

(C,¢) = (A(K"), AL[K])
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such that
¢o(0) = [D(o, K)]N—: C" (o) = A(D(0, K))" oI~
— (0) A( ( )78D(07K))
with assembly
do(K) = [K]N—: C""(K) ~ A(K)"" — C(K) ~ A(K) .
K is a homology manifold if and only if (C,¢) is locally Poincaré. The
diagonal chain approximations are chain equivalences

[Aollo] = [Cllo] = A(D(o;, K))

= (OB Cllo] = A(D(o,K)) ©z A(D(0, K)) ,
so that each of the chain maps in the commutative diagram

] —20 jemy0nik)

Be Ber,c

C(K) — B0 (CR,C)(K)
is a chain equivalence, and
(C @) ONK) =~ AK) , C(K) @ C(K) ~ AKK x K) .
By 5.5 the dual (Z, K)-module chain complex T'C' is such that
TC(o) = A(D(0,K))7l7l=* ~ §71lz (s e K) , TC(K) ~ A(K)™*,
and
(TC @@k TC)(K) ~ AK x K,K x K\A)™*
TC(K)®zTC(K) ~ A(K x K)™*

The product K x K (or rather K ® K) is a 2n-dimensional pseudomanifold,
and the diagonal map of polyhedra

A K| — K| x|K|; 2 — (z,2)
induces a diagonal map in homology
A,: H(K) = H.(|K|) — H.(K x K) = H,(|K| x |K]) .
A geometric Thom class for K is an element
Ue H"(K x K,K x K\A) = H,(TC ®z k) TC)(K))
= H,(Homy x)(C,TC))
satisfying one of the equivalent conditions:
(i) the image of U under

j* = inclusion™ : H"(K x K, K x K\A)
L HY(K x K) = Hy(TC(K) ®;, TC(K))
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is an element j*U € H"(K x K) such that
U AK]) = 1€Z,
(ii) the (Z, K)-module chain map U: C——C"~* is such that
[¢o][o][U][o] =~ 1: [C]lo] — [C"7]lo] — [C]lo] (0 € K),
with [C][o] = A(D(0, K)) ~ Z.
We shall now prove the result of McCrory [105] that K is a homology
manifold if and only if there exists a geometric Thom class U.

If K is a homology manifold then (C, ¢) is locally Poincaré, and the inverse
of the (Z, K)-module chain equivalence ¢g: C"*——C' defines a geometric
Thom class

U = (¢0)" ' € Hy(Homz 1) (C, TC)) = H"(K x K, K x K\A) .
This is the Thom class of the homology tangent bundle 7k of K (Spanier
[163, p. 294]), the fibration

(K, K\{*}) — (K x K, K x K\A) — K .
The homology block bundle 7x is the normal bundle of the diagonal em-
bedding A C K x K, with U € H"(T(7x)) the Thom class of the Thom
space T'(tx) = (K x K)/(K x K\A).

Conversely, suppose that (C, ¢) admits a geometric Thom class U. Each
[¢0][o] has a right chain homotopy inverse, and since ¢g ~ T'¢g: C*"™* — C
each [¢o][o] also has a left chain homotopy inverse. It follows that each
[po][o] is a chain equivalence, so that ¢q is a (Z, K)-module chain equiva-
lence and K is a homology manifold.

Note that for a pseudomanifold K the composite

A [K]N—
H"(K x K) — H™(K) — Ho(K) = Z

sends any element z € H"(K x K) with (z, AL[K]) = 1 € Z to the Euler
characteristic of K
[K]NA*(z) = x(K)€Z.
If K admits a geometric Thom class U € H"(K x K, K x K\A) then U has
image the Euler number of the homology tangent bundle 75 of K
A*j*(U) = x(rx) e HY(K) = Z,
and z = j*(U) € H"(K x K) is such that (z, A,[K]) =1 € Z. Thus if K is
a homology manifold the Euler characteristic of K is the Euler number of
TK
X(K) = x(7x) € H"(K) = Ho(K) = Z.
(For a differentiable manifold K this is proved in Milnor and Stasheff

[112, pp. 124-130]).
O
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§9. Universal assembly

Universal assembly is the forgetful map from the L-groups of ‘local’ algebraic
bordism categories to the L-groups of ‘global’ algebraic bordism categories,
such as

A: L(A(R)«(K)) = H.(K;L.(R)) — L.(A(R,K)) = L.(R[m(K)]) .
In §9 only the oriented case is considered; the modifications required for the
nonorientable case are dealt with in Appendix A.

With R, K asin §8, let 7 = 71 (K) be the fundamental group, and let R[x]
be the fundamental group ring. The assembly functor B (A[R, K])—B (R)
of 4.4 can be lifted to the universal cover K of K:

DEFINITION 9.1 (i) The [R, K]-module chain complex universal assembly is
the functor

B[R, K] = B(A[R,K]) — B(R[z]) ; C — C[K]
with
C[K]T = Z C[p&]r_|g| .
GeK
Here, p: K——K is the covering projection.
(ii) The (R, K)-module universal assembly is the functor
A(RK) — A(R[x]) s M — M(K) = ) M(ps) ,

GeK
with the R[r]-module structure induced from the action of 7 on the universal
cover K by covering translations. An (R, K)-module morphism f: M —N
assembles to the R[r|-module morphism f: M(K)—N(K) with compo-
nents

f(7,5) = {f(T’ o) Wo=T MGy = M) — N(F) = N(r) .

0 otherwise
O

Let C be a f.g. free (R, K)-module chain complex. The R-module chain
equivalence f¢: [C][K]—C(K) of 4.9 lifts to an R[r]-module chain equiv-
alence

fo + [CIIK] — C(K) ,
so that the universal assembly constructions of 9.1 (i) and (ii) agree up to
chain equivalence.

PROPOSITION 9.2 If f: C——D is a chain map of finite [R, K]-module chain
complezes such that each flo]: Clo]—— Dlo] (0 € K) is an R-module chain

equivalence then the uniersal assembly f[K): C[K]|—sD[K] is an R|r]-
module chain equivalence.
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PROOF A chain map of finite chain complexes in an additive category is a
chain equivalence if and only if the algebraic mapping cone is chain con-
tractible. Thus it suffices to prove that a locally contractible finite [R, K]-
module chain complex C' assembles to a contractible R[r]-module chain
complex C[K]. The first quadrant spectral sequence FE(C') of 4.6 has Fs-
terms

E;, = Hy(K;{H,(Clo])})
and converges to H,(C [IN(l) If C is locally contractible then H,.(C[o]) =

0 (o € K), so that H,(C[K]) =0 and C is globally contractible.
m

EXAMPLE 9.3 The universal assembly of the f.g. free [R, K]-module chain
complex R defined as in 4.5 by

Rlo) = R (0 € K)
is the simplicial R[r]-module chain complex of the universal cover K
R[K] = A(K;R) .
m

EXAMPLE 9.4 The Alexander—Whitney—Steenrod diagonal chain approxi-
mation for the universal cover K

A A(K; R) — Homg,| (W, A(K; R) @ A(K; R))

projects to an R-module chain map
Ak = 1® Az A(K;R) = R®px A(K;R)

— R ®pm (Homgz, (W, A(K; R) @ A(K; R)))
— Homyg, (W, A(K; R) ®pim A(K; R)) = WPA(K;R)
with R[] acting on the left of A(I? ; R) via the covering translation action

of m on K, and on the right via the composition of the left action and the

involution

R[r] — R[rn] ; rg — rg=! (reR,gem).

As in Ranicki [145] for any n-cycle [K] € A(K;R), there is defined an

n-dimensional symmetric complex (A(K; R), Ag([K])) in A (R[r]) with
Ax(K]o = [K]N—: AR R)™™ — A(RR) .

As in the simply connected case already considered in 6.4 the geometric

nature of Az allows (A(K;R),¢) to be expressed as the assembly of an n-

dimensional symmetric complex (R, ¢) in A[R, K|, with R the 0-dimensional

[R, K]-module chain complex given by

ol = {§ fro CEK) . RK] = AKR).
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By 5.6 the n-dual of R is the [R, K]-module chain complex
R = S'TR = [C]

associated to the (R, K)-module chain complex C' with

Clo) = S"IPlR |, C(K) = A(K;R)"™*,

R" o] = [C]lo] = A(K,K\stg(0); R)"™ (0 € K) .
Write the n-cycle as

K] = ) rr€eRIK], = A(K;R), (r, €R).

reK,|r|=n

The assembly of the n-dimensional symmetric complex (R, ) in A[R, K]
defined by

¢0 = Z TT(1®]‘) € (E®RE)[K]7L — Z(E[O’] ®RE[O’])TL_|J‘ s
TEK,|T|=n occK
¢s = 0€ (BROr B)[K]nts (s21)
is the n-dimensional symmetric complex in A (R[n]) defined above
(R, ¢)[K] = (A(K;R), A ((K]))

and there is defined a chain homotopy commutative diagram

$o[ K] ~

R"[K] = [C][K] R[K] = A(K;R)

~

Bc [K]n—
C(K) = A(K;R)"™*

with B¢ the chain equivalence given by 4.9. Here, ¢o[K] is the assembly of
the [R, K]-module chain map ¢¢: R"™"——R with the components

¢olo] = ([K][o], -) :
R"[o] = A(K, K\stg(0); R)""" — Rlo] = R;

{TT ifr>o, |7 = n
T .
0 otherwise

with [K][o] the image of [K]
K]lo] = > rmeAK K\stg(0);R)n (0 €K).
T>0,|T|=n
K is an m-dimensional R-coefficient homology manifold (resp. Poincaré
complex) with fundamental cycle [K] € A(K; R),, if and only if the [R, K]-
module chain map ¢g: R"™*——R is such that each

¢olo] : B""[o] — Rlo] (0 € K)
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is an R-module chain equivalence (resp. the assembly R[r|-module chain
map

¢o[K] : B"7[K] — R[K]
is a chain equivalence). In particular, if (R, ¢) is a Poincaré complex in
A [R, K], then the assembly (R, ¢)[K] is a Poincaré complex in A (R[r]), by

9.2. The identifications
H,(R" "[o]) = H" (K, K\stx(o); R))

= H"* (StaI'K/ (6'\), linkK/ (8), R)

= H" (K|, |IK\{e}; R) (0 € K)
again recover the familiar result that a homology manifold is a geometric
Poincaré complex. This is the chain homotopy theoretic version of the
spectral sequence argument of 5.6.
]

Let B(R,K) =B (A (R, K)) be the category of finite chain complexes of
f.g. free (R, K)-modules.

DEFINITION 9.5 Given R, K, 7 as above define three algebraic bordism cat-
egories:
(i) The f.g. free R[r]-module category of 3.6

A(R[7]) = (A (R[x]), B (R[r]),C (R[x])) .
(ii) The local f.g. free (R, K)-module bordism category given by 4.1
with C (R).(K)-equivalences called local equivalences.
(iii) The global f.g. free (R, K)-module bordism category

AR, K) = (A(R,K),B(R,K),C(R, K))
with C (R, K) C B(R, K) the subcategory of the finite f.g. free (R, K)-
module chain complexes C' which assemble to contractible f.g. free R[r]-
module chain complexes C(K). C(R,K)-equivalences are called global

equivalences.
O

PROPOSITION 9.6 Local equivalences are global, and inclusion defines an
assembly functor of algebraic bordism categories
AR)«(K) — A(R,K) .

PROOF The universal assembly of a finite chain complex C' in A (R, K) is a
finite chain complex C(K) in A (R[r]) which is chain equivalent (by 4.9) to
the assembly [C] [I? | of the finite chain complex [C] in A[R, K|. Now apply
9.2.

i



98 ALGEBRAIC L-THEORY AND TOPOLOGICAL MANIFOLDS

DEFINITION 9.7

symmetric symmetric
The visible symmetmc L-groups of (R, K) are the normal . L-groups

quadratic quadratic
normal normal

L"(R,K) = L"(A(R,K))

VL"(R,K) = NL"(A(R,K

(R.K) (AR E)
Ln(R,K) = (R

Lyn(A(R, K)
NL"(R,K) = NL"(A(R,K))
with
AR,K) = (A(R,K),B(R,K),C(R,K)),

AR,K) = (A(R,K),B(R,K),B(R,K)) .
O

The L-groups defined in 9.7 are all 4-periodic via the double skew-suspen-
sion maps, because the underlying chain complexes are only required to be
finite, allowing non-zero chain objects in negative dimensions. The (poten-
tially) aperiodic versions defined using positive chain complexes are dealt
with in §15.

The exact sequence of 3.10 can be written as

14T J
. — Ly(R,K) — VL"(R,K) — NL"(R,K)

—6—> L, 1(R,K) —
symmetric
The visible symmetric
quadratic
normal
A: L*(R, K)—L*(R[r])
A:VL*(R, K)—V L*(R[n])
A:Ly(R,K)—L.(R[r])
A:NL*(R,K)— NL*(R[r])
theory universal assembly maps are shown to be isomorphisms in §10 below,
so that the quadratic L-groups of (R, K) are isomorphic to the surgery
obstruction groups

L-theory universal assembly maps

are defined in 9.11 below. The quadratic L-

L.(R,K) = L.(R[x]) .

(Warning: the quadratic L-theory assembly isomorphisms A: L.(R, K) =
L.(R[r]) are not to be confused with the quadratic L-theory assembly maps
A: H (K;L.(R))— L« (R[r]) defined in 14.5 below, which are not in general
isomorphisms. See 9.17 below for an explicit example where the latter A is
not an isomorphism.)
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REMARK 9.8 The visible symmetric Q-groups of Weiss [187] are defined for
any finite f.g. free R[r|-module chain complex C' to be
VQ*(C) = H.(P ®g[x (Homgz, (W,C ®r C))) ,
with P a projective R[r]-module resolution of R, and there are defined
natural maps
1+7T: Q.(C) — VQ*(C) , VQ*(C) — Q*(CO) .

In particular, the visible symmetric Q-group VQ°(C) of a 0-dimensional
R[r]-module chain complex C' consists of the visible symmetric forms on
C°, which are the symmetric forms ¢ = ¢* € Hom Rln] (C°,Cy) such that

é(x)(x) € H'(Zy: R) € H°(Zs: Rlx]) (x € C”).
The wisible symmetric L-groups VL™ (R[r]) (n € Z) of [187] are the cobor-
dism groups of n-dimensional visible symmetric Poincaré complexes (C, ¢ €
VQ™(C)) over R[m]. The symmetric construction of Ranicki [145] has a
visible version

¢x : Hp(X) — VQ"(A(X))

for any space X with universal cover X, so that an n-dimensional geometric
Poincaré complex X has a visible symmetric signature

0" (X) = (AX),ox([X])) € VL*(Z[m (X)) -
By Ranicki and Weiss [150] every finite f.g. free R[r]-module chain complex

is chain equivalent to the universal assembly C(K) of a finite f.g. free
(R, K)-module chain complex C, with K = Br the classifying space of 7.
It is proved in [187] that for any such C' the Q-group universal assembly
maps are isomorphisms

QY (C) — VQ*(C(K)) , Q.(C) — Q.(C(K)),
and hence that the L-group universal assembly maps are isomorphisms

VL*(R,K(m, 1)) — VL*(R[r]) , L«(R,K(m, 1)) — L.(R[r]) .
It is also proved in [187] that @* (C) = 0 for any globally contractible finite
f.g. free (R, K)-module chain complex C, for any K, so that symmetric
complexes in A(R, K) have canonical normal structures and the forgetful
maps are isomorphisms
VL*(R,K) = NL*(A(R,K)) — L*(R,K) = L*(A(R,K))

(see 3.5). In the special case K = {x} already considered in 3.6

VL*(R,{x}) = NL*(A(R)) = L"(A(R)) = L*(R).
The visible symmetric L-groups V L*(Z[r]) are closely related to the R.L.
symmetric L-groups L%, ; (Z[r]) of Milgram [108]. For K = {x}

VIMR{+}) = ling L"*(R)
k
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the free symmetric L-groups made 4-periodic. R.L. stands for Ronnie Lee,
because visible symmetric forms over group rings were first used by Lee
[90].

]

REMARK 9.9 It will be shown in §13 below that the L-groups of the local
algebraic bordism categories are generalized homology groups

L™(A(R)«(K)) = Hn(K;L'(R))

Ln(A(R)+(K)) = Hp(K;L.(R)) (neZ)

NL"(R,K) = H,(K;NL(R))
with coefficients in algebraic L-spectra. In particular, for a classifying space
K = B these are the generalized homology groups of the group 7.

]

DEFINITION 9.10 Given (R, K)-module chain complexes C, D define the
unwersal assembly Z-module chain map

Qo.p - C%@uiK)l) = [CﬁgRl)ij

BeR gD

(CXg D)(K)
Yc,D ~ ~ ~
— C(K) Qg D(K) ; ¢ — ¢(K)
with Bcw,p the chain equivalence given by 4.9 and
ve.0 : (OBR D)(K) — C(K) @ D(K) ; (AR y(n) — 2(\) © (i)
the injection constructed using any lifts of the simplexes A, pu € K with

AN # 0 to simplexes \, i € K with AN f # 0.
O

The duality R-module isomorphism
Texy,px) + C(K) ®@r D(K) = D(K)®r C(K) ;
Ry — (—)Plyez (x € C(K)y ye€ D(K),)
restricts to define a duality isomorphism of (R, K)-module chain complexes
Tep: CRrD — DRRC; 2Ry — (—PiyR z ,

such that there is defined a commutative diagram

aC,D ~ ~
Cug(RJ()[)————————?CX]()@hﬂﬂ}LN]()

Te,p TC(%),D(I?)

« ~ ~
D &g i) C ——“— D(K) @iz C(K) .
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For C = D universal assembly is a Z[Zy]-module chain map
a = acc: COrr)C— C(K) QR[] C(K); ¢ — ¢(K)
inducing abelian group morphisms
a”: Q"(C) = Hy(Homgz, (W, (C &g k) C))) —

Q"(C(K)) = Hy(Homgg,) (W, C(K) g C(K))) |
ag : Qn(C) = Hy(W ®zz,) (C ®r,K) C)) —
Qu(C(K)) = Ho(W ®gz,) (C(K) @pjn C(K))) (n€Z).

PROPOSITION 9.11 Universal assembly defines functors of algebraic bordism
categories

A: AR K) — A(R[x]) , A: A(R,K) — A(R[x])
symmetric
visible symmetric

quadratic
normal

+ L'(R, K) — L™(B[n]) ; (C,6) — (C,9)(K)
: VI™(R, K) — VL™(R[x]) ; (C,¢) — (C,d)(K)
La(R, K) — Lu(R[x)) ; (C,9) — (C,4)(K)

A: NL"(R,K) — NL™(R[x]) ; (C,¢) — (C,¢)(K) .
PROOF The universal assembly functor of the additive categories

A: AR,K) — A(R[x]) ; M — M(K)

satisfies condition 3.1 (i), since A(C (R, K)) C C(R[n]) by the definition of
A(R, K). For any object M in A (R, K) the assembly of the 0-cycle
1€ (M ®mgxyTM)y = Homg, gy (TM,TM)g

inducing universal assembly maps in the L-groups

s

is a O-cycle

L(K) € (M(K) ®(r,x) (TM)(K))o = Homp(T(M(K)), (TM)(K))o
defining a natural C (R[r])-equivalence

B(M) = 1(K): TAM) = T(M(K)) — AT(M) = (TM)(K)

satisfying condition 3.1 (ii).

For finite chain complexes C, D in A (R, K) an n-cycle ¢ € (C ®(g, k)
D), is an (R, K)-module chain map ¢: 3"TC——D. The assembly n-cycle
H(K) € (C(K) ®R[r D(K)),, is the R[r]-module chain map given by the

composite

_ _ _ 3"B(0)
p(K): C(K)"" = ¥"T(C(K)) ———

n 7 n I A<¢) 7
SMTONER) = (E"TC)K) ——20s D(K).
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Thus ¢: S"TC—D is a C (R, K )-equivalence if and only if ¢(K): C(K)"*

—D(K) is a C (R[r])-equivalence. The universal assembly of an n-dimen-
sional symmetric complex (C, ¢) in A(R, K) is an n-dimensional symmetric
complex in A(R[r])

(C,9)(K) = (C(K),¢(K))
with gb(f() € W%C(I})n the n-cycle defined by the image of the n-cycle
¢ € (W”C),, under the Z-module chain map

Oé% : W%C = Homz[Z2](W,C®(R7K) C) —
W%C(f?) = HomZ[ZQ](W,C(IN() ®R[7r] C(f?)) .

Similarly for the quadratic and normal cases.
o

EXAMPLE 9.12 As in 4.15 let X be a simplicial complex with a K-dissection
{X]o]|o € K}, and regard the R-coefficient simplicial chain complex A(X;
R) as a f.g. free (R, K)-module chain complex C' with

Clo) = AX[o],0X[o];R) , [Cllo] = A(X[o};R),
0X[o] = |J X[7] (c€K).

T>0
The Alexander—Whitney—Steenrod diagonal chain approximation of X is an
(R, K)-module chain map

Ag = A: C(K) = A(X;R) —
(W?C)(K) = Homgz, (W, (C Rg C)(K))

(C WH(C(K)) = Homg, (W,A(X;R) ®r A(X;R)))
with

n

Ao(x) = Z(IL‘O{L‘l .. wz) X (IL‘iIL‘i+1 .. .l‘n) S (C Xr C)(K)n
1=0

(x = (xoz1...270) € X(")) .

By the naturality of A there is defined a commutative diagram of R-module
chain complexes and chain maps

o) —B L wrex

Be Bwc

O(K) —B L (W*O)(K) .
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Given an n-cycle
(X] = Y 2,0€C(K), = AX;R), = > A(X[o],0X[0]; R)n,
ceK oEK
use the chain maps J,: A(X; R)—SI?|A(X[0],0X[0]; R) given by 9.5 to
define (n — |ol)-cycles
[(X(0)] = 0-([X]) € A(X[o],0X[0]; R)n—jo) (0 € K) .
The n-cycle
0 = A([X]) € (WHC)(K)n
defines an n-dimensional symmetric complex in A (R, K)
o"(X) = (C,9)
such that
o (X)[r] = o*(X|7],0X][r]) (1€ K).
The assembly of 0*(X) is an n-dimensional symmetric complex in A (R[n])
(C(K),¢(K)) with a chain homotopy commutative diagram

(XN -

C(K)"™ = A(X;R)"* C(K) = A(X;R)

B $o(K)
(CE])"™ = "7 (K)
where A(X; R) is the simplicial R[r]-module chain complex of the pullback
X to X of the universal cover K of K, and ¢ is the n-dual of the R[r]-
module chain equivalence f¢: [C][K]—C(K) = A(X; R) given by 4.9. A
normal structure realizing [X| € H,,(X; R) is a pair
(vx: X — BG(k), px:S"TF — T(vx)) (k> 0)
such that [X] is the image of the homotopy class of px under the composite

h . t c
Tn+k (T(Vx)) — Hpqk (T(V)) — Hn(X) — Hn(X; R)
with h the Hurewicz map, ¢t the Thom isomorphism and c the change of rings
for the morphism Z—— R;1——1. Use the Pontrjagin-Thom isomorphism
to represent

px € My (T(vx)) = mhw(Dvx),S(vx)) = Q3 (D(vx), S(vx))
by a map (W,0W) — (D(vx),S(vx)) from a framed (n + k)-dimensional
manifold. The inverse images of the dual cells D(o,K) C K’ (0 € K)
define a K-dissection {(W (o], 0W|o])|o € K} of (W,0W) with each W (o)
an (n + k — |o|)-dimensional framed manifold. The composite

(W,0W) — (D(vx), S(vx)) — X — K’
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can be approximated by a simplicial map, and by the homotopy extension
property of a Hurewicz fibration it may be arranged for this simplicial map
to also factor in this way. Thus each (X |[o], 0X[o]) is an (n—|o|)-dimensional
normal pair, justifying the statement that the n-dimensional normal com-
plex 0*(X) is defined in A(R, K). The geometric normal structure (vx, px)
thus determines an algebraic normal structure (v, x) for the symmetric com-
plex 0*(X) = (C,¢) in A (R, K), and
" (X) = (C,d,7:x)

is an n-dimensional normal complex in A (R, K) with chain bundle (C,~) =
b'\* (I/ X ) .

]

EXAMPLE 9.13 Given a simplicial complex K set
X =K |, Xlo] = D(o,K)(c€K) , R =17,
in 9.12, so that C' is the (Z, K)-module chain complex of 4.15 with
C(K) = AK') , C(o)=A(D(0,K),0D(0,K)) (0 € K) .

For any n-cycle [K] € A(K'), there is defined an n-dimensional normal
complex (C, ¢) in A (Z, K) with

¢ = A([K]) € Ho(W*C)(K))
K) = [K]Nn—: Y"TC(K) ~ AK)"™* — C(K) = A(K'),
o) = [D(6,K)]N—: Z"TC(6) = A(D(0,K))" " lol=*

— C(0) = A(D(0,K),0D(0,K)) (0 € K) .

geometric Poincaré complex
homology manifold

cycle [K] € A(K"),, if and only if the symmetric complex (C, ¢) is Poincaré.
In both cases there is defined an algebraic normal structure (v, x), and hence
a visible symmetric signature invariant

K is an n-dimensional with the fundamental

. _ VL™ (Z,K)
() = @00 { 1z oy
The image of (C, ¢) under the full embedding
A(Z,K) — AlZ,K] ; M —[M]
is homotopy equivalent to the symmetric complex (Z, ¢) of 9.4.
o

EXAMPLE 9.14 Let (f,b): M—— K’ be a normal map from a compact n-
dimensional homology manifold M to the barycentric subdivision K’ of an

't . P . Ve l
geometric omceare complex K, so that for each 7 € K the

n-dimensional { homology manifold



9. UNIVERSAL ASSEMBLY 105

restriction
(flrlolr]) = (£, 0)]
(M[r],0M[r]) = f~Y(D(7,K),dD(r,K)) — (D(7, K),dD(r, K))
is a normal map from an (n — |7|)-dimensional homology manifold with

normal

Poincaré
pair. The quadratic construction of Ranicki [145] associates to (f,b) an

globally
locally

U*(fv b) = (C(f')a 1/})
with C(f"') the algebraic mapping cone of the Umkehr chain map in A (Z, K)

! / ([K/}ﬂ_)il I\n—x* 5 n—x* [M]N—
fiAK) — A(K) — A(M) — A(M) ,

such that

boundary to an (n — |7])-dimensional geometric {

n-dimensional quadratic { Poincaré complex in A (Z, K)

o(f,0)lr] = ou(flr],0[7]) (7€ K).
The quadratic signature of (f,b) is the cobordism class
L (AMZ, K))
e { ] iy

EXAMPLE 9.15 An n-dimensional normal complex
(K, vg: K—BG(k), px: S"F—T(vk))
determines (as in 9.13) an n-dimensional normal complex 7*(K) = (C,¢)
in A(Z,K) with C(K) = A(K’), and such that
oc"(K)[r] = ¢"(D(r,K),0D(1,K)) (1€ K) .
The normal signature of K is the cobordism class
0" (K)e NL"(Z,K) .

]
visible symmetric
EXAMPLE 9.16 The assembly of the { quadratic signature given by
normal
9.13 Poincaré complex K
{ 9.14 for an n-dimensional geometric ¢ normal map (f,b): M— K’ is the
9.15 normal complex K
visible symmetric
quadratic signature
normal

o*(K) € im(A: VLZ, K)—V L"(Z[r1(K))))
o (f.b) elm(A Ln(Z, K)—Ly(Z[m1(K)]))
5*(K) € im(A: NL™(Z, K)—NL"(Z[r (K)]))
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Weiss [187]

of ¢ Wall [180] Also, 0*(K) € L"(Z|m (K)]) for geometric Poincaré K
Ranicki [146].

is the symmetric signature of Mishchenko [115] and Ranicki [145].

EXAMPLE 9.17 The universal assembly maps

A: H.Bm;L.(Z)) — L.«(Z[n]) ,

A: H.Bm,L(Z)) — VL*(Z, Br)
will now be described in the special case m = Zo, BZs = RP*, assuming
the identifications obtained in §10 and §13

L.(Z,Br) = L«(Z|r]), VL*(Z,Br) = VL*(Z[rx]) ,

L.(MZ).(Bm)) = H.(Bm;L.(Z)) , L*(A(Z)+(Bm)) = H.(Bm;L'(Z)) .
The computations have been carried out by Wall [180, §14D], Conner (Dover-
mann [46]) and Weiss [187,87]. The Witt groups of the group ring

ZlZy) = Z[T)/(T? - 1)
with the oriented involution T = T are computed using the cartesian square
of rings with involution

7z, — I .7
j

l —————— o
where
J+: ZZs) — Z; a+bT — a+bT .
The quadratic L-groups L.(Z[Zz]) fit into the Mayer—Vietoris exact se-
quence of Ranicki [146, 6.3.1]

. — Lo (Z[Zs)) KAERR Ln(Z) ® L, (Z)

— Ln(Zg) — Ln_l(Z[ZQ]) —_— ... .

Although there is no such Mayer—Vietoris exact sequence for the symmet-
ric L-groups in general (Ranicki [146,6.4.2]) the symmetric Witt group
L°(Z|Z,)) fits into the exact sequence

0 — LY(Z[Zy)) i), LYZ)® L°(Z) — L°(Zy) — 0

such that up to isomorphism

L%Z) = Z, L°Z|Zs) = Za8Z, L°Zs) = Zs .
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The Witt group V L°(Z[Zs],1) of nonsingular visible symmetric forms over
Z|Z] fits into the exact sequences

0 — VLO(Z[Zy),1) BN L%(Z) ® L°(Z) — 1L%(Z) —> 0
0 — Lo(Z[Zs]) — VL°(Z[Zs),1) — L(Z) — 0
such that up to isomorphism
Lo(ZZs)) = VIY(Z[Zs),1) = Z&Z, 1%(Z) = NL°(Z) = Zs .
The quadratic L-theory assembly maps are given by:

A Hy(BZy;L(Z)) = > Hn k(BZs; Li(Z))

kEeZ

(L

— Hy(BLy; Ln(2)) = Lu(Z) = < )
2

\ 0

YASY/ (0

d 0 . 1

— L,(Z[Z3]) = ifn= (mod 4)

Lo 2

Lo 3

with ¢, induced by the inclusion
it Z— ZZs]; a —>a.
The visible symmetric L-theory assembly maps are given by

At Hy(BZy;L'(Z)) = Y Hy_(BZy; L*(Z)) —
kEZ

(VIO(Z[Z3),1)® . Hn_nw(BZy; L*(Z))
E#—1,0

VI'(Z[Zs)) = ! %Hn—k(BZQ;f’“(Z))
> Hy i (BZs; L*(Z))
| £23

0
itn= {1,2 (mod 4) .
3

The symmetric L-groups L*(Z[Zs]) are not 4-periodic.
Given a nonsingular symmetric form (M, ¢) over Z[Zs] let

s+(M,¢) = signaturejr(M,¢) c L%Z) = Z .
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In terms of the signatures
LY(Z[Zs]) = {(s4,5_)€Z® 7|5, =s_(mod2)},
VIYZ[Z5),1) = {(s4,5_)€EZ®Z|s, =s_(mod8)},
Lo(Z[Z3]) = {(5+,5-) €EZDZ]|s+ =5-=0(mod8)}
and in each case the image of the assembly map A is
im(A) = {(s4,5_)|sy =s_€Z}.
For example
s+ (Z[Zs),1) = 1, (Z|Zs),1) € im(A) C VL°(Z|Zy)) ,
52 (ZIZ),T) = 1, (ZZa),T) ¢ im(A) C LO(ZZ]) .
The effect of the restriction map
it LZ[Z2]) — LY(Z) 5 (M, ¢) — (i'M,i'¢)
is given by
i'(sp,5-) = sy +s_eL%Z) = 7,
since for any a + bT € 7Z[Zs] the eigenvalues of
i'(a+bT) = (‘Z Z) L i'ZZ)) = ZOZ — ZOL
are ji(a+bT") = a+b. Thus for a nonsingular symmetric form (M, ¢) over
Z|Zs] the following conditions are equivalent:
(i) i'(M,¢) =2j+(M,¢) € Z,
(i) 54 (M, ) = s_(M,) €7,
(iii) (M, ) € im(A: Ho(BZs; L'(Z))— LO(Z[Zs]))
and similarly for visible symmetric and quadratic forms. For the applica-

tions to topology see Example 23.5C below.
]
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§10. The algebraic =-m theorem

The geometric -7 theorem of Wall [180, 3.2] is that for n > 6 a normal map
(f,0): (M,0M)—(X,0X) from an n-dimensional manifold with bound-
ary (M,0M) to an n-dimensional geometric Poincaré pair (X,0X) with
m(0X) = m(X) is normal bordant to a homotopy equivalence of pairs.
The m-7 theorem was used in Chapter 9 of [180] to identify the geometric
surgery obstruction groups L.(K) with the algebraic surgery obstruction
groups of the fundamental group ring Z[m (K)]

Ln(K) = Ln(Z[m(K)]) (n=5),

for any connected CW complex K with a finite 2-skeleton.
An algebraic m-7 theorem will now be obtained, in the form of a natural
identification

Lo(A(R,K)) = Ln(R[m(K)]) (n€Z)

for any commutative ring R and any connected ordered simplicial complex
K, with A(R, K) the algebraic bordism category of 9.5 (iii).

Use the base vertex * € K(9 to define a f.g. free (R, K)-module I" by
To(0) = {R if o0 =x

0 otherwise .
Let K be the universal cover of K. Choosing a lift * € K(© there is defined
an R[m;(K)]-module isomorphism

Rlm (K)] — D(K); 1 — 1(3)

which will be used as an identification.

DEFINITION 10.1 The homology assembly maps are defined for any (R, K)-
module chain complex C' to be the R[m (K )]-module morphisms

H,([C][{)) — H(C(K)) (r€Z)
induced in homology by the chain map

HOHI(R’K)(F,C) = [C][*] —>H0II1R[71.1(K)](F(K ,C(K)) = C(K),

z(o) — 2(6) (x<0,%x<7).

The proof of the algebraic m-7 theorem requires a Hurewicz theorem to
represent homology classes in assembled R[r]-module chain complexes by
(R, K)-module morphisms, just as the proof of the geometric m-7 theorem
needs the usual Hurewicz theorem to represent homology by homotopy. This
requires the results of Ranicki and Weiss [150, §4] summarized in the next
paragraph.
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An (R, K)-module chain complex C'is homogeneous if the inclusions define
R-module chain equivalences

~

[Clle] — [C]lr] (<o € K).
The homogeneous envelope of a finite chain complex C' in A(R,K) is a
homogeneous (R, K)-module chain complex V>°C with the following prop-
erties:
(i) V°oC =lim V*C is the direct limit (= union) of a sequence of inclu-
k
sions of finite chain complexes in A (R, K)
c=vCcvCccviCcc ...
such that each inclusion defines a global equivalence VFC—V*+1(C |

(ii) the inclusion C——=V*>°C assembles to an R[r (K )]-module chain equiv-
alence C(K)—V>C(K),

(iii) for any finite chain complex B in A (R, K) and any n € Z the abelian
group H,(Hom g g)(B,V>°C)) of homotopy classes of (R, K)-module
chain maps X" B——V°°(' is in one—one correspondence with the equiv-
alence classes of pairs (f: X"B——D, g: C——D) of homotopy classes
of (R, K)-module chain maps with D finite in A (R, K) and g a global
equivalence, subject to the equivalence relation generated by

(f:¥"B—D,9:C—D) ~ (hf:¥"B—FE, , hg: D—FE)
for any global equivalence h: D—FE in A (R, K),

(iv) the homogeneous envelope V*°I" of the 0-dimensional chain complex
I'in A (R, K) is chain equivalent to the (R, K)-module chain complex
A(EK; R) associated to a triangulation EK of the pointed path space

E|K| = |EK| = (IK|, {x})1{)
and the projection
p: EIK| — [K[; w — w(1),
and [V °°T"|[*] is chain equivalent to the R-module chain complex A(QK;
R) with QK a triangulation of the pointed loop space
QK| = |QK| = p'({x}) = (K[, {xp)>0O1.

The Hurewicz map 7,.(X)— H,.(X) assembles a homology class from a
homotopy class. One version of the Hurewicz theorem states that if X
is a space with an (n — 1)-connected universal cover X and n > 2 then
7-(X) = m-(X)—>H,(X) is an isomorphism for 7 = n and an epimorphism
for r = n + 1. Similarly:

ProrosiTION 10.2 If C is a homogeneous (R, K)-module chain complex
which is bounded below and such that

H (C(K)) = 0 forq<n
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then the homology assembly R|my (K )|-module morphism
H.([C][*]) — H,(C(K))

1s an isomorphism for r = n and an epimorphism forr =n + 1.
PRrROOF It suffices to derive the conclusions from the hypothesis that H,(|C]
[¥]) = 0 for ¢ < n. By 4.9 C(K) is chain equivalent to [C][K]. As in 4.6
define a filtration of [C|[K]

Fy[C)[K] € R [C)[K] € R[C][K] C ... C [C][K]
by

FOIK], = Y [Cllolg ol
€K |5|<p
and consider the corresponding first quadrant spectral sequence (4.6). The
FEs-terms are given by

B}, = Hy(K:{H,((Cllo])}) = Hy(K; Hy([C][+))) (= 0forg<n),

using the simple connectivity of the universal cover K and the homogene-
ity of C' to untwist the local coefficient systems. The spectral sequence
converges to H,([C]|[K]) = H.(C(K)), with

B, = im(Hpq(£[C] [Kl)—>Hp+q(C(KZ)) (= Oforg<n).
im(Hpyq(Fp—1[C)[K])—Hp14(C(K)))

The assembly map in n-dimensional homology coincides with the isomor-
phism defined by the edge map

B2, = H(Cl) — E&, = Ha(C(K)) .

A quotient of the assembly map in (n + 1)-dimensional homology coincides
with the edge isomorphism

coker(d: B3, —E3 1) = coker(Hs(K; Hy,([C][*]))— Hpp1 ([C][4]))

— g1 = Hapa(C(K))
O

An application of 10.2 to the algebraic mapping cone gives that a chain
map f:C'——D of homogeneous finite (R, K)-module chain complexes is
a local chain equivalence if and only if it is a global chain equivalence,
ie. fis an (R, K)-module chain equivalence if and only if the assembly
F(K):C(K)—D(K) is an R[r]-module chain equivalence.

ExXAMPLE 10.3 Let f: X——K be a simplicial map with barycentric sub-
division f’: X'——K’, so that as in 4.15 there is defined a K-dissection
{X][o]|o € K} of X with

X[o] = /' D(o,K) (s €K),
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and hence a (Z, K)-module chain complex C with
C(o) = A(X]o],0X]0]) , [Cllo] = A(X[o]) (0 € K) , C(K) = A(K).

The iterated mapping cylinder method of Hatcher [74,§2] shows that f is
a quasifibration in the sense of Dold and Thom with fibre F' = f~1(x) if
and only if the inclusions X[o]— X|[7] (7 < 0 € K) are homotopy equiv-
alences, in which case C is a homogeneous (Z, K)-module chain complex
with [C][*] ~ A(F'), and the spectral sequence of 4.6 is the Serre spectral
sequence converging to H,(X) with E?-terms

E;, = Hy(K;{H,(F)}) .
The path space fibration f: X = FK—— K with fibre ' = QK determines
the homogeneous (Z, K)-module chain complex B with
B(o) = C(f'|: A(f'~Y(D(0,K),0D(0,K)))—A(D(0,K),0D(0, K)))
(c € K),
[B]lx] = CAQK)—A({x})) ~ ZAQK,{}),

B(K) ~ A(EK—K) ~ A(K,n) .

If K is (n — 1)-connected then H,(B(K)) = 0 for ¢ < n and 10.2 gives the
usual Hurewicz theorem, with the assembly map

H.([B]l]) = Hr1(QK,{+}) — H.(B(K)) = H.(K,7)
an isomorphism for r = n_and an epimorphism for r = n + 1. (Here,
7 =p 1({x}) C K with p: K—K the covering projection.)
]

Identify I' = TT using the isomorphism
Lo(¥) = R — TTy(¥) = Homg(R,R) ; r — (s — s7) .

An (R, K)-module chain map f: ¥"I'——C' assembles to an R[m; (K )]-module
chain map

f(K): ©"T(K) = S"R[m(K)] — C(K)

that is an n-cycle f(K) € C(K),. Dually, an (R, K)-module chain map
f:C—%"T" assembles to an R[m (K )]-module chain map

F(K): C(K) — ©"T(K) = S"R[m(K)],
defining an n-cocycle f(K) € C(K)".

PROPOSITION 10.4 (i) If C' is a finite chain complex in A (R, K) such that
H,(C(K)) =0 forq < n then every element x € H,(C(K)) form = n,n+1
is represented by a pair (f: X" T'— D, g: C—— D) of morphisms in B (R, K)
with g a global equivalence. B

(ii) If C is a finite chain complex in A (R, K) such that H4(C(K)) =0 for
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q > n then every element x € Hm(C’(I?)) form =n,n—1 is represented by
a pair (f:C—D, g:X"T'—D) of morphisms in B (R, K) with g a global
equivalence.

PROOF (i) By 10.2 the homology assembly map

Hy,(Homg i) (T, V0C)) = Hp([VC][H])
— Hp,(VXC(K)) = Hp(C(K))

is an isomorphism for m = n and an epimorphism for m = n + 1.
(ii) For any finite f.g. free (R, K)-module chain complexes B,C and r € Z
duality defines isomorphisms

H,((B Rz V=C)(K)) = H,(Homg x)(TB,V=C))

= H((C Mg VFB)(K)) = Hy(Homp,)(TC,V=B)) ;

(f:X"TB—D,g:C—D) — (f:X"TC—D',g": B—D')
with
D' = X7"Ce(C)dTh:T°C—CaT(X'C(f®g: X "TB®C—D))) .
Here, f’, g’ are inclusions and h: Y 1C(f ® g)—C is the projection. Let
now C' be such that H(C(K)) = 0 for ¢ > n, so that the dual chain complex
TC in A (R, K) is such that H,((T'C)(K)) = H"4(C(K)) =0 for ¢ < —n.
By the proof of (i) the assembly map

H_m(HOIIl(R’K)(TC, VOOF)) = H_m(HOIIl(R’K)<TF, VOOC))

s H . (TO)K)) = H™C(K))

is an isomorphism for m = n and an epimorphism for m =n — 1.

The quadratic kernel of an n-dimensional normal map of pairs
(f,b) : (M,0M) — (X,0X)
with a reference map X ——|K| was defined in Ranicki [145] to be an n-
dimensional quadratic Poincaré pair in A (Z[m (K)))

a.(f,0) = (COf)—C(f), (60" ")
with f': C(X)—C(M), 8f': C(0X)—+C(OM) the Umkehr chain maps
between the cellular chain complexes of the covers M, X 8M X of M, X,
OM, 0X obtained by pullback from the universal cover K of K. Apply-
ing the algebraic Thom construction (as in 1.15) gives an n-dimensional
quadratic complex in A (Z[m (K)])

(Cw) = (C(f)/COF), 09 /v
with homology and cohomology Z[m (X )]-modules such that
H.(C) = K.(M,0M) = K"~(M),

H*(C) = K*(M,0M) = K,_.(M) .
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If m(0X) @ m(X) & m(K), n > 5 and (f,b): (M,0M)—(X,0X) is
(i — 1)-connected with 2i < n an element z € K;(M) = H"*(C) can be
killed by geometric surgery on a framed embedded i-sphere S? in the in-
terior of M with a null-homotopy in X if and only if it can be killed by
an algebraic surgery on (C, ) using an (n + 1)-dimensional quadratic pair
(2: C—=X" " Z[m (K)], (610,7)) (as in 1.12). The following result analo-
gously relates algebraic surgery on a quadratic complex in A (R, K) to al-
gebraic surgery on the assembly in A (R[mi(K)]). It is clear how to pass
from A (R, K) to A (R[m1(K)]), so only the ‘disassembly’ of a surgery in
A (R[m(K)]) to a surgery in A (R, K) need be considered.

PrROPOSITION 10.5 Let (C,1) be an n-dimensional quadratic complex in
A(R,K). For every (n + 1)-dimensional quadratic pair in A (R[m(K)]) of
the type

B' = (f:C(K)—X"""R[m(K)], (6¢',4(K)))

with 2t < n and HY(C(K)) = 0 for ¢ > n — i there exists an (n + 1)-
dimensional quadratic pair
B = (f:C—D,(6¢,7))

in A (R, K) with the assembly B(K) homotopy equivalent to B’ relative to
the boundary (C(K), v (K)).

PrRoOOF By 10.4 (ii) there exists an (R, K)-module chain map f:C—
Y=Y T which up to R[mr;(K)]-module chain homotopy assembles to

FIK) = f: C(K) — S"H(VET)(K) = "' Rlm(K))] .
Define Z-module chain complexes
E = C(Le(f B):W o, (C B C)(K) —
W @z, (E"V>T R 2" 'VEI)(K)) ,

E = CAa(f Bf):W gz, (CKrC)(K) —

W @giz,) ("7 VO R[m1(K)] Rpir, () 2" VERIm (K)])) |
E" = O(W &gz, (Z"" VT K 2" VT)(K) —

W @ziz,) (" VO R[m1(K)] Rgpr, () 2" VER[m(K)]))

such that E” is chain equivalent to the algebraic mapping cone of the as-
sembly chain map E——FE’, with an exact sequence

.— H.(E) — H.(F') — H.(E") — H, 1(FE) — ... (reiz).

By the identification of V°°I" with A(E|K|; R) and by 7.2 it is possible to
identify the R-module chain complex (VI K V>°I")(K) with the simpli-
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cial chain complex of a triangulation FK X EK of the pullback
|[EK| x|k |EK| = |EK xg EK|
= {(w,n) € E|K| x E|K| | p(w) =p(n) € |[K|} = QK],
so that up to Z[Zs]-module chain homotopy
(VI Kr VI (K) = A(EK xg FK;R) = AQK;R) = [V=T[%] .
The homology
H(E) = H. otm—iy(W ®zjz,) AQK; R)——W ®gz,) R[m1(K)))
is the relative R-coefficient homology of the map
EZy xz, QK — EZy xz, m1(K) ; (z,w) — (z, [w])
with [w] € m(2K) = m (K) the path component of w € QK. Here EZy

is a contractible space with a free Zs-action, the generator T € Zs acts on
the pointed loop space Q2K by the reversal of loops using

T:[0,1] — [0,1]; ¢t — 1—¢
and on the group ring R[m;(K)] by the involution inverting group elements.

By the usual Hurewicz theorem H,(E"”) = 0 for r < 2(n — i) + 1. Since
2i < n (by hypothesis) H,1(E") = 0, and the assembly map

Hy1(B) = Quii(f:C—X"""VoI) —
Hy 1(E') = Quni1(C—X" "Rlm(K)))

is onto, allowing (d¢’,v) € H,11(E’) to be lifted to an element (d¢, 1)) €
H,1(F). For sufficiently large k > 0

(6, 9) € Im(Q 41 (C—E"VFT)— Qi (f: C—X"'V™T))
with C——=X" VKT a restriction of f:C——X" VT, so that (§¢’, 1))
can be further lifted to an element (6v,v) € Qpni1(C—X" "V T). The
(n + 1)-dimensional quadratic pair in A (R, K)

B = (C—X"'VET, (8¢, ¢))
assembles to an (n + 1)-dimensional quadratic pair in A (R[ 1(K)))
B(K) = (C(K)—3"""VFT(K), (5v(K), ¥ (K)))
which is homotopy equivalent to the given (n + 1)-dimensional quadratic
pair
"= (f:C(K)—E"T'R[m (K], (0¢', (X))
relative to the boundary (C(K), ¢ (K)).
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In conclusion:

ALGEBRAIC m-m THEOREM 10.6 The global assembly maps in quadratic
L-theory define isomorphisms

Ln(R,K) = Ln(R[m(K)]) ; (C,9) — (C(K),$(K)) (n€Z).
PROOF Apply the criterion (x) of 3.24 to the maps induced in quadratic L-
theory by the global assembly functor A(R, K)—A(R[r1(K)]), using 10.5

to lift surgeries in A (R[m1(K)]) to surgeries in A (R, K).
m
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§11. A-sets

The semi-simplicial sets in the original theory of Kan are abstractions of the
singular complex, with both face and degeneracy operations. The A-sets of
Rourke and Sanderson [155] are ‘semi-simplicial sets without degeneracies’.
The theory of A-sets is used in §12 to provide combinatorial models for
generalized homology and cohomology, and in §13 to construct the algebraic
L-spectra. In §11 only the essential results of the theory are recalled — see
[155] for a full exposition.

A A-set K is a sequence K™ (n > 0) of sets, together with face maps

9 : KW — K=Y (0<i<n)
such that
0;0; = 0j_10; fori<j .
A A-set K is locally finite if for each € K™ and m > 1 the set
{y e K™t 19, 8,,...0; y=x for some iy,ig,...,im}

is finite.

The realization of a A-set K is the topological space

K| = ([T A" < K™)/ ~

n>0
with ~ the equivalence relation generated by
(a,0:b) ~ (%ia,b) (a €A™ beKM),
with 9;: A"~1——= A" (0 < i < n) the inclusion of A"~! as the face opposite
the ith vertex of A",

An ordering of a simplicial complex K is a partial ordering of the vertex
set K which restricts to a total ordering on the vertices vg < v1 < ... < v,
in any simplex o = (vovy ...v,) € K. As usual n = |o| is the dimension
of o, and the faces of ¢ are the (n — 1)-dimensional simplexes

(31'0' = (’Uo'l)l e Vi—1V541 - - - Un) (0 S 1 S n)
and their faces. In dealing with the standard n-simplex A™ write the vertices
as 0,1,2,...,n, ordering them by 0 <1 <2< ... <n.

A simplicial complex K is locally finite if every simplex is the face of only
a finite number of simplices.

ExAMPLE 11.1 A (locally finite) ordered simplicial complex K determines
a (locally finite) A-set K, with realization |K| the polyhedron of K.
o

The product of ordered simplicial complexes K, L is the simplicial complex
K ® L with

(K®L)(O) = KO x O
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such that the vertices (ag,bo), (a1,b1),...,(an,by) span an n-simplex o €
(K ® L)™ if and only if

aoﬁalé---ﬁan, bo§b1§---§bn, (arybr)#(ar—l—labr—l—l) (O§T<Tl>

and the sets {ag,a1,...,an},{bo,b1,...,b,} span simplexes in K and L.
The geometric product of A-sets K, L is the A-set K® L with one p-simplex
for each equivalence class of triples

(m-simplex o € K, n-simplex 7 € L, p-simplex p € A™ @ A") |
subject to the equivalence relation generated by
(0,7,p) ~ (0,7, p') if there exist A-maps f: A™—A™ |
¢ A"—A" suchthat 0 = o', 7 = ¢*7', (f®9)(p) = (p).

ExAMPLE 11.2 The product K ® L of ordered simplicial complexes K, L
agrees with their product as A-sets.
|

PROPOSITION 11.3 The realization of the geometric product K ® L of A-sets
K, L is homeomorphic to the product |K| x |L| of the realizations |K]|, |L|

KoL = |K|x|L|.
O

A A-map f: K——L of A-sets K, L is defined in the obvious way, with
realization a map of spaces |f|: |K|—|L]|.

Let A be the subcomplex of A™ obtained by removing the n-simplex
(0,1,...,n) and the (n — 1)-simplex (0,...,i — 1,7+ 1,...,n) opposite the
1th vertex. A A-set K is Kan if it satisfies the Kan extension condition that
every A-map A’ — K extends to a A-map A" —K.

Given A-sets K, L define the function A-set L¥ to be the A-set with
(L5)(™) the set of A-maps K ® A" —— L, with 0; induced from 9;: A"~ —
A™.

PROPOSITION 11.4 For any A-set K and any Kan A-set L the function A-
set L™ is a Kan A-set such that the realization |L¥| is homotopy equivalent
to the space |L|5! of functions |K|—|L|.
o
A homotopy of A-maps fo, fi: K——L is an element g € (L¥)M) with
;9= f (i=0,1), that is a A-map ¢g: K ® A'——L such that

gz i) = fi(z) e L (ze K™, i=0,1).

PROPOSITION 11.5 For any locally finite A-set K and any Kan A-set L ho-
motopy is an equivalence relation on the set of A-maps K——L. Realization
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defines a bijection

[KvL] - HK’?’L” s f — |f’
between the set [K, L] of homotopy classes of A-maps K——L and the set
[|K|,|L|] of homotopy classes of maps |K|—|L|.
|

A A-set K is finite if there is only a finite number of pairs (n,z € K™)
with  # (). A A-map f: K——L is compactly supported if {x € K| f(x) #
) € L} is contained in a finite subobject J C K. Let [K, L]. denote the set
of compactly supported homotopy classes of compactly supported A-maps
K——L, and let LX denote the function space of compactly supported A-
maps K —L.

A A-set K is pointed if there is given a base n-simplex § € K in each
dimension n >0, with 9;0) = 0. In dealing with pointed A-sets write LE
for the function A-set of A-maps K ® A™——L which preserve the base
simplexes, and [K, L] for the pointed homotopy classes of pointed A-maps.
For any A-set K let K be the pointed A-set with

(K™ = KW u{0} (n>0).
The smash product of pointed A-sets K, L is defined by
KANL = K®QL/(K®0, Ulg®L) .
For a pointed Kan A-set K the pointed homotopy sets
T (K) = [0A™ K] (n>0)
can be expressed as
T(K) = {t e KM |9z =0c K"V 0<i<n}/~,

with the equivalence relation ~ defined by x ~ y if there exists z € K1)

such that
x ifi=0
Diz = {y iti=1
() otherwise.
For n > 1 m,(K) is a group, with the group law defined by
T (K) X mp (K) — 7, (K) 5 (a,b) — ¢
for a,b,c € K™ such that there exists d € K(™*1) with

a ifi=0
) ifi=1
Oid = b ifi=2

() otherwise.
For n > 2, 7, (K) is an abelian group, as usual.
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The following analogue of J. H. C. Whitehead’s theorem holds:

PROPOSITION 11.6 A map of locally finite pointed Kan A-sets f: K——1L is
a homotopy equivalence if and only if it induces isomorphisms of homotopy
groups fo:m(K)—m,(L).

|

DEFINITION 11.7 The mapping fibre of a map of pointed Kan A-sets f: K—
L is the Kan A-set M(f) with

M) =
{(z,y) € K™ x LY 900y ... 0,y =0 € L, 9,11y = fz e LM},
0+ M(f)™ — M(H)" Y (2,y) — (9iz, i)

The map M(f)— K; (x,y)— =z fits into a fibration sequence

M(f) — K- L

inducing a long exact sequence of homotopy groups
fx
o — 1 (L) — T (M (f)) — T (K) — mp(L) — ... .

DEFINITION 11.8 The loop A-set of a pointed Kan A-set K is the pointed
Kan A-set

0K = K5
with S* the pointed A-set defined by
1 (n) _ {8,@} lf?’L:]_
(57 { {0} itn#1,

such that
Tn(QK) = mp1(K) (n>0) .

QK is the mapping fibre of the unique map {*}—— K, so that
QK™ = {ze K" |900;...0,2 =0 KO, 0, 10=0¢e KM} |

PROPOSITION 11.9 The realization |M(f)| of the mapping fibre M(f) of a
map f: K——L of pointed A-sets with K locally finite and L Kan is homo-
topy equivalent to the mapping fibre M (|f|) of the realization |f|:|K|—>|L]|.
In particular, the realization |QK| of the loop A-set QK is homotopy equiv-
alent to the loop space of the realization |K|

QK| ~ QK] .
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DEFINITION 11.10 An Q-spectrum
F = {F,,F,.1—QF,|necZ}

is a sequence of pointed Kan A-sets [F ,, together with homotopy equivalences
F,+1—QF ,. The homotopy groups of F are defined by

Wn(F) = ﬂ'n—i-k(F—k) (n,keZ,n+/€20) .
O

Note that the indexing of F is the negative of the usual terminology for
an {2-spectrum

G = {Gn,Grn——0Gni1|n €T} .

DEFINITION 11.11 The mapping cofibre of a map f: K——L of 2-spectra of
Kan A-sets is the Q-spectrum of Kan A-sets

C(f) = {C(f)n=M(f: Kn1—Ln1)|n €L} .

The mapping cofibre fits into a (co)fibration sequence of 2-spectra

!
K~ L — o)
with
g = inclusion :
L, = QL, 1 = M{x}—Lp—1) — C(f)n, = M(f:Kn-1—>Ly_1)
inducing a long exact sequence of homotopy groups

(K)o (D) D m(CUF) s 1 (K) —

DEFINITION 11.12 The suspension of an Q-spectrum K = {K,, |n € Z} is
the Q-spectrum

YK = C(K—{x})
with
(EXK), = Kn—1 , m(2K) = m1(K) (n€Z).
|

The mapping cofibre of a map f: K——L of (2-spectra is just the suspen-
sion of the mapping fibre

C(f) = BM(f) -
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§12. Generalized homology theory

The connection between generalized homology and stable homotopy theory
due to G. W. Whitehead [189] and the language of A-sets are used to con-
struct combinatorial models for both the cohomology and homology groups
of a locally finite simplicial complex K with coefficients in an 2-spectrum
F.

DEFINITION 12.1 Let F be an Q-spectrum of Kan A-sets, and let K be a
[F -cohomology

locally finite A-set. The { compactly supported F-cohomology $)-spectrum

F-homology
of K is defined by

FE+ = {(F, )5+ |neZ}

Fot = {(Fn)e " |neZ)

K+/\F = {h_rr>1f23(K+/\Fn_J)]n€Z}
J

[F -cohomology
with homotopy groups the { compactly supported F-cohomology groups of

IF-homology
K

H"(K;F) = m_,(FK+) = [Ky,F_)]

HMEGF) = n_p(Fet) = [Ki,F ).

Ho(K;F) = mp(K4x AF) = lim mpy (KL AF_)
J

Write the F-cohomology €2-spectrum of K as
Ff = H'(K;F) = {H"(K;F)|[neZ},
with
H"(K;F) = (F,)** |, 7_,(H(K;F)) = H"(K;F).

The n-dimensional F-cohomology group F"(K) of a locally finite A-set K
thus has a direct combinatorial description as the set of homotopy classes
of A-maps K, ——F _,,, which may be called ‘F-cocycles in K’. Similarly
for the compactly supported F-cohomology group F?(K). There follows
a similar description for the F-homology group of a locally finite ordered
simplicial complex K, as the set of cobordism classes of ‘F-cycles in K.
On the Q-spectrum level it is possible to replace K, A F by a homotopy
equivalent 2-spectrum H .(K;F) which is defined directly in terms of the
simplexes of K and .

Regard the standard n-simplex A" as the simplicial complex with one
k-simplex for each subset o C {0,1,...,n} of k 4+ 1 elements. The bound-
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ary 0A™ C A™ is the subcomplex consisting of the proper subsets o C
{0,1,...,n}.

A finite ordered simplicial complex J has a canonical embedding as a

subcomplex in OA™H! with m + 1 = [J(@|, namely
J — ATy — i
if JO = {v;|0<i<m}.

Let ¥™ be the simplicial complex with one k-simplex o* for each (m — k)-
simplex o in OA™H! with ¢* < 7* € ™ if and only if 7 < 0 € OA™ T,
The face maps in the A-set X™ are such that

9 - (™)) — (zmE=D o 5 9i(0%) = (6i0)* (0<i<k<m)
where

52’ . (aAm—i—l)(m—k) N (aAm—l—l)(m—k—l—l) :

o ={0,1,....m+1\{jo,j1,.--,Jxt —> 00 = oUj;, (0<i<k).

The simplicial map
o — 9A™ M . o* — {0,1,...,m+1}\o

is an isomorphism of simplicial complexes. Regard ¥ as the dual cell
decomposition of the barycentric subdivision (9JA™T1) with o* the star of
the barycentre ¢ and (d;0)* C do* the embedding of the star of d;0 in the
link of &.

DEFINITION 12.2 The supplement of a simplicial subcomplex K C 9A™ 1
is the subcomplex K C ™ given by
K = {c*eX"|ccdA™\K} .
]

The definition of the supplement goes back to at least Blakers and Massey
[10]. In particular
DAL = @ ) = xm
and if J C K C 9A™*! then K C J C ¥™.
DEFINITION 12.3 Let F be an Q-spectrum of Kan A-sets.
(i) Given a finite simplicial complex J define the Q-spectrum

H.(J;F) = {H,(J;F)|neZ}
by

H,(J;F) = H"™(X™, J;F),
using the canonical embedding J C dA™*! (m+1 = |J(©]), with homotopy
groups

T, (H.(J;F)) = H™"™(X™, J;F) (n€Z).
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(ii) Given a locally finite ordered simplicial complex K define the Q-spectrum
H.(K;F) = lig H.(J;F)
J

with the direct limit over finite subcomplexes J C K. The homotopy groups
are such that

mn(H.(K;F)) = lim H™"(E™, J;F) (n€Z).
J
O

Given a A-set K let A(K) be the abelian group chain complex with
A(K), the free abelian group generated by K™ and

dary  AK )y — A(K)po1 3 2 — Y (=)0 .
=0

PROPOSITION 12.4 The Q-spectrum H .(K;F ) is homotopy equivalent to the
F -homology Q-spectrum K, AT, with
To(H.(K;F)) = m(Ky AF) = Hy(K;F) (neZ).

PROOF Since generalized homology commutes with direct limits, there is
no loss of generality in assuming that K is finite, with canonical embed-
ding K € OA™*!. By construction H,, (K;F)® consists of the A-maps
¥ ® AP—F,,_,, sending K ® AP to (). Approximate the reduced di-
agonal map S™—|K|. A (S™/|K|) of G.W.Whitehead [189, p. 265] by a
A-map " —— K, A (¥™/K), subdividing ™ if necessary — see Remark
12.5 below for an explicit construction. The A-map represents the m-cycle

Y oot € (AK)®AE™,K))m
oceK

with adjoint the isomorphism A(K)™~* — A(Y™, K) sending the elemen-
tary cochain of ¢ € K to the elementary chain of o* € ¥™/K. Define a
map of Q-spectra H.(K;F)— K, AF by

H,(K:F) = (Fpn_pm,0)E" )
e (K AR )E = QMK AT )
— (K4 AF), = lim Y (Ky AF ) ;
j
((Em7?> ®Ap—>(Fn—m7®))
— (E"AA— K A E"/K)ANAE —K AF,_p) .

This is a homotopy equivalence by J.H.C. Whitehead’s theorem, since it
induces the Alexander S-duality isomorphisms

mn(H.(K;F)) = H" (™ K;F) — m0 (K4 AF) = Hp(K;F) (n € Z).
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O

REMARK 12.5 Regard a simplicial complex K as a category with one object
for each simplex 0 € K and one morphism c——7 for each face inclusion
o < 7. The homotopy colimit (Bousfield and Kan [13]) of a contravariant
functor

F: K — {pointed A-sets} ; 0 — F[o]
is the pointed A-set

FIK] = <UQKA|U| ® Fla])/ ~ ,

with ~ the equivalence relation generated by
(i) fra® b~ a® f*b for any morphism f:o—7, a € Al°l | be F[r],

(i) AlM @ 0 ~ Al @ ¢ for any o, 0’ € K .
Given a subcomplex J C JA™*! define a contravariant functor
ym/] ifoeld

G : OA™M — [pointed A-sets} ; 0 — G[o] = {
0 otherwise

with homotopy colimit
GOA™ Y = J. A (Z™/]) .
Quinn [137] proved that the homotopy colimit F[0A™ 1] of the dual simplex
functor
F: 0A™ — {pointed A-sets} ; 0 — o* = A™l°l

is a subdivision of ¥, allowing the construction of a combinatorial approx-
imation of the reduced diagonal map S™—|J|+ A (S™/|J|) as the A-map

R[OA™T] . FIOA™TY] = =™ — GIOA™TY] = J. A (Z™/))
induced by the natural transformation h: F——G with
hlo] = o*: Flo] = A™ 77l — Glo] = ¥™/T (0 € J)

the characteristic A-maps.
]

DEFINITION 12.6 An n-dimensional F-cycle in an ordered simplicial com-
plex K is a pair (J,z) with J C K a finite subcomplex and z a 0-simplex

zeim(H,(J;F)O—H, (K;F)®),
that is a collection
z = {z(o) eF" Vs e}
defined using the canonical embedding J C OA™*! such that

x(0;0) if o€ J .
0; = 0<i1<m— .
oiw) = {507 LTS 0<i<m—io)



126 ALGEBRAIC L-THEORY AND TOPOLOGICAL MANIFOLDS

O

In dealing with cycles (J, z) the finite subcomplex J C K will usually be
omitted from the terminology. For finite K it is always possible to take
J=K.

DEFINITION 12.7 A cobordism of n-dimensional F-cycles (Jo,xo), (J1,x1)
in K is a 1-simplex y € H,, (K;F)™) such that d;y = z; (i = 0,1), that is a
compactly supported A-map
y: (B N@AY — (Fpepm,0) (J = JoUJY)
such that
ylo®1i) = z;(o0) € IF;T;JUD (ceJ,i=0,1).
]

PROPOSITION 12.8 Cobordism is an equivalence relation on n-dimensional
F -cycles in K, such that the set of equivalence classes is the n-dimensional
F -homology group H, (K;F).
PrROOF Immediate from 12.4.

]

EXAMPLE 12.9 Given an abelian group 7 and an integer n > 0 let K(m,n)
be the Kan A-set defined by forgetting the degeneracies in the Eilenberg—
MacLane simplicial abelian group obtained from the abelian group chain
complex C' with

C, =m, C;=0 (i#n)
by the Kan—Dold construction. Let F be the (2-spectrum defined by
F, = K(n,—n) (n<0), =0(n>0).
An n-dimensional F-cycle (J, x) in a simplicial complex K is determined by
a finite subcomplex J C K, with
z = {z(0) eF" 1V ige} (m+1=|7O)

determined by a finite collection of group elements

z(o) € Ffﬁ:nn) =7 (0 € K™M)
corresponding to an n-cycle

xr = Z z(o)o € Ap(K;)

oc K ()

representing a homology class

x € Hy(K;F) = Hp(K;7) .
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The cycle approach to F-homology generalizes to the relative case. Let
(K,L C K) be a pair of ordered locally finite simplicial complexes. For
any finite subcomplex J C K with m + 1 = |J()| the supplements of .J
and J N K are such that J C JNL C ¥™, and H.(L;F) C H.(K;F) .
An n-dimensional F -cycle in L is an n-dimensional F-cycle (J, z) in K such
that z(o) =0 for o € J\(J N L).

DEFINITION 12.10 (i) The relative F-homology Q-spectrum of (K, L)
H.(K,L;F) = {H,(K,L;F)|n€Z}
is defined by

(K, LiF) = lig(F o, 15 (nez),
J

with the direct limit taken over finite subcomplexes J C K. The relative
F-homology groups of (K, L) are the homotopy groups of H.(K, L;F)

mo(H.(K,L;F)) = Hy(K,L;F) (n€Z).

(ii) A relative n-dimensional F -cycle (J,z) in (K,L) is an element of
H, (K,L;F)©, that is a finite subcomplex J C K together with a col-
lection
x = {z(o) € Ffﬁ;llo') loe J\(JNL)}
such that
(o) — {ac(&-a) ?f dice J\(JNL) 0<i<m—|o|).
0 if ;0 ¢ J

By analogy with 12.8:

ProprosITION 12.11 Cobordism of relative cycles is defined as in the abso-
lute case, and H,(K,L;F) is the abelian group of cobordism classes. The
fibration sequence of €2-spectra

H.(;F) — H.(K;F) — H.(K,L;F)
induces the long exact sequence of F -homology groups
eo. — H,(L;F)— H,(K;F)— H,(K,L;F)— H, 1(L;F)— ....

PROOF As in the proof of 12.4 it may be assumed that K is finite, with a
canonical embedding K C OA™*1. The homotopy equivalences QF ,,_,,,_1

— T, given by the Q-spectrum F and the excisive inclusion

(LAY K@ A'UL®IAY) — (B @AY K@A'UL® A US™ @0 AY)
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may be used to define homotopy equivalences
H,(K,L;F) = (Fp_n,0)E5)

~ (QFn_m_l,@)(Z’K)
= (Fomes @)(Z@)Al,F@ A'UL ®0AY)

Fr oy, )E"OALK @A UL®0A US™ @ 1A

= mapping cofibre of H ,(L;F) — H ,(K;F) ,

obtaining a homotopy equivalence between H .(K, L;F) and the mapping
cofibre of the inclusion H .(L;F )—H.(K;F).
]

EXAMPLE 12.12 Consider H, (K, L;F) in the special case L C K C 0A™ !
with K = L U A* obtained from L by attaching a k-simplex along a sub-
complex JAF C L. An n-dimensional F-cycle z in (K, L) is an element

z(AF) € Ffﬁ,_nk) such that 9;x(AF) = () for 0 <i < m — k, and the map

H,(K,L;F) — 7wk (F ) = mp(F); 2 — x(Ak)

is an isomorphism.
|

The Kan extension condition will now be used to define the assembly map
A: H.(K;F({*})) — F.(K')
for any covariant functor
F : {simplicial complexes} — {Q-spectra} ; K — F(K) .

Let A™*tY ¢ OA™*! be the subcomplex obtained by removing the face
A™ < A™*1 gpposite the vertex m + 1, such that

OA™MTL = ATMTLA™ , AN A™ = GA™TE = HA™ .
The inclusion
(Am“, aAm“) C (Amﬂ, E)Am“)

is a homotopy equivalence such that for a Kan A-set F the induced homo-
topy equivalence

(F’w)(Am—i—l’aAm—i—l) i (IF,a))(Am—i—l,aAm—i—l)

admits a section

ﬂ : (F,Q))(Am—i—l,aAm—&—l) . (F,Q)(Am—l—l,aAm—l—l)

verifying the Kan extension condition. The inclusion
(A™, 0A™) C (A™T gA™ T
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is a homotopy equivalence, inducing a homotopy equivalence
m—+1 m—+1 ~ m m
v () ATTHLOATT) = gy (AT, 0A™)

PROPOSITION 12.13 For a Kan A-set F the composite A-map
m-+1 m-41 B8 m-+1 m-+1
98 (F, 0O = (g (AT0AT
L> (IF 7 @)(Am, 8Am)

is a homotopy equivalence of Kan A-sets.
PrROOF Both 8 and v are homotopy equivalences.

o =

O

The geometric realizations of A™*! and A™ may be identified by means
of the homeomorphism

|Am+1| s |Am| :

(/\07)\1,---7>\m—|—1> —
(Ao 4+ Amat /(M4 1) A + Ang1/(m+1), .. A + Mg/ (m + 1))
m—+1
0< AL Amir <1, ) A = 1, XM Ay = 0),
=0

which maps OA™T! to OA™. This identification is used to visualize o as
sending a A-map
o (AT QAT s (R, ()
to the A-map
aoff) = |J flo): (a™0A™) — (F,0)
oceA™mt1L

obtained by assembling together the pieces f(o) € F (9D glueing by the
Kan extension condition. -

Given an Q-spectrum F let ©:F,, — QF,,_; (n € Z) be the given homo-
topy equivalences. Given a subcomplex K C OA™*! define A-maps

6 Hu(K:F) = (Fpm,0) =" K)

— (Fn—m—1,@)(Am+2’8Am+2) (meZ)
by sending a A-map
f:(EEK)®A — (Fpom,0)
to the A-map
¢(f) : (A™T20A™F2) @ AP — (F o1, 0) ;
O(f(c*@p) ife={0,1,....m+2}\Te K

TR U —>
H { 0 otherwise .
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DEFINITION 12.14 Given an -spectrum F and a locally finite simplicial
complex K define the assembly to be the map of 2-spectra

A:H(K;F) = lim H.(J;F) — F
J

using the canonical embeddings J C OA™T! of the finite subcomplexes
J C K, with

AH () —2 (Foy,0)A"T20A™F2)

a m—+1 m—+1 (®m+1)_1
— (Fn—m—h@)(A ,aA ) - Qm+1Fn—m—1 E— ]Fn 5
inducing assembly maps in the homotopy groups
A:m,(H(K;F)) = H(K;F) — m(F) (neZ).
]

In terms of the homotopy equivalence H.(K;F)— K, AF of 12.4 the
assembly A is just the map of the F-homology Q-spectra K AF —{x}  AF
induced by the unique simplicial map K—{x}

A:H.(K;F) ~ Ki AF — {x}, AF = F .
An element x € H,(K;F) is represented by an F-cycle (J C K, x) with
x = {xz(o) € Ffﬁ:n'g') loeJ}.
Visualize A: H,,(K;F)—m,(F) as assembling the components z(o) to an
element

A(z) = (Jz(0) eFY
ocJ
representing

Az) € Hy({+};F) = m(Fn) = m(F) .
For a subcomplex J C dA™*! and o € J let J(o) C ¥™ be the subcom-

plex consisting of the dual simplexes 7% € ™ of the simplexes 7 € OA™ !
such that either 7 ¢ J or 0 £ 7 € J, that is
J(o) = J\sty(oc) CZ™

with st (o) = {pe€ J|o < p}. If 0 < p € J then J(p) C J(0), and

U J(o) = ™.

occJ
The relative simplicial pair (J(o), J) has one (m — |7|)-simplex 7* for each
T € sty(o), with

0:(t*) = (1) € J(o) (0<i<m—|7]).

DEFINITION 12.15 Given a covariant functor

F : {simplicial complexes} — {Q-spectra} ; K — F(K)
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define the local {F }-coefficient homology Q-spectrum of a subcomplex K C
oA

H.(K:{F}) = {Hn(K;{F})[n€Z}
by
H (K {F}) = g Jim (Foom(D(0,7)), 07007
The homotopy groups of H(K(,TEI{“ }) are the local {F }-coefficient homology
groups of K
Hy (K3 {F}) = mu(H.(K;{F})) (n€Z),

which may also be written as H, (K;{F (D(c, K))}).

m

EXAMPLE 12.16 If F is constant, with [F (K) = F for all K, then H . (K; {F })
is the F-homology spectrum H . (K;F) of 12.3, with

H,(K:{F}) = Jim (F (D(0, K)), 1)K (), K)

= Fom,0)E"E) — B (KF) (nez).
O

DEFINITION 12.17 An n-dimensional {F }-cycle in a simplicial complex K
is an element of H ,,(K; {F })(® that is a collection

t = {2(0) €Fp_m(D(0, )™ D6 e g}
with J C K a finite subcomplex and J C JA™*! the canonical embedding,

such that

(Z) if 5@'0' ¢ J
with f;:F (D(d;0,J))—F (D(0,J)) the map induced by the inclusion
D(é;0,J) C D(o,J).

(O0<i<m—lol),

O

As in the constant coefficient case (12.6,12.8) there is a corresponding
notion of cobordism, such that H, (K;{F }) is the cobordism group of n-
dimensional {F }-cycles in K.

DEFINITION 12.18 The local {F }-coefficient assembly is the map of Q-
spectra

A: H.(K;{F}) — F(K')
given by the composite

A H(K:{F}) — H.(K:F(K')) — F(K)
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of the forgetful map H .(K; {F })—H .(K;F (K’)) induced by all the inclu-
sions D(0, K) C K’ (0 € K) and the assembly A:H .(K;F (K'))—TF (K’)
of 12.14.

O

A functor
F : {simplicial complexes} — {Q-spectra} ; K — F(K)

is homotopy invariant if a homotopy equivalence f: K — L induces a ho-
motopy equivalence of (2-spectra

fiF(K) — F(L).

For such F the forgetful map from local I -coefficient homology to constant
F ({*})-coefficient homology is a homotopy equivalence

H.(K{F}) — H.(KGF({}) ,
since each of the unique simplicial maps D(o, K)—{*} (¢ € K) is a ho-
motopy equivalence.
DEFINITION 12.19 The constant F ({*})-coefficient assembly for a homotopy
invariant functor F and a subcomplex K C OA™T! is the map of Q-spectra
A: H.(K;F({x})) — F(K)

given by the local {IF }-coefficient assembly A of 12.18, using the homotopy
equivalences

H.(K;{F}) —A4— F(K)

N[ [N

H.(K;F ({+})) —4— F(K).
O

REMARK 12.20 The assembly map A:H.(K;F ({*#}))—F (K) of 12.19is a
combinatorial version of the assembly map of Anderson [4] and Quinn [137],
which is defined as follows: a functor

F : {pointed topological spaces} — { spectra}
induces a natural transformation of function spectra
x = xt F(X)F({*}) ,
with adjoint the assembly map
A: H.(X;F({x}) = XANF({*}) — F(X).
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EXAMPLE 12.21 Let Q%9(K) = {Q%9(K), |n € Z} be the Q-spectrum
with Q5 (K), the Kan A-set defined by

Q39 (K)*) = { (n + k)-dimensional smooth oriented manifold k-ads
(M;00M,0. M, ..., 0 M) such that
OMNoMN...NoM = (), with a map M—|K|}

with base simplex the empty manifold k-ad (). The homotopy groups
T (PO(K)) = Q9(K) (n>0)
are the bordism groups of maps M ——|K| from closed smooth oriented
n-dimensional manifolds. The functor
Q59 . {simplicial complexes} — {Q-spectra} ; K — Q%9(K)
is homotopy invariant, since for any k-simplex M in Q°9(K),, there is
defined a (k+1)-simplex M ®1I in Q99 (K ®@ Al),,, so that the two inclusions
K——K ® A! induce homotopic A-maps Q%°(K)—Q%°(K ® A!). The
assembly map defines a homotopy equivalence
A H(K;Q59({x)) — Q%°(K) ,
a combinatorial version of the Pontrjagin—Thom isomorphism and the Atiyah

formulation of bordism as generalized homology. The assembly of an n-
dimensional Q%€ ({x})-coefficient cycle in a subcomplex K C JA™+!

z = {M(o)" 1?0 e K}
is a map
A(x): M" = | M(o) — |K| = |K|
cEK
from a closed smooth oriented n-manifold such that

A(x) 'D(0,K) = M(o) (0 € K).

The smooth oriented bordism Q-spectrum Q%Y (K) is just a combinatorial
version of the Thom suspension spectrum |K |4 A MSO , with

MSO = {MSO(j), EMSO(j)—MSO(j+1)]|j >0},
OPO(K), =~ H,(K;Q79({+})) = lim Q" (K[, A MSO(j)) (n€Z).

O
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§13. Algebraic L-spectra

The algebraic IL-spectra consist of Kan A-sets with homotopy groups the
algebraic L-groups. Given an algebraic bordism category A = (A, B, C)
there will now be defined an 2-spectrum

L'(A)={L"(A)|neZ}

L(A)={L,(A)|necZ}

NL(A) = {NL"(A)|neZ}

symmetric
of Kan A-sets with homotopy groups the ¢ quadratic L-groups of A
normal
m(L'(A) = L™(A)
m(L.(A)) = L,(A) (neZz).
mn(NL'(A)) = NL™(A)
L"(A)
The ¢ L.(A) -cohomology (resp. homology) groups of a simplicial complex
NL(A)
symmetric
K will be identified with the { quadratic L-groups
normal

H"(KGL(A)) = L7(A(K))
H" (K L.(A)) —n(A"(K))
H" (K NL'(A)) = NL ™(A*(K))
(KGL(A) = L™(A(K))
(resp H,(KGL(A) = Lo(A.(K) )
(K NL'(A)) = NL™(A(K))
of the algebraic bordism category A*(K) (resp. A.(K)) of §5. The various

algebraic [L-spectra are used in Part II to express the geometric properties
of bundles and manifolds in terms of L-theory.

The algebraic surgery classifying spaces and spectra are analogues of the
geometric surgery classifying spaces and spectra, which arose as follows:

REMARK 13.1 (i) The classifying space G /O for fibre homotopy trivialized
vector bundles and its PL analogue G/PL first appeared in the surgery
classification theory of exotic spheres (Kervaire and Milnor [86], Levine [91,
Appendix]). The fibration sequence

PL/O — G/O — G/PL
induces an exact sequence
. —>Tp41(G/PL) — 7, (PL/O) — m,(G/O) — 7, (G/PL) —»
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which for n > 5 is isomorphic to the differentiable surgery exact sequence
oo = L1 (Z) — SO(S™) — 1, (G/O) — L, (Z)

with 7,(PL/O) = SP(S™) = 6,, the groups of h-cobordism classes of n-
dimensional exotic spheres, and 7, (G/PL) = L, (Z) the simply-connected
surgery obstruction groups. An exotic sphere X" is sent by 7, (PL/O)—
Tn(G/O) to the classifying map S™ ~ ¥"——G/O for the fibre homotopy
trivialization of its stable normal bundle determined by the trivial Spi-
vak normal fibration. This is also the classifying map of the normal map
(f,b) : ¥"—— 8™ with f : ¥"——S™ a homotopy equivalence representing
the element [f] € SP(S™) of the differentiable structure set, corresponding
to [X"] € O,.

(ii) The topological surgery classifying space G/TOP first appeared in the
work of Casson [34] and Sullivan [167] in which block bundles were used
to obtain the obstruction to deforming a homeomorphism f : M——N of
compact n-dimensional PL manifolds (n > 5) to a PL homeomorphism

K(f) = w(vm — ffon) € H (M3 Zs) |
disproving the manifold Hauptvermutung that every homeomorphism of PL
manifolds is homotopic to a PL homeomorphism — see Wall [180, §17A],
Armstrong, Cooke and Rourke [5]. The classifying spaces BPL, BTOP,

BG for PL bundles, topological bundles and spherical fibrations are related
by a commutative braid of fibrations

with k € [BTOP, K(Zy,4)] = HYBTOP;Zs) the Kirby-Siebenmann in-
variant.

(iii) Quinn [130] defined the geometric surgery spectrum L.(K) of a space
K, with homotopy groups

Te(L.(K)) = Lu(Z[m(K))) -
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The algebraic surgery spectrum L.(R) of a ring with involution R with
m(L.(R)) = L.(R)
was first constructed using forms and formations (Ranicki [138], [139]), with
L(K) ~ L.(Z[m(K)]) .
The simply-connected surgery spectrum L.({*}) ~ L.(Z) is the 4-periodic
delooping of G/TOP given by the characteristic variety theorem of Sullivan
[168], with
Lo({*}) = Lo(Z) ~ Lo(Z) x G/TOP .

See Ranicki [143], [146], Levitt and Ranicki [94], Weiss and Williams [188§]
for other accounts of the quadratic L-spectra. Also, see Siegel [162], Goresky
and Siegel [64], Pardon [125], Cappell and Shaneson [28] and Weinberger
[185] for some of the connections between L-theory, the characteristic variety

theorem, intersection homology theory and stratified spaces.
]

As before, let A = (A, B, C) be an algebraic bordism category.
L™(A)
L,(A) (n € Z) be the pointed A-set with m-
NL™(A)
symmetric
simplexes the n-dimensional { quadratic complexes in A*(A™), with the

normal

DEFINITION 13.2 Let

zero complex as base m-simplex (). The face maps are induced from the
standard embeddings 9;: A™~!—=A™ via the functors

(0:)* : A*(A™) — A*(A™ 1) .
i
DEFINITION 13.3 Given a pair of locally finite simplicial complexes (K, J C
K) let
AN(K,J) = (A"(K,J),B"(K,J),C*(K,J))
be the algebraic bordism category defined by the full subcategory of A*(K)
(5.1) with objects C' such that C'(o) =0 for o € J.

O
L7 (A)
PrOPOSITION 13.4 ¢ L,,(A) is a Kan A-set with homotopy groups and
NL"(A)
loop A-set
Tm(L"(A)) = L™(A) QL”(A) = L"*H(A)
Tm(Ln(A)) = Lingn(A) L,(A) = Lpta(A)

)
Tm(NL™(A)) = NL™(A) QNL”(A) — NL"(A)
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formeZ, m+n>0.

PRrROOF Only the quadratic case is considered, the symmetric and normal
cases being entirely similar.

The Kan extension condition is verified using the algebraic analogues of
glueing and crossing with the unit interval I = [0, 1]. See Ranicki [146, §1.7]
for the glueing of quadratic complexes. Crossing with I corresponds to the
following chain complex construction. A pair (C,9C) of chain complexes in
the additive category A is a chain complex C' in A which is expressed as

dC’ = (dgc ZC) : Cr = 807“@07" _—_>Cr—1 = aCT—l@Cr—la
C

so that OC' is a subcomplex of C' and C' = C/9C is a quotient complex.
Define

(D,0D) = (C,0C)® (I,0I)
to be the pair with

dac ec ec 0
0 ds O (—)r—1
0 0 dy (=)
0 0 0 dg

D, = 9C, ®C, & C, & Cr_y
— Dy = 90 1 ®C, 1 ®Cr 1 ©Cr g,
oD, = 0C, &C,&C, , Dp = Cry .
Let C ® {0},C ® {1} be the subcomplexes of D defined by
(C®{0}), = {(x,9,0,0) € D,|(z,y) € C, =dC, ®C,} ,
(Co{1}), = {(£.0,4,0) €D, |(z,y) € C, =0C, & Cr} |

The inclusions

dp =

ir: C@{k} — D (k=0,1)

are chain equivalences, with chain homotopy inverses ji: D—C ® {k} de-
fined by

Je : Dp — (C @ {k}), 5 (z,y,2,w) — {(Jc,y-l—z,0,0) ifk:{o

(z,0,y + z,0) 1

Let A™ C A™ be the subcomplex of A™ obtained by removing the in-
teriors of A™ and of a face A™~! < A™. Define the extension of a chain
complex C in A*(A™) to a chain complex C in A*(A™) by

(C7(A™),C7(0A™)) = (C*(A™),C"(9A™) ® (1,01) ,
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with
(Clo) @ {0}),  ifoeAm
Clo)e = § (Cr A @ {1}), if o= Am
C*(A™)r 1 if o = A™

Use the identification of pairs of abelian group chain complexes

(W, C)[A™], (W, C)*[0A™]) = (WyC)"[A™], (W, C)"[0A™]) ® (I, 01)
to define the extension of an n-dimensional quadratic complex (C,) in
A*(A™) to an n-dimensional quadratic complex (C, ) in A*(A™) by

¥ = (jo)u(¥) € (W C)*[A™],,
The homotopy group m,(IL,,(A)) is the group of equivalence classes of
m-simplexes (C, ) in L,,(A) such that
0;(C,¢) = 0 (0<i<m).
Such simplexes are n-dimensional quadratic complexes (C,1) in A*(A™,

OA™), which are just (m + n)-dimensional quadratic complexes in A. The
homotopy of simplexes corresponds to the cobordism of complexes, so that
Tm(Ln(A)) = Lpan(A) (m>0,n€Z).

Let (ig,%1,...,1.) denote the r-simplex of A™ with vertices ig,1,...,1,
given by a sequence 0 < ig < i1 < ... < i < m. The standard embedding
Omi1: A™ C A™H! identifies A™ with the face of A™T! opposite the vertex
m+1. By definition, an m-simplex of QIL,,(A) is an n-dimensional quadratic

complex (C, ) in A*(A™TL, A™ U {m + 1}), so that

C((m+1)) =0,

C((ig,i1,..yir)) = 0 (0<ip<iyg <...<i <m).
Except for terminology this is the same as an (n 4+ 1)-dimensional quadratic
complex (C’,¢") in A*(A™) with
Cl(<i0,i1, . ,ir>) = C(<i0,i1, R ,ir,m—|—1>) (O << <. <ty < m) .
This is an m-simplex of L,,11(A), so that there is an identity of A-sets

QL,(A) = Lpy1(A) .

]
symmetric
DEFINITION 13.5 The ¢ quadratic L-spectrum of an algebraic bordism
normal

category A is the Q-spectrum of Kan A-sets given by 13.4
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with homotopy groups the L-groups of A
T(L'(A) = mpn(L7F(A)) = L™(A)
Tn(L.(A) = mpyr(L_k(A)) = Lp(A) (n,k€eZ,n+k>0).
T(NL'(A)) = 7k (NL7F(A)) = NL™(A)

O

ExaMPLE 13.6 For any additive category with chain duality A and the
algebraic bordism category of 3.3

A(A) = (AB(A),C(A))

symmetric symmetric
the ¢ quadratic L-spectrum of A(A) has homotopy groups the < quadratic
normal normal

L-groups of A
(L' (A(A))) = L*(A
m(L.(A(A))) = L.(A
m(NL(A(A))) = NL

¥ ~— —

(A) .
Also, by 3.6

m(L'(A(A))) = L*(A) = NL*(A) = m(NL(A(A))) ,
so that the forgetful map defines a homotopy equivalence

NL'(A(A)) — L (A(A)) .

i
symmetric
PROPOSITION 13.7 The {quadmtz’c L-spectrum of A*(K) (resp. Au(K))
normal
L-(A)
is homotopy equivalent to the { L.(A) -cohomology (resp. homology) spec-
NL(A)

trum of the locally finite simplicial complex K

L'(A*(K)) ~ H'(K;L'(A))
L.(A"(K)) ~ H'(K;L.(A))
NL'(A*(K)) ~ H'(K;N

so that on the level of homotopy groups
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L”(A*(K)) H="(K;L(A))
L,(A*(K)) = H™(K;L.(A))
NL"(A*(K)) = H "(K;NL'(A)) ,

LM"(A(K)) = Hn(K;L(A))
(resp. L,(A(K)) = H,(K;L.(A)) )

NL"(A(K)) = Hn(K;NL(A)) .
PROOF As in 13.4 consider only the quadratic case, the symmetric and
normal cases being entirely similar. An n-dimensional quadratic complex
in A*(K) is a collection of n-dimensional quadratic complexes in A*(A™),
one for each m-simplex of K, with the common faces in K corresponding to
common faces of the quadratic complexes. Thus the A-maps K, —L,(A)
are just the n-dimensional quadratic complexes in A*(K). For each p > 0
identify
L, (A*(K))® = {n-dimensional quadratic complexes in A*(K)*(AP)} ,

(L.(A)5+)®) = {p-dimensional quadratic complexes in A*(K @ AP)}
= {A-maps (K ® AP),—L,(A)} .

The Kan A-set spectra L.(A*(K)), L.(A)%+ are not isomorphic, but they
are homotopy equivalent®, so that

L,(A*(K)) ~ L,(A)%+ = H"(K;L.(A)) .
As in 12.4 there is no loss of generality in taking K to be finite, so that there
is an embedding K C OA™*! for some m > 0, and the supplement K C ™

is defined (12.2). There is a natural one—one correspondence between chain
complexes C' in A, (K) and chain complexes D in A*(X™, K), with

Clo) = D(o") (e € K) , [CLIK] = S™D][S™,R] .
For each p > 0 identify
L, (A, (K))? = {n-dimensional quadratic complexes in A, (K)*(AP)}
H,, (K;L.(A)® = {(n—m)-dimensional quadratic complexes in
A (5™ @ AP K ® AP) }
= H""™(E" K;L(A)P = Ly (A (27, K))P)
= {A-maps (2", K)® AP—L,_.(A)}
and so
L,(A(K)) ~ H,(K;L.(A)) .

* See Multiplicative properties of Quinn spectra by Gerd Laures and Jim
McClure (http://arxiv.org/abs/0907.2367) for a proof.
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O

REMARK 13.8 The identification H°(K;L'(A)) = L°(A*(K)) is an ana-
logue of the identification due to Gelfand and Mishchenko [60] (cf. Mishch-
enko [116,4.2])

K(X) = L°(C(X,C))

of the topological K-group of complex vector bundles over a topological
space X with the symmetric Witt group of the ring C(X, C) of continuous
functions X——C with respect to the involution determined by complex
conjugation z——Zz. See Milnor and Husemoller [113,p. 106] for the corre-
sponding identification of the real K-group

KO(M) = L°(C>(M,R))

with M a differentiable manifold and C*°(M,R) the ring of differentiable
functions M —R with the identity involution.
m

PROPOSITION 13.9 Given an algebraic bordism category A = (A,B,C) let

~

A= (AB,B).
(i) The exact sequence of 3.10
1+T J —~ 1o}
. — Ly(A) — NL"(A) — NL"(A) — L, 1(A) — ...
1s the exact sequence of homotopy groups of a fibration sequence of Q2-spectra
14T J ~
L.(A) — NL'(A) — NL'(A) .
(i) If @*(C’) = 0 for C-contractible C then the forgetful map defines a
homotopy equivalence of LL-spectra
NL'(A) — L'(A) .
PROOF (i) The one-one correspondence between the C*(A™)-equivalence
classes of (normal, quadratic) pairs in A*(A™) and the B*(A™)-equivalence

classes of normal complexes in A*(A™) given for any n > 0 by 2.8 (i) defines
a homotopy equivalence of {2-spectra

(mapping cofibre of 1 + 7" L.(A)—NL'(A)) = N]L'(K) .
(ii) Immediate from 3.5.

O

PROPOSITION 13.10 The relative symmetric L-theory exact sequence of 3.8
for a functor F: A—— A\’ of algebraic bordism categories

S IY(F) — LY(A) s LM(A) — LY(F) — LPL(A) — ..
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1s the exact sequence of homotopy groups of a fibration sequence of Q2-spectra
F
L'(A) — L'(A) — L (F)

and similarly for quadratic and normal L-theory.
PROOF Let L'(F) = {L™(F)|n € Z} be the Q-spectrum of Kan A-sets
with homotopy groups 7, (L' (F)) = L*(F) defined by

L"(F) = mapping cofibre of F:L"(A)—L"(A') .
O

PROPOSITION 13.11 Let A be an additive category with chain duality, and
let (BCB(A),CCB,DCC) be a triple of closed subcategories of B (A).
(i) The exact sequence of 3.9 (i)

. — L"(A,C,D) — L"(A,B,D) — L"(A,B,C)
o
— L" YA, C,D) — ...

is the exact sequence of the homotopy groups of symmetric LL-spectra in a
fibration sequence

L'(A,C,D) — L'(A,B,D) — L'(A,B,C) .

Similarly in the quadratic and normal cases.
(ii) The braid of exact sequences of algebraic L-groups of 3.13

NG T

L, (A,C,D) NL"(A,B, D) NL"(A,B,B)
Ly (A, B,D) NL"(A,B,C)
NL"+1(A, B, B) L,(A,B,C) Ln_1(A,C,D)

consists of the exact sequences of homotopy groups of algebraic L-spectra in
a braid of fibration sequences
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N TN

(A, C,D) (A, B, D) NL'(A,B,B)
.(A,B,D) NL'(A,B,C)
.(A,B,C)

PROOF (i) Inclusion defines a functor F': (A, B,D)— (A, B, C), so that IL.(F)
is defined as in 13.10. The inverse isomorphisms of quadratic L-groups de-
fined in 3.9 (ii)

L.-1(A,C,D) " L.(F)
are induced by inverse homotopy equivalences of quadratic LL-spectra
SL.(A,C,D) " L.(F)
defined by
YL, (A, C, D)™
= Lu-1(A,CD)™ = Ly_1(A*(A™),C*(A™), D" (A™))1
— Lo ()™ = Ly (F*(a™)© ;
(C,1) — algebraic mapping cylinder of (C—0, (0,v)) ,
Lo (F)™ = Ly (F*(A™)©
— SL,(A,C, D)™ = L,_;(A*(A™),C*(A™),D*(A™)O ;
(f:C—D, 0y, ¥)) — (C",¥") ,
with (C’,4") the quadratic complex obtained from (C, 1) by algebraic sur-

gery on the quadratic pair (f: C—D, (§1,v)), and F*(A™) the functor of
algebraic bordism categories

FHA™) : (AT(A™), B (A™),D*(A™)) — (AT(A™),B7(A™),C*(A™)) .
(ii) The fibration sequences through NL'(A,B,B) are given by 13.9, and
those through LL.(A, C,D) by (i).

m



144 ALGEBRAIC L-THEORY AND TOPOLOGICAL MANIFOLDS

§14. The algebraic surgery exact sequence

Given a commutative ring R and a simplicial complex K the visible sym-
metric L-groups VL*(R, K), the generalized homology groups of K with
coefficients in the various L-theories of R and the quadratic L-groups L. (
R[m1(K)]) are related by a commutative braid of exact sequences

Spi1(R, K) H,(K;L'(R)) H,(K;NL'(R))
\ . V x /
H,(K;L.(R)) VL"(R,K)

/ X . V K
Hy1(K;NL(R)) Ly (R[m(K))]) Sn(R, K)

0

with the ‘quadratic structure group’
Sn(R,K) = Ln-1(A(R,K),C(R,K),C(R).(K))

defined to be the cobordism group of (n — 1)-dimensional quadratic com-
plexes in A (R, K) which are globally contractible and locally Poincaré.

The ‘algebraic surgery exact sequence’ is the exact sequence
. — H,(K;L.(R)) — Ly,(R[m(K)]) — S,(R, K)

— H, 1 (K;L.(R)) — ...
relating the generalized homology groups H.(K;L.(R)), the surgery ob-
struction groups L, (R[m1 (K)]) and the quadratic structure groups S, (R, K).
The algebraic characterization in §18 of the topological manifold structure

sets actually requires the ‘1/2-connective’ version of the algebraic surgery
exact sequence for R = Z, and this will be developed in §15.
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symmetric
DEFINITION 14.1 The { quadratic L-spectrum of a ring with involution
normal
R
L'(R) = {L"(R)[neZ}
L(R) = {Ln(R)|n€Z}
NL(R) = {NL"(R)|ne€Z}
symmetric L(A(R)) = {L™(A(R))|neZ}
is the { quadratic L-spectrum ¢ L (A(R)) = {Ln (A(R)) | n e Z} of
normal NL(A(R)) = {NL"(A(R))|neZ}
13.5 with
= (A (R),C(R)) .
symmetric
The homotopy groups are the { quadratic L-groups of R
normal
L'(R)) = L*(R)
( (R)) = L.(R)
m(NL'(R)) = NL*(R) .

The algebraic L-spectra of 14.1 are the special case K = {x} of:

symmetric

vistble symmetric
quadratic

normal

DEFINITION 14.2 The L-spectrum of a pair (R, K)

with R a commutative ring and K a simplicial complex is the algebraic
[L-spectrum

L(RK) = {L"(R,K)|neZ} = L'(A ( K))
VL'(R,K) = {VL"(R,K)|n€Z} = NL'(A(R, K))
L.(R,K) = {L,(R,K)|n€Z} = L.(A ( K))
NL(R,K) = {NLYR,K)|neZ} = NL(A(R,K))

of 13.4 for the algebraic bordism categories
AR, K) = (A(R,K),B(R,K),C(R,K)),
AR K) = (A(RK)B(R K),B(R,K)) .
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symmetric

The homotopy groups are the visible symmetric L-groups of (R, K)
quadratic

normal
(L' (R,K)) = L*(R,K)
(VL (R, K)) = VL*(R,K)
T (L.(R,K)) = L.(R,K)
m(NL(R,K)) = NL*(R,K)
defined in 9.7.
]

REMARK 14.3 It follows from 9.8 that the forgetful map defines a homotopy
equivalence

VL'(R,K) — L'(R,K) .
In the special case K = {x} already considered in 3.6 this is
VL(R,{+}) = NL(A(R)) ~ L(A(R)) = L(R) .
|
A functor of algebraic bordism categories F: A——A’ induces a map of
algebraic LL-spectra
F:L(A) — L)
F:L.(A) —L.(A)
F: NL(A) — NL(A) .
PROPOSITION 14.4 The universal assembly functor of §9
A: AR, K) — A(R[m1(K)])
induces maps of the algebraic 1L-spectra
A: L'(R,K) — L' (R[m (K)])
A: VL(R,K) — L(R[m1(K)])
A: L(R,K) — L.(R[m(K)])
A: NL(R,K) — NL'(R[r1(K)])
which is a homotopy equivalence L.(R, K) ~ L.(R[n1(K)]) in the quadratic
case.
PROOF The universal assembly maps in quadratic L-theory define isomor-

phisms A: L, (R, K)— L.(R[r1(K)]) by the algebraic -7 theorem (10.6).
m

Recall from §9 the local algebraic bordism category of (R, K)
A(R)«(K) = (A(R,K),B(R,K),C(R).(K)) .

An object in C (R).(K) is a finite f.g. free (R, K)-module chain complex C
such that each [C][o] (¢ € K) is a contractible finite f.g. free R-module chain
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complex. The assembly C(K) over the universal cover K is a contractible
finite f.g. free R[m (K)]-module chain complex, by the algebraic analogue of
the Vietoris theorem (which may be proved using the algebraic Leray—Serre
spectral sequence of the proof of 10.2). Thus C (R).(K) is a subcategory
of C(R, K), and there is defined a forgetful functor of algebraic bordism
categories A(R).(K)—A(R, K).

symmetric

ProproOSITION 14.5 (i) The { .
quadratic

L-theory homology 2-spectrum of

. symmetric . ‘
(R,K) 1is the quadratic LL-spectrum of the algebraic bordism category
A(R,K)
{H-(K;L(R)) = L(A(R).(K))
H.(K;L.(R)) = L.(A(R)«(K)) ,

with homotopy groups
{W*(H-(K;L'(R))) = H.(K;L(R)) = L*(A(R)«(K))
m(H.(K;L.(R))) = H.(K;L.(R)) = L.(A(R)«(K)) .
The assembly maps given by 12.19
A: H.(K;L(R)) — L*(R,K) = L*(A(R,K))

{A : Ho(K;L.(R)) — L.(R,K) = L.(A(R,K))
coincide with the maps induced by the forgetful functor A(R).(K)—>
AR, K).
(ii) The normal L-theory homology Q-spectrum of (R, K) is the normal IL-
spectrum of the algebraic bordism category A(R, K)

~

H.(K;NL(R)) = NL(A(R,K)) = NL(R,K) ,
with homotopy groups
m(H.(K;NL(R))) = H.(K;NL(R)) = NL*(R,K) .
The assembly maps given by 12.19
A: H,(K;NL(R)) — NL*(R,K) = L*(A(R,K))
are isomorphisms.

(iii) The L-homology spectra of (i) and (ii) fit into a fibration sequence
H.(K;L.(R)) — H.(K;L(R)) — H.(K;NL(R)) = NL(R,K) .
PROOF (i) Only the quadratic case is considered, the symmetric case being
entirely similar. The identification of the quadratic L-theory of A.(R, K)

with the LL.(R)-homology of K is the quadratic case of 13.7, with A = A(R).
The covariant functor

L.(R,—) : {simplicial complexes } — {{-spectra } ;
K —L.(R,K) = L(A(R,K))
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is homotopy invariant, since for any quadratic Poincaré complex (C,)
in A(R,K) there is defined a quadratic Poincaré cobordism (C,¢) & I
in A(R, K ® A!) (as in the verification of the Kan extension condition in
14.3), so that the two inclusions K— K ® A! induce homotopic A-maps
L.(R,K)—L.(R, K ® A'). Also, there is defined a commutative diagram
of Q-spectra

H.(K; {L.(R, D(0, K))}) —A > L.(R, K)

~ ~

H.(K;L.(R)) A L.(R, K)

with A the local {L.(R, —)}-coeflicient assembly of 12.18.
(ii) This is the normal case of 13.7 with A = A(R, K).
(iii) This is the special case of 13.9 (i) with A = A(R).(K).
m

The forgetful map H.(K;L.(R))—1L.(R, K) may be composed with the
homotopy equivalence of 14.4 L.(R, K) ~ L.(R[r1(K)]) to define an assem-
bly map

A: H.(K;L.(R)) — L.(R[m(K))]) .
DEFINITION 14.6 (i) The quadratic structure groups of (R, K') are the cobor-
dism groups
Sn(R7 K) = Lnfl(A (Rv K),C (Ra K),(C (R)*(K)) (n S Z’)

of (n — 1)-dimensional quadratic complexes in A (R, K') which are globally

contractible and locally Poincaré.
(ii) The quadratic structure spectrum of (R, K) is the quadratic L-spectrum

S.(R,K) = Y¥L.(A(R,K),C(R,K),C(R).«(K))
with homotopy groups
T (S.(R,K)) = S«(R,K) .
(iii) The algebraic surgery exact sequence is the exact sequence of homotopy

groups
s Hy (K Lo(R)) — Lo(Rlmi(K)))
2 Su (R K) —> Hy 1 (K:L.(R)) —> ...

induced by the fibration sequence of spectra
H.(K;L.(R)) — L.(R[m(K)]) — S.(R,K) .
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The symmetric structure groups S*(R,K) and the symmetric structure
spectrum S’ (R, K) are defined entirely similarly, using symmetric L-theory.

ProOPOSITION 14.7 For any commutative ring R and simplicial complex
K there is defined a commutative braid of exact sequences of algebraic L-

groups
Snt1(R, K) H,(K;L(R)) H,(K;NL'(R))
\ . y XA /
H,(K;L.(R)) VL"(R, K)
/ X . V X
Hp1 (K;NL(R)) Ln(R[m(K))) Sn(R, K)
0

which are the exact sequences of homotopy groups of algebraic L-spectra in
a braid of fibration sequences

H.(K;L.(R)) H.(K;NL'(R))
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PROOF These are just the braids of 13.11 for
A =ARK),B=BRK),C=C(RK), = C(R)«(K),

using 14.4 to replace L.(A,B,C) by L.(R[m(K)]) and 14.5 (ii) to replace
NL'(A,B,B) by NL'(R, K). The universal assembly map

At Hy(K;L.(R)) — Lo(Rm(K)]) 5 (C,$) — (C(K), ()
is defined in 9.10. The map
0: VL"(R,K) — S,(R,K) ; (C,¢) — (0C, 1)

sends an n-dimensional globally Poincaré normal complex in A(R, K) to
the boundary (n — 1)-dimensional globally contractible locally Poincaré
quadratic complex in A (R, K) defined in 2.10.

o

PROPOSITION 14.8 The wvisible symmetrization maps
1+T: L,(R[m(K)]) — VL"(R,K) (n€Z)

are isomorphisms modulo 8-torsion.
PROOF The relative homotopy groups H,(K;NL'(R)) are 8-torsion, since

m(NL'(R)) = NL"(R) = lim L"™"(R) (n€Z),
k
and the hyperquadratic L-groups L* (R) of Ranicki [146, p.137] are 8-torsion.

O
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§15. Connective L-theory

Let ¢ € Z. An Q-spectrum F is g-connective if m,(F) = 0 for n < q. A
g-connective cover of an Q-spectrum F is a g-connective {)-spectrum F (q)
together with a map F (¢)—F inducing isomorphisms m, (F (¢)) = 7, (F)
for n > ¢q. In general, F(q) is obtained from F by killing the homotopy
groups m,(F) for n < ¢, using Postnikov decompositions and Eilenberg—
MacLane spectra.

The g-connective L-theory required for the applications to topology will
now be developed. The g-connective covers of the LL-spectra are explicitly
constructed using algebraic Poincaré complexes of the appropriate connec-
tivity, rather than by killing the homotopy groups using the general ma-
chinery.

Let A = (A,B, C) be an algebraic bordism category.

symmetric L*(g)(A)
DEFINITION 15.1 The g-connective § quadratic L-groups  L.{q)(A) of
normal NL*(q)(A)

A are defined by

L™(g)(A) = L™(A) ifn>q 0ifn<gq
L.(q)(A) = Lp(A) ifn>q,0ifn<gq
NL™(g)(A) = NL"(A) ifn>gq,0ifn<gq.

O

Write the p-skeleton of a simplicial complex K as KP!. Similarly, the
p-skeleton of a pointed A-set K is the pointed A-set KP! with

(K@ = {K(q) ifg<p
{0}  otherwise .

symmetric
DEFINITION 15.2 The g-connective < quadratic L-spectrum of A is the

normal
Q-spectrum of Kan A-sets

L{g)(A) = {L™(q)(A)[neZ}
LAg)(A) = {Lalg)(d)|ncZ)
NL(g)(A) = {NL"(g)(A)|n € Z}
with
L™ (g)(A)(™ symmetric (C, )
L, {(q)(A)(™ = {n-dimensional { quadratic complexes ¢ (C, 1)
NL"(g)(A)™ normal (C, )

in A*(A™) such that C is C*((A™)la="=)_contractible,
ie. C(0)isin C for 0 € A™ with|o| <¢g—n—1},
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such that
QL™g)(A) = L""{g)(A) T (L™ {q)(A)) = L™ (q)(A)
{Q]Ln< >(A) = Ln+1<q>(A) {Wm(Ln<Q>(A)> = Lm+n<q> A)
ONL™{(g)(A) = NL"**(g)(A), U mn(NL™(g)(A)) = NL™ ™ (g)(A),
T (L {q)(A)) = L*(q)(A)
{m(L-<Q>(A)) = L.{(q)(A)
T (NL(g)(A)) = NL*(q)(A),

L™ (q) (A)
with ¢ L,{q)(A) (¢ —n — 1)-connected.
NL"(g)(A)

For a ring with involution R and the algebraic bordism category
A(R) = (A(R),B(R),C(R))
of 3.12 write
LX) (A(R)) = LA{q)(R) L*(q)(A(R)) = L*(q)(R)
{L-<Q>(A(R)) = LAg)(R) {L*<Q>(A(R)) = L.(¢)(R)
NLY(q)(A(R)) = NL{q)(R) , \NL*(q)(A(R)) = NL*(q)(R) .

Given a simplicial complex K and an abelian group A let A*(K; A) be
the A-coefficient simplicial cochain complex of K.

The following results hold in symmetric, normal and quadratic L-theory,
although they are only stated in the symmetric case:

cohomology

homology of a simplicial complex

PRrROPOSITION 15.3 (i) The ]L'(q)(A)—{

cohomology

homology and the simplicial

K is expressed in terms of the IL'(A)—{
Li(A)-coefficient { cochain groups of K by
chain

(H"(K;L(g)(A))
= im(H (K, Klae="=1 1L (A) — H (K, Kl1="=2L, 1L (A)))
= coker(6: AT (K; LY(A))—H (K, Kla—"=11. 1L (A))) ,
Hp (KL (q)(A))
= im(H, (K" L7 (A)— H, (KI"=0+1) Lo (A))
(= coker(0: A, _q41(K; LI(A))—H, (KI"=4;1L°(A))) .

cohomolo
9 groups are related by an

(if) The L*(q)(A)- and L'(q + 1><A>‘{ homology
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exact sequence

. — HT(K;L (g + 1)(A)) — H (KL (g)(A))
s HI(KLI(A)) — H" V(KL (g +1)(A) —> ...,
- — Hy(KG L (g + 1)(A)) — Ho(K;L(g)(A))

— H,_((K;LI(A)) — Hp—1 (KL {(g+1)(A) — ...
with
(H™"(K; L (q)(A) — HT"(K; LY(A))
(C,0) — > (Cla),¢(0))a,

)
H, (K;L{(q)(A)) — Hp—o(K; LI(A)) 5
(C,0) — > (C(0),6(a))o .

\ ccK(n—a)

.. n—qz1 . ,
(iii) If { n—q> dim(K) then the natural map defines an isomorphism
{H—”<K;L-<q><A>> — H"(K;L'(A))
Hy (KL {q)(A) — Hu(KGL(A))
PROOF It is convenient to replace LL'(g)(A) by the deformation retract
L(g)(A) = {L"(@)(A)|neZ},
with L™ (q)(A) the Kan A-set defined by
L™ (q)(A)"™
= {n-dimensional symmetric complexes in A*(A™, (A™)le—=1)1
= {n-dimensional symmetric complexes (C,¢) in A*(A™)
such that C(o) =0 for ¢ € A™ with |o| <¢—n—1},
such that
QL™(g)(A) = L (g)(A) , (L (@)(A) = L™ (g)(A) .
Define an embedding

{H'(K;L'(q)(A)) — L'(g)(A"(K))
H(K;L(q)(A) — L' (g) (A (K))

. cohomolo
of the L. (Q) (A>_{ homOlOngy

spectrum as follows. For cohomology use the embeddings of A-sets

H™(K; L (g)(A) — L™(q)(A(K)) (n € Z)

spectrum in the g-connective symmetric LL-
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by means of the identifications
H"(K; L (q) () =
{ n-dimensional symmetric complexes in A*(K ® AP, (K @ AP)la=n=11)1}
L"(g)(A*(K))" =
{ n-dimensional symmetric complexes in A*(K ® AP, K @ (AP)la=7=11)}
and the inclusion
(K ® AP, (K®Ap)[qfn71]) — (K® AP, K ® (Ap)[qfnfl]) .

For homology use an embedding K C OA™*! to define embeddings of A-
sets

H o (KL () (A) — L™(@)(A(K)) (n € Z)
by means of the identifications
H,(K;L (g)(A)® = H"™(S™, K; L (q)(A)™
= {(n — m)-dimensional symmetric
complexes in A*(E™ @ AP, (2™ @ AP)la—n+tm=H UK @ AP)} |
L™ (@) (A (K)® = L™ (q)(A" (3™, K), B* (X", K), C* (3™, K))™)
= {n-dimensional symmetric complexes in A, (K)*(AP, (AP)la—n=1)1
= {(n — m)-dimensional symmetric
complexes in A*((2™, K) @ (AP, (AP)la—n=1))y
and the inclusion
(™ @ AP, (2™ @ AP)a—ntm—l K @ AP) —
(57, ) @ (A, (A%)a=n-1) = (57 @ AP, 5 @ (A7) U R @ AP)

(i) Consider the two cases separately, starting with cohomology. Use the
identifications

{ A-maps K{—L"(¢)(A)} = {A-maps (K, KI""""1)—IL"(A)}
= {n-dimensional symmetric complexes in A* (K, Kla—n=1)}
to define a surjection of homotopy groups
H= (K, KL () = (K, KL (A), 6]
— H™"(K;L(q)(A) = [K4, L™(q)(A)] -
An element in the kernel is represented by a A-map
(&, K="y @ {0} — (L™(A), 0)
which extends to a A-map
(Ko AL Kl UgoyuKl" A g AlUK @ {1}) — (L"(A),0) .
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The first map in the exact sequence
H™KoAL K UgoluKlim2A oAl UK ® {1};L'(A))

inclusion”™

—— H (K {0}, K" " U {0};L(A)
— H™"(K;L(q)(A)) — 0
is isomorphic to the first map in the exact sequence
HY(glamn=1 gla=n=2l.1(A)) _6_>
H™(K,Kli U1 (A) — H (K, Ko =2 L (A)) .

This gives an identification
H™™ (K3 (g)(A)) = coker(9) ,
and the domain of § can be expressed as a cochain group
H Y (Kla—n=U glamn=2L 1 (A)) = AT"1(K;LI(A)) .
The result for homology may now be deduced from the cohomology result.

Embed K C OA™*! for some m >0, and note that the supplement of the
p-skeleton K" in 9A™+1 is given by

Kbl = Ky @Emm—r-tUcym (p>0),
By duality and the cohomology result
H, (K5 L (g)(A) = H™ (3™, K; L' (q)(A))
= coker(6: H" " HEK u (xm)la—rtm-1 Ky (mm)lamntm=2 1, (A))
—s H™ (2™ K U (2m)la—ntm=il 1 (A)))
= coker(9: H, 1 (K"~ K= 1 (A) — H, (KI"~9, L (A)))

= coker(d: Ay _gi1(K; LY(A))— H, (K"~ 1L°(A))) .
(ii) The relative homotopy groups of the pair (L(¢)(A),L (¢ + 1)(A)) are
given by
) . Li(A) ifm=
m L@ Lt + D) = {EO =
0 otherwise
so that there is defined a fibration sequence of (2-spectra
L(g+1)(A) — L(g)(A) — K.(LU(A),q) .
Here, K.(LI(A), q) is the Q-spectrum of Eilenberg—MacLane spaces with
K.(LY(A),q)n = K(LI(A),q—n) (n<q).
(iii) This follows from
H™(K;1L(A)) = lim H™"(K;L(g)(A))

q——00

Ho(K:L(A)) = lim  Hy (KL A(g)(A))
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and the identifications given by (ii)
{ H™(K;L{n—1)(A)) = H (L (n—2)(A)) = ... = H "(K;L(A))
H,(K;L(n—k)(A) = H,(L'{n—k—-1)(A)) = ... = Hy(K;L(A)),

with k& = dim(K).

m
DEFINITION 15.4 (i) A finite chain complex C in A (R) is g-connective if

H.(C) =0 forr<gq,

or equivalently if C' is chain equivalent to a complex D with D, = 0 for
r<q.
(ii) A finite chain complex C'in A (R, K) is g-connective if each C(0) (0 € K)
is g-connective, or equivalently if each [C][o] (o € K) is g-connective.
(iii) An n-dimensional symmetric complex (C, ¢) in A (R, K) is g-connective
if C' and C™™* are g-connective.
(iv) An n-dimensional symmetric complex (C,¢) in A (R, K) is locally gq-
Poincaré if 0C = ST1C(¢g: C"*——C) is g-connective.
Similarly for normal and quadratic complexes.

m

Note that the assembly of a g-connective chain complex C'in A (R, K) is
a g-connective chain complex C(K) in A (R[m (K)]).

EXAMPLE 15.5 Given a simplicial complex K and any homology class [K] €
H,(K) let (C, ¢) be the n-dimensional symmetric complex defined as in 9.13,
with

C(0) = A(D(0,K),0D(0,K)) (0 € K) |

$o(K) = [K]N—: C" *(K) ~ A(K')"* — C(K) = A(K').
If K is n-dimensional then (C, ¢) is 0-connective. (C, ¢) is locally ¢g-Poincaré
if and only if

HT([D(Uu K)] n-—: A<D(O-7 K))ni‘ali*—_)A(D(O-v K)7 aD(O-v K))) =0
(ceK,r<gq),
in which case
H,(0D(0,K)) = H,(linkg(0)) = H.(S"17I71) (r<q-1).
m

The following conditions on an n-dimensional symmetric complex (C, ¢)
in A(R, K) are equivalent:
(i) (C,¢) is locally g-Poincaré,
(ii) the R-module chain complexes
9C(o) = S7'C(¢o(0): [C][o]" 171 —C(0)) (0 € K)

are g-connective,
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(iii) the R-module chain complexes
[0C][o] = S7'C([do]lo): C(0)"11*—[C]l0]) (0 € K)
are g-connective.

A simplicial complex K is locally q-Poincaré with respect to a homol-
ogy class [K| € H,(K) if the n-dimensional symmetric complex (C,¢) in
A(Z,K) defined in 9.13 (with C'(K) = A(K") etc.) is locally g-Poincaré.

REMARK 15.6 The following conditions on a simplicial complex K with a
homology class [K| € H,(K) are equivalent:
(i) K is locally ¢g-Poincaré,
(ii) H,.([D(o, K)]N—:A(D(o, K))*~lol=* —A(D(0,K),dD(0,K))) = 0
forallc € K, r <gq,
(iii) H,([D(o, K)]N—: A(D(0, K),0D(0, K))"~lol=* —A(D(0, K))) = 0
foralloc e K, r <gq.
]

DEFINITION 15.7 (i) The g-connective algebraic bordism categories of a ring
with involution R are

Mg)(R) = (A(R),B(q)(R),Clg)(R)) ,

Mg)(R) = (A(R),B(q)(R), B(q)(R))

with B(q) (R) the category of g-connective finite chain complexes C'in A (R),
and C(q)(R) = C(R) C B{q)(R) the subcategory of contractible complexes.
(ii) The g-connective algebraic bordism categories of a commutative ring R
and a simplicial complex K are

Mgy (R, K) = (A(R K),B(q)(R, K),C{q)(R, K)) ,

Mgy (R, K) = (A(R, K),B(q)(R, K),B(q)(R, K))
with B(¢)(R, K) = B(q)(R)«(K) the category of g-connective finite chain
complexes C' in A (R, K) and C(¢)(R, K) C B(q)(R, K) the subcategory of
the globally contractible complexes.

AR K
AR, K

O

In the special case K = {x} write the g-connective algebraic bordism
categories as
Ma) (R, {*}) = Ma)(R),

Ma) (R, {+}) = Ma)(R) .

It should be noted that the symmetric L-groups L*(A(q)(R)) of the g-
connective algebraic bordism category A(g)(R) need not be the same as
the g-connective symmetric L-groups L*(q)(R) of R. Likewise for the other
categories.
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ExaMpLE 15.8 (i) The quadratic L-groups of A(0)(R) coincide with the
0-connective quadratic L-groups of R
Ln(AO)(R)) = Ln(0)(R) = Ln(R) (n20),
by virtue of the 4-periodicity of the quadratic L-groups, and the map of
quadratic L-spectra
L.(A{0)(R)) — L.(0)(R)
is a homotopy equivalence.
(ii) The symmetric L-groups of A(0)(R) are the connective symmetric L-
groups of 3.18
L"(A0)(R)) = L"(R) (n=0),
while the 0-connective symmetric L-groups of R are the 4-periodic symmet-
ric L-groups of 3.12
L"(0)(R) = L"***(R) (n>0).
If R is a ring such that the symmetric L-groups L*(R) are 4-periodic (such
as R = Z) then the map of symmetric L-spectra
L (A(0)(R)) — L(0)(R)
is a homotopy equivalence. If also L°(R)—NL°(R) is onto then the map
of normal L-spectra
NL(A(0)(R)) — NL(0)(R)
is a homotopy equivalence.

O

PROPOSITION 15.9 For any commutative ring R and a simplicial complex K

symmetric
the § quadratic L-spectrum of the algebraic bordism category A(q)(R).(K)

normal
(given by 4.1) is the homology spectrum of K with coefficients in the corre-

sponding q-connective LL-spectrum of R
L(A{q)(R)«(K)) = H.(K;L'(A{g)(R))
L.(Mq)(R)«(K)) = H.(K;L.(A(g)(R))
NL (M) (R).(K)) = H.(K;NL(A{g)(R)) -

ProoOF Exactly as for 13.7, which is the special case ¢ =

)
)

By analogy with 15.6:

DEFINITION 15.10 (i) The g-connective quadratic structure groups of (R, K)
are the cobordism groups

Sn(g)(R, K) = Ln1(A(R, K),C(q)(R, K),C(q)(R):(K)) (n€Z)
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of g-connective (n — 1)-dimensional quadratic complexes (C,v) in A (R, K)
which are globally contractible and locally Poincaré.

(ii) The g-connective quadratic structure spectrum of (R, K) is the quadratic
[L-spectrum

S-<Q><R> K) = E]L“(A (R> K)a C <Q>(R7 K)a C <Q>(R)*(K))
with homotopy groups
m(S.{q) (R, K)) = S.(q)(R, K) .

(iii) The g-connective algebraic surgery exact sequence is the exact sequence
of homotopy groups

s H(K:Lq)(R)) — Lu(Alg)(R,K)) —
Sn(@)(R, K) — Hy,_1(K;L.(q)(R)) — ...
induced by the fibration sequence of spectra
H.(K;L.(¢)(R)) — L.(A{g)(R, K)) — SA{q)(R, K) .
]

The g-connective symmetric structure groups S*(q)(R, K) and the g-conn-
ective symmetric structure spectrum S'(q)(R, K) are defined entirely simi-
larly, using symmetric L-theory.

PROPOSITION 15.11 (i) The assembly map
Ln (M) (R, K)) — Ln(R[m1(K)])

s an isomorphism if n > 2q.
(ii) For n > max(2q + 1,q + 2)

Sn(q)(R,K) = ker(S,(R, K" —=A, (K;L, 1(R)))
and for n > max(2qg 4+ 1,q + 3)
Sn(g)(R, K) = im(S, (R, K"~ —§, (R, KI"~1)) .

(iii) For n > 2q + 4 the g-connective and (q + 1)-connective quadratic S-
groups are related by an exact sequence

. — H,_((K;Ly(R)) — Sp{¢g+ 1)(R,K) —
Sn(@)(R, K) — Hp—q1(K; Lg(R)) — ... .
(iv) If K is k-dimensional and n > max(q + k + 1,2q + 4) then
Sn{g)(R,K)=S,(R,K) .
(v) If K is k-dimensional and n > max(q+ k,2q+4) then there are defined
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eract sequences
0 — Sn(g)(R, K) — Sp(qg — I)(R, K) — Hy—q(K; Lg-1(R))
— S () (R K) — Spa{g — )R, K) — ...,
0 — Sp—1(¢—1)(R,K) — Sp—1(¢ —2)(R,K) — Hp—q(K; Lg—2(R))
— Sp2(¢—1)(R,K) — Sp_2(¢ —2)(R, K) — ...
with
Sulg — )R, K) = Sa(R,K) , Sp_1lg—2)(R,K) = S,_1(R, K) .
PROOF (i) The assembly map L,,(R, K)—L,,(R[m1(K)]) is an isomorphism
by the algebraic -7 theorem (10.6). The forgetful map L, (A{q)(R, K))—
L, (R, K) is an isomorphism for n > 2¢, with the inverse
Ln(R, K) — Ln(Mg)(R, K)) 3 (C,9p) — (C",4))

defined by sending an n-dimensional quadratic complex (C,v) in A(R, K)
to the n-dimensional quadratic complex (C’,4’) in A{q)(R, K) obtained by
surgery below the middle dimension using the quadratic pair (C——D, (0,1)))
with

D, — {C’T if 2r >n+1

0 otherwise.

(ii) Consider the map of exact sequences

H, (K" L (g)(R)) —— H,(K;L.(q)(R))
Lo (AMg)(R, K"=)) ——— L, (A(g)(R, K))
Su(g)(R, K" ) — 8, (q) (R, K)

Hy, (K" L{q) (R)) —— Hy1 (K L.(q)(R))

Ly 1 (M) (R, KI"=1)) — S L, 1 (Ag)(R, K)) .

The condition n — ¢ > 2 is used to identify
m (K1) = m(K)
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and since n — 1 > 2q (i) applies to show that up to isomorphism
Ly (AMa)(R, K"~ 9)) = Ly (R[mi (K")])
= Lin(Rlm(K)]) = Lm(Ag)(R, K))
for m =n,n — 1. By 15.3 (i) the map
Hy (K" L. (g)(R)) = Ho(K" 9 L.(R)) —
H,(K;L.(¢)(R)) = im(H, (K"~ %:L.(R))—H, (K" " L.(R)))

is a surjection, so that there is defined an isomorphism

H,_ (K" L (g)(R)) —
H,_(K;L.(¢)(R)) = im(H,,_1 (K"~ L (R))—H,_ (K" 9. L.(R))) .

Y

An application of the 5-lemma gives an isomorphism

Sia) (R, KI"~1) = §,(q) (R, K) .
Consider the map of exact sequences
H, (K" L (q)(R)) ——— H, (K" 1L.(R))

Ly (Ag) (R, K"~ 9)) ———— L, (A(R, K"~ 1))

Su(a) (B, K"~9) ———— S, {q) (R, K"~7)

Hy o (K9 L(q) (R)) —— Hyr (K" L(R))

L1 (Ag)(R, K1) —— L, (A(R, K1) .

Again, (i) applies to show that up to isomorphism
Lon(Ag)(R, KI"=4)) = L. (R[m (K"~
= Ln(Rlm(K)]) = Lm(A(R, K))

for m =n,n — 1. By 15.3 (i) there is defined an isomorphism

Ho (K0 L. (q)(R)) — Ho(K"9L.(R)),
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and there is also defined an exact sequence
0 — Hn 1 (K" L. (q)(R))

— H, (K" L (R) — A, _o(K; Ly 1(R)) .
It follows that
Sn{@)(R, K) = Sn(g)(R, K"~
= ker(Sp(R, K"~ —— A, _,(K;L,_1(R))) .

If n—q > 3 there is defined a map of (co)fibration sequences of Q2-spectra

H.(K[”_q_l];IL.(R)) ——L.(R, K[n—q—l]) »S.(R, K[n—q—l])

| | |

H.(K"4.L.(R) ——L.(R, KI"™1) —— S.(R, KI"~9)

with L.(R, K!"~9=1)—L.(R, K[*~4) a homotopy equivalence, giving rise
to a homotopy equivalence

homotopy fibre of S.(R, K["—q—”)_>§_(3, K[’n—q})
~ homotopy cofibre of H.(KM"~ 9~ L (R))—H (K"~ 4, L.(R)) .

Thus there is defined an exact sequence
S, (R, KIn=1-1y s, (R, K"y — H, (K4, gln=a-11.1, (R))
(= An—g(K;Lg—1(R)))
and
Su(@)(R,K) = im(Sa(R, K" =" 1) —8,(R, KI"~)).

(iv) There is defined a map of (co)fibration sequences of Q2-spectra

H.(K;L.(q + 1)(R)) —— L.(A{g + 1)(R, K)) —— S.{q + 1)(R, K)

! I i
H.(K;L.(q)(R)) ——— L.(A{g)(R, K)) ———S.{¢)(R, K)

inducing an exact sequence of relative homotopy groups
. — () — T(B) — () — Tpo1(@) — L.
By (i) mn(8) = 0 for n > 2q + 3, so that for n > 2¢q + 4
ma(7) = Taor(a) = Hagor(K; Ly(R))
(by 15.3 (ii)).
(iv)+(v) Apply (iii) and 15.3 (iii).
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DEFINITION 15.12 (i) The g-connective visible symmetric L-groupsof (R, K)
are the cobordism groups

VL™ () (R, K) = NL"(AMq)(R, K)) (n€Z)

of g-connective n-dimensional normal globally Poincaré complexes (C, ¢) in
A(R,K).

(ii) The g-connective visible symmetric L-spectrum of (R, K) is the algebraic
[L-spectrum

VL'<Q>(R7 K) = NL'<A<Q>(R7 K))
with homotopy groups
T (VLY(q)(R, K)) = VL (q)(R,K) .

By analogy with 15.7:

PROPOSITION 15.13 For any commutative ring R and simplicial complex
K there is defined a commutative braid of exact sequences of algebraic L-

groups
&m@(& yﬂ,(/&(qx{ ?N L{q)(R))
}(K,L (a)(R)) }@(R, K)
Hy1(K;NL(g)(R)) Ly (AMa) (R, K)) Sn{a) (R, K)

O

In view of the topological applications it is convenient to introduce the
following ‘1/2-connective’ hybrids of 0-connective and 1-connective algebraic
LL-spectra, making use of the following algebraic bordism categories.
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DEFINITION 15.14 (i) The 1/2-connective algebraic bordism categories of a
ring with involution R are

A(1/2)(R) = (A(R),B(0)(R),C(1)(R)) ,
A1/2)(R) = (A(R),B(0)(R),B(1)(R)) .

(ii) The 1/2-connective algebraic bordism categories of a commutative ring
R and a simplicial complex K are
A1/2)(R, K) = (A(R,K),B{0)(R, K),C(1)(R, K)) ,

A1/2)(R,K) = (A(R,K),BO)(R, K),B(1)(R,K)) .

(iii) An n-dimensional normal complex (C, ¢) in /AX(R, K) is 1/2-connective
if it is defined in A(1/2)(R, K), i.e. if it is O-connective and locally 1-
Poincaré.

(iv) The 1/2-connective {mszble symmetric

L-groups of (R,K) are the
normal

cobordism groups
VL*(1/2)(R,K) = NL*(A{1/2)(R,K))
{NL*<1/2><R,K> = NL*(A(1/2)(R, K))

globally Poincaré

of n-dimensional 1/2-connective { normal complexes in

AR, K).
O

DEFINITION 15.15 The 1/2-connective normal L-spectrum of a ring with
involution R is the Q-spectrum of Kan A-sets

NL'(1/2)(R) = NL(A(1/2)(R))
with
NL"(1/2)(R)™
= {(C,¢) € NL™(A(0)(R))"™ [ (3C, 1)) € L1 (A1) (R)™ }
and homotopy groups ~

m(NL'(1/2)(R)) = NL*(A(1/2)(R)) -
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PROPOSITION 15.16 (i) The 1/2-connective normal L-spectrum N1L*(1/2)(R)
fits into a commutative braid of fibrations of Q-spectra

AA
\/\/

NL(1/2)(R

/\/\
vv

(ii) The 1/2-connective normal L-groups are such that

(R))

YINL (A

NL™(R) ifn>1

im(L! 1 if n =
NL"(1/2)(R) = LOEIZ;L)(R)_)NL " ;n:(l)

0 ifn<0,

with a long exact sequence
. — L,(1)(R) — L"(0)(R) — NL"(1/2)(R) — L,—1{(1)(R) —> ... .

(iii) For a commutative ring R and a simplicial complex K there are natural
identifications

NL*(1/2)(R,K) = H,(K;NL'(1/2)(R)) .

O

DEFINITION 15.17 The 1/2-connective visible symmetric L-spectrum of a
commutative ring R and a simplicial complex K is the Q-spectrum of Kan
A-sets

VL (1/2)(R,K) = NL'(A(1/2)(R, K))
with
VL™ (1/2)(R, K)™
= {(C,¢) € NL"(A0)(R, K))"™ | (9C, ) € Lyp—1 (A(L)(R,K))"™ } |
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and homotopy groups
(VL (1/2)(R,K)) = VL*(1/2)(R,K) .
]

PROPOSITION 15.18 (i) The 1/2-connective visible symmetric L-groups
VL*(1/2)(R, K) fit into a commutative braid of exact sequences of algebraic

L-groups
Sn+1<1><R< Hn/(K MM@ ?L'(l/Q)(R))
Hy (K5 L(1)(R)) VL"(1/2)(R, K)
H,1(K;NL w<l>(RU>(R, K)
The map

Ln(R[m(K)]) = Lo(A(L)(R,K)) — VL™(1/2)(R, K) ;
(07 ¢) — (Cla (1 + T)W)
sends an n-dimensional quadratic complex (C,1) in A(R, K) to the sym-
metrization of any globally Poincaré cobordant quadratic complex (C' ")
in A(1)(R,K).

(ii) The 1/2-connective visible symmetric L-groups V L*(1/2)(R, K) are re-
lated to the 0-connective visible symmetric L-groups

VL (0)(R,K) = NL"(A(O)(R,K)) (n>0)

by a commutative braid of exact sequences
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H,(K Lo{‘ 9”1[4 <1@‘ L/l('A<O>(R7 K))
VL"(1/2)(R, K) H,(K;NL (A(0)(R)))
L (AO)(R, K)) VL™ (0)(R, K) Hy (K Lo(R))

(iii) The 1/2-connective visible symmetric L-groups V L*(1/2)(R, K) fit into
a commutative braid of exact sequences

Hy (K5 L (M@A }(OMR{ }(K, Lo(R))
VL™ (1/2)(R, K) Sn(0)(R, K)
Hy(K; Lo(R)) Sn(1)(R, K) Hp 1 (KL (A0)(R)))

PROOF (i) The 1/2-connective visible symmetric L-spectrum VL' (1/2)(R, K)
fits into a commutative braid of fibrations of {2-spectra
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H.(K D({A }(}/%(f{
L.(AL) (R, K)) S(1)(R,K) ,

inducing a commutative braid of exact sequences of homotopy groups.

(ii) and (iii) follow from (i).
O

Note that for a ring R with L*(R) 4-periodic and L°(R)— N L°(R) onto
(e.g. R = Z) the 0O-connective n-dimensional L-groups of (R, K) are 4-
periodic for n > dim(K), with

VL"(0)(R,K) = VL"(R,K) = VL""(R, K)
SH{0)(R,K) = Sp(R,K) = Spia(R, K)
Hy(K;LI(A0)(R))) = Hy(K;L(0)(R))

= Hn(KGL(R) = Hnppa(KL(R))
Hy (K;L.(A0)(R))) = Hn(K;L.(0)(R))

= Hn( L.(R)) = Hnta(K;L.(R))
H,(K;NL(A(0)(R))) = Hn(K NL(0)(R)

= H,(K;NL(R)) = Hnpa(KGNL'(R)) .
Also, for n > 2

Ln(MR, K)) = Lan(AQO)(R, K)) = Ln(A1)(R, K))

Ly (R[m (K)]) -
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DEFINITION 15.19 The algebraic surgery exact sequence of a simplicial com-
plex K is the exact sequence

s (KL o L2l (K))

o
— Su(K) — H, 1 (K;L.) — ...
given by 15.18 in the special case R = Z, with
S«(K) =S (1)(K), L. = L.(1)(Z) .
O

The algebraic surgery exact sequence will be identified in §18 with the
Sullivan—Wall geometric surgery exact sequence for the topological manifold
structure set.






Part 11

Topology
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§16. The L-theory orientation of topology

The algebraic theory of §§1-15 is now applied to construct the L-theory ori-
entations which distinguish topological bundles and manifolds from spheri-
cal fibrations and geometric Poincaré complexes. The geometric interpreta-
tion of such orientations has already been discussed in Ranicki [143], Levitt
and Ranicki [94]: the L-theory orientations are algebraic images of the
geometric Poincaré orientations, which are the homotopy theoretic conse-
quences of the transversality properties characteristic of topological bundles
and manifolds

Topological bundles and spherical fibrations are already distinguished by
the rational homotopy groups of the classifying spaces

W*(BG)®Q = 7T::71®Q =0 <*>0)7
m.(BTOP)®Q = m.(G/TOP)®Q

Q if x =0(mod 4)

= L2)eQ = {o if ¥ 2 0(mod 4) .

The rational cohomology ring H*(BSTOP;Q) = H*(BSO;Q) of the clas-
sifying space BSTOP for stable oriented topological bundles is the poly-
nomial algebra over (Q generated by the universal Pontrjagin classes p, €
H*(BSO0;Q) (Milnor and Stasheff [114], Novikov [123]). The Pontrjagin
classes are not defined for spherical fibrations, since H*(BSG;Q) = 0 for
* > 0.

Abbreviate

L(0)(Z) = L, L.(1)Z) = L. , NL(1/2)(Z) = L',
VL*(1/2)(Z,X) = VL*(X) , NL*(1/2)(Z,X) = L*(X).

A spherical fibration v: X—BG(k) will now be given a canonical L-
cohomology Thom class U, € H*(T(v);L’), with T(v) the Thom complex,
H* reduced cohomology. Topological reductions 7: X —BTOP(k) of v (if
any) are in one—one correspondence with lifts of ﬁy to an LL'-cohomology
Thom class Uy € H F(T(v); L), with any two lifts differing by an element
of H*(T(v);L.). Rationally, such lifts correspond to the Pontrjagin classes
p«(7) € H¥*(X;Q), or equivalently the £-genus L£(7) € H¥*(X;Q).

The normal signature of an n-dimensional geometric Poincaré complex X
is a canonical I/[:'—homology fundamental class

[X]o = 6*(X) € Ho(X;L) = L™(X) .
In §17 it will be proved that for n > 5 topological manifold structures in the
homotopy type of X (if any) are in one-one correspondence with lifts of [X]~
to an L'-homology fundamental class [X]. € H,(X;L") with assembly the

‘1/2-connective visible symmetric signature’ A([X]|) = ¢*(X) € VL™ (X).
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(Recall that 1/2-connective = 0-connective and locally 1-Poincaré). In the
first instance, only the oriented case is considered: see Appendix A for the
modifications required for the nonorientable case. From now on the same
terminology is used for a simplicial complex X and its polyhedron | X|, and
both are denoted by X.

The difference between the stable theories of spherical fibrations and topo-
logical bundles can be formulated as a fibration sequence of the classifying
spaces

J
G/TOP —s BTOP — BG ,

and also in terms of the algebraic IL-spectra. See Appendix B below for an
account of the multiplicative structures on the algebraic LL-spectra involved.
See Rourke and Sanderson [154] for the theory of topological block bundles.
For k > 3 the classifying space BTfO/P(k;) for k-dimensional topological
block bundles fits into a fibration sequence

G/TOP —s BTOP(k) —s BG(k)
with BG(k) the classifying space for (k — 1)-spherical fibrations. For k < 2

there is no difference between spherical fibrations, topological block bundles
and vector bundles, so that BG(k) = BTOP(k) = BO(k).

PROPOSITION 16.1 (Ranicki [143], Levitt and Ranicki [94,1.12]) Let k > 3.
(i) A (k—1)-spherical fibration v: X — BG(k) has a canonical L°-cohomo-
logy orientation

U, € H*(T(v);L") .
(ii) A topological block bundle : X —sBTOP(k) has a canonical LL'-cohomo-
logy orientation

Uy € H*(T(v); L")
with image J(Uyp) = U, € H* (T(V);IE') the canonical L' -cohomology orien-
tation of the associated (k — 1)-spherical fibration v = J(v): X — BG(k).
(iii) The topological reducibility obstruction of a (k — 1)-spherical fibration
v: X— BG(k)

t(v) = 6(U,) € HY(T(v);L.)

is such that t(v) = Oif;and only if there exists a topological block bundle

reduction U: X —BTOP(k). Here, 0 is the connecting map in the exract

sequence
14T

. . J . ~
. — H¥T(v);L.) — H*(T(v);L") — H"(T(v);L")
é .
— HF ™Y T();L.) — ... .
(iv) The simply connected surgery obstruction defines a homotopy equiv-
alence between the classifying space G/TOP for fibre homotopy trivialized
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topological bundles and the 0th Kan A-set Lo = 1.(1)o(Z) of the 1-connective
quadratic L-spectrum L. of Z

G/TOP — Ly .
(v) The difference between two topological bundle reductions v,v': X —
BTOP(k) of the same (k—1)-spherical fibration v: X — BG (k) is classified
by a difference element
t(,7') € [X,G/TOP] = H°(X;L.)
such that
Uy — Uy = (1+T)(Up Ut(0,7") € HY(T(v); L) ,

with Uy U —: HO(X; L. )—>H’“(T( );L.) the L.-cohomology Thom isomor-
phism. If 0" X——>BTOP(k;) is yet another reduction of v then

t, ") = t(p,0) + t(@,0") + t@@,V)ut@, ") € H'(X;L.) .
PROOF The singular complex of the Thom complex T'(v) of a spherical
fibration v: X — BG (k) contains as a deformation retract the subcomplex
of the singular simplexes p: A" ——T(v) which are normal transverse at the
zero section X C T(v), with M = p~1(X) an (n— k)-dimensional geometric
normal complex n-ad.
(Added in 2009: Let QN (X,v) be the Kan A-set in which an n-simplex
is an (n — k)-dimensional normal space n-ad (Y;01Y,...,0,Y;vy : Y —
BG(k),p: A™ — T'(vy)) such that p(0;A™) C T'(vs,y ), with a normal map
(f,0): (Y,vy) — (X,v). The map of Kan A-sets

ON(X,v) > T(w) ; (Yi01Y,...,0,Y;0v,p) = T(b)p

induces the normal space Pontrjagin-Thom isomorphisms
ON(X,v) = 7, (T(v)) with inverses

m(T(V) = Q3 (X,v) 5 px = (X, v, px), 1)

and is thus a homotopy equivalence. )

The canonical IL -cohomology orientation U, e H F(T(v); IE) is represented
by the A-map U,: T(v )—>]L * sending p to the (n— k)-dimensional normal
complex 5* (M) = (C, ¢) in A(Z)*(A") defined in 9.15. A topological block
bundle reduction r: X ———)BT/é/P(k) corresponds to a further deformation
retraction of the singular complex of T'(v) to the subcomplex consisting
of the singular simplexes p: A" ——T'(v) which are Z-coefficient Poincaré
transverse at the zero section X C T(v), with M = p~1(X) a Z-coefficient
geometric Poincaré n-ad. The reduction is equivalent to the lift of [7” to the
L'-cohomology Thom class Uy € H F(T(v); L") represented by the A-map
Us: T(v)—L~* sending p to the (n — k)-dimensional symmetric Poincaré
complex o*(M) = (C,¢) in A(Z)*(A"™) defined in 9.13. For further details
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see [94] and [143].
O

For k£ > 3 the classifying space BTAO/P(k) for k-dimensional topological
block bundles fits into a fibre square

BTOP(k) —— BL'G(k)

| |

BG(k) —— BL'G(k)

with BL'G(k) the classifying space for (kK — 1)-spherical fibrations with a
wy-twisted L'-orientation, and similarly for BL'G(k).

REMARK 16.2 The canonical I."-cohomology orientation of an oriented topo-
logical bundle 7: X — BSTOP (k) is given rationally by the inverse £-genus

U; ©Q = L71(D)
e HY(T(v);L)®Q = Y HY™MT(9):;Q) = > HY(X;Q) .

j=0 Jj=0
Both the £-genus and the symmetric signature determine and (modulo tor-
sion) are determined by the signatures of submanifolds, as used by Thom to
characterize the £-genus as a combinatorial invariant (Milnor and Stasheff
114, §20)).
]

REMARK 16.3 The characterization of topological block bundles as L'-
oriented spherical fibrations generalizes the characterization due to Sullivan
[168] of topological block bundles away from 2 as K O[1/2]-oriented spher-
ical fibrations, which is itself a generalization of the Atiyah—Bott—Shapiro
K O-orientation of spin bundles. See Madsen and Milgram [102,5A] for a
homotopy-theoretic account of the K O[1/2]-orientation of PL-bundles. The
characterization of topological block bundles as spherical fibrations with al-
gebraic Poincaré transversality (i.e. an L’-orientation) corresponds to the
characterization of topological block bundles as spherical fibrations with
geometric Poincaré transversality due to Levitt and Morgan [93], Brumfiel
and Morgan [20].

]

If X is an n-dimensional geometric Poincaré complex with Spivak normal
structure (vx: X —BG(k), px:S"TF—T(vx)) then X; = X U {pt.} is
an S-dual of T'(vx), with S-duality isomorphisms

B (T(vx)) = ha(X)
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for any generalized homology theory h. The topological reducibility ob-
struction of vy

tvx) € H*'(T(vx);L.) = H, 1(X;L.)
will now be interpreted as the obstruction to lifting the fundamental L-
homology class

(X]e = U,y € HYT(vx);L) = Ho(X;L)

to a fundamental L'-homology class [X]|, € H,(X;L’). In the first in-
stance it is shown that every finite geometric Poincaré complex X is homo-
topy equivalent to a compact polyhedron with a 1/2-connective symmetric
normal structure, allowing the direct construction of [X ]E as the cobor-
dism class of an n-dimensional 1/2-connective symmetric normal complex in
A(Z, X). This will also allow the refinement of the visible symmetric signa-
ture o*(X) € VL"(Z, X ) defined in §9 to a 1/2-connective visible symmetric
signature 0*(X) € VL™(X). The total surgery obstruction s(X) € S,,(X)
will be defined in §17 as the boundary of ¢*(X) € VL"(X), such that
s(X) = 0 if and only if 0*(X) = A([X]L) € VL™(X) for a fundamental
L'-homology class [X]r € H,(X;L").

DEFINITION 16.4 An n-circuit is a finite n-dimensional simplicial complex
X such that the sum of all the n-simplexes is a cycle

[X] = > 7eker(dAX)y—A(X)n 1) ,
TeX ()
possibly using twisted coefficients (in the nonorientable case).
o

By the Poincaré disc theorem of Wall [177,2.4] every connected finite
n-dimensional geometric Poincaré complex X is homotopy equivalent to
Y Ue™ for a finite (n — 1)-dimensional CW complex Y, and hence to an
n-circuit. Thus in dealing with the homotopy theory of finite geometric
Poincaré complexes there is no loss of generality in only considering circuits,
and for the remainder of §16 only such complexes will be considered.

Let then X be a finite n-dimensional geometric Poincaré complex which
is an n-circuit. (It is not assumed that each (n — 1)-simplex in X is the face
of two m-simplexes, cf. 16.8.) As in 9.13 define an n-dimensional globally
Poincaré normal complex (C,¢) in A(Z, X) with

C(X) = AX") , O(r) = A(D(1,X),0D(1,X)) (teX).
The (Z, X)-module duality chain map
do(X) = [X]Nn=: C"*(X) ~ AX)"™" — C(X) ~ A(X)
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has components
do(T) = [D(r, X)]N—:
C" (1) = AD(r, X)) "= — C(r) = A(D(r,X),0D(r, X)) .
For every simplex 7 € X up to chain equivalence
do(r) » §"MZ — STTIAX, X\{7}) : 1 — [X][r],
and
H.(¢o(7)) =
H.([D(1, X)] N —: A(D(r, X))"~"I=*— A(D(7, X),0D(1, X))) ,

with an exact sequence
n—|T|—r(fs [XIn~ ~
oo HVTT({7)) —— Hoyg (X, X\ (7)) —
H,(¢o(1)) — HITl=r+1({72) — ...

The n-dimensional normal complex (C,¢) in A (Z, X) is 0-connective and
globally Poincaré, and the boundary (n — 1)-dimensional quadratic complex

in A(Z, X)
9(C,¢) = (9C,¢)

is 0-connective, locally Poincaré and globally contractible, with
2C(1) = S71C(¢o(1): C" *(1)—C(7)) ,
H.(9C(7)) = Hit1(¢o(7)) (7€ X).

For each n-simplex p € X the (—1)-dimensional quadratic complex
(0C(p),¥(p)) in A (Z) is contractible (since D(p, X) = {p} is a 0-dimensional
Poincaré complex), so that for each (n — 1)-simplex 7 € X1 the 0-
dimensional quadratic complex (0C(7),1(7)) in A (Z) is Poincaré. In view
of the exact sequence given by 15.11 (iii)

.S (X) — Sp(0)(Z, X) — Hp—1(X; Lo(Z)) — Sp—1(X) — ...

the image of (0C, ) € S,,(0)(Z, X) is the element
o(X) = Y, 7(0C(7),%())
reX(n-1)
€ Hyo1(X;Lo(Z)) = Hyp1(X;L.(1)(2)—1L.(0)(2))

which is the obstruction to the existence of a 0-connective locally Poincaré
globally contractible quadratic cobordism (0C & 0C'— D, (61,1 & —1'))
between (0C, ) and a 1-connective locally Poincaré globally contractible

quadratic complex (9C’,v') in A (Z, X). Such a complex is the boundary
of the union n-dimensional normal complex in A (Z, X)

(Clv ¢/) = <07 ¢) Ua (D7 (1 + T)(qu/})
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which is 1/2-connective and globally Poincaré with

(0C",¢") = o(C", ¢') .
Each (n — 1)-simplex 7 € X(®~1) is the face of an even number (say 2m.)
of n-simplexes, and D(7, X) is the one-vertex union of 2m, 1l-simplexes.

The 1-dimensional normal pair (D(7, X),0D(7, X)) may be resolved by a
normal degree 1 map

(D(T7X)76D(TaX)) — (D(T,X),@D(T,X))
from a 1-dimensional manifold with boundary (D(r, X),dD(r, X)), with
D(1,X) the disjoint union of m, 1-simplexes. The resolution determines
a vanishing of the obstruction ¢(X) € H,,_1(X; Lo(Z)) on the chain level,

corresponding to a 1/2-connective globally Poincaré n-dimensional normal
complex (C’,¢') in A (Z, X).
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DEFINITION 16.5 The 1/2-connective visible symmetric signature of a finite
n-dimensional geometric Poincaré complex X is the cobordism class

o"(X) = (C',¢') e VL™(X)

with (C’, ¢') as defined above.
m

The visible symmetric signature o*(X) = (C,¢) € VL™(Z,X) of 9.13 is
the image of the 1/2-connective visible symmetric signature under the natu-
ral map VL™(X)—V L"(Z, X) which forgets the 1/2-connective structure.

DEFINITION 16.6 A chain map f: C——D in A (Z, X) is a global 1-equivalence
if the algebraic mapping cone C(f) is 2-connective and globally contractible.
]

The following conditions on an n-dimensional symmetric complex (C, ¢)
in A (Z,X) are equivalent:
(i) (C,¢) is locally 1-Poincaré and globally Poincaré,
(ii) the duality chain map ¢o: C"~*——C is a global 1-equivalence,
(iii) the (n — 1)-dimensional quadratic complex 9(C, ¢) is 1-connective, lo-
cally Poincaré and globally contractible.

PROPOSITION 16.7 The following conditions on a finite n-dimensional ge-
ometric Poincaré complex X are equivalent:

(i) the 1/2-connective visible symmetric signature o*(X) € VL™ (X) is the
assembly of an L' -homology fundamental class [ X]y, € H,(X;L")

o(X) = A(IX]L) € VI'(X) ,

(ii) o*(X) € VL™(X) is represented by a 0-connective n-dimensional glob-
ally Poincaré normal complex (C',¢") in A (Z, X) which is globally 1-equiv-
alent to a 0-connective n-dimensional locally Poincaré normal complez (B, 6)

in A (Z, X), with
X)L = (B,0) € Hy(X;L) , o"(X) = (C',¢') e VL™(X) .

PROOF (ii) = (i) Globally 1-equivalent globally 1-Poincaré complexes are
globally 1-Poincaré cobordant.

(i) = (ii) Let (C”,¢") be a 0-connective n-dimensional locally Poincaré
normal complex in A (Z,X) realizing [X], € H,(X;L’), and let (C' @
C"—D,(0¢,¢" & —¢")) be a 0-connective globally Poincaré cobordism
in A (Z, X) realizing o*(X) — A([X]L) = 0 € VL™(X). The relative bound-
ary construction gives a 0O-connective (n + 1)-dimensional locally Poincaré
normal triad in A (Z, X)
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a(C' & C") 8‘D 8¢ ® —9¢" —— B¢
(C/ D C//)nf* (D/(Cl D C//))nJrlf* 0 0
with

oC" = STIC(¢y: " —C")
locally contractible and
9C" = S7IC(po: C"F—C") |
D = S™'C(6¢0: (D/(C" @ C"))" ' 7*—D)
globally contractible. The union n-dimensional normal complex
(B,0) = (C"™7*,0) Ugcr,a¢) (0D, 00¢)/0C"
is locally Poincaré, and the projection
(B,0) — (B,0)/0D = (C',¢')

is a global 1-equivalence.
o

REMARK 16.8 An n-dimensional pseudomanifold X is an n-circuit such
that each (n — 1)-simplex is the face of two n-simplexes (cf. 8.5). An
n-dimensional pseudomanifold X is mormal if the natural maps define iso-
morphisms

Ho(X) — Ha(X, X\[z}) (z € X).
Normal pseudomanifolds are called normal circuits by McCrory [104]. The
following conditions on an n-dimensional pseudomanifold X are equivalent:
(i) X is normal,
(ii) the link of each simplex of dimension < n — 2 is connected,
(iii) the local homology groups H, (X, X\{7}) (7 € X) are infinite cyclic,
with generators

(DX = (X = Y »p

p=>T,|pl=n
€ H,_-|(D(7,X),0D(7, X)) = Hn(X, X\{7})
the images of the fundamental class of X

X] = ) TeHL(X),

TeX,|T|=n
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(iv) the 0-connective n-dimensional normal complex (C, ¢) in A (Z, X') with
C(X) = AX') , C(r) = A(D(r,X),0D(7, X)),
¢o(1) = [D(T,X)|N—: C" (1) = A(D(r,X))"I"I=~
— C(1) = A(D(1,X),0D(1,X)) (1€ X)
is locally 1-Poincaré, with
Ho(6o(r) = 0 (r<1,7€X),
(v) the locally Poincaré (n — 1)-dimensional quadratic complex (9C, ) in
A (Z, X) is 1-connective, with
H.(0C(t)) =0 (r<0,7€X).

The equivalence of (i) and (ii) is due to Goresky and MacPherson [62, p. 151].
The equivalence of (i) and (iv) is the special case ¢ = 1 of 15.6.

For an n-dimensional geometric Poincaré complex which is a normal pseudo-
manifold the 1/2-connective visible symmetric signature c*(X) € VL"(X)
is represented by the 0-connective locally 1-Poincaré globally Poincaré sym-
metric complex (C, ¢) in A (Z, X)

o (X) = (C,¢) € VLX)

O

DEFINITION 16.9 (i) The canonical I/[:'—homology fundamental class of an
n-dimensional normal complex X is the cobordism class

[X]> = (C,¢) € Ho(X5L)
with C(X) = A(X").

(i) An n-dimensional geometric Poincaré complex X is topologically re-
ducible if the Spivak normal fibration vx: X — BG admits a topological
reduction vx: X —BTOP.

(iii) The topological reducibility obstruction of an n-dimensional geometric

Poincaré complex X is the image
t((X) = 90X~ € H,1(X;L.)
of [X]-~ € H,(X; ﬂ) under the connecting map 0 in the exact sequence
14T
. — H,(X;L.) — H,(X;L")

J PO
— H,(X;L) — H, 1(X;L) — ... .
o

PROPOSITION 16.10 An n-dimensional geometric Poincaré complex X is
topologically reducible if and only if t(X)=0¢€ H,_1(X;L.).
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PROOF Let (vx: X—BG(k), px: Stk T(vx)) be a Spivak normal str-
ucture. The fundamental L'-homology class of X is the S-dual of the canon-
ical L -orientation of vy

Xz = U € Ha(XL) = HYT(vx)iL)
and t(X) is the S-dual of the topological reducibility obstruction of vx
HX) = 0(U,y) = t(vx) € Hy1(X;L.) = H* Y T(vx);L.) .
]

A polyhedron K is an n-dimensional combinatorial { homotopy manifold

homology
PL

if the links of i-simplexes are { homotopy (n — i — 1)-spheres.
homology

REMARK 16.11 (i) A triangulation (K, h) of a topological space M is a poly-
hedron K with a homeomorphism h: K——M. If M is an n-dimensional
topological manifold then K is an n-dimensional combinatorial homology
manifold. Siebenmann [159] showed that for n > 5 an n-dimensional com-
binatorial homotopy manifold is an n-dimensional topological manifold.
(ii) A triangulation (K, h) of a topological manifold M is combinatorial if K
is a combinatorial manifold. A PL manifold is a topological manifold with a
PL equivalence class of combinatorial triangulations. The Hauptvermutung
for manifolds was that every homeomorphism of compact PL manifolds is
homotopic to a PL homeomorphism. The Casson—Sullivan invariant for a
homeomorphism f: N—— M of compact n-dimensional PL manifolds (Arm-
strong et al. [5])
k(f) = K(M—>TOP/PL) € H*(M;Zs) = H,_3(M;Zs)
is such that x(f) = 0 if (and for n > 5 only if) f is homotopic to a PL
homeomorphism (13.1), with M —TOP/PL = K(Zs,3) the classifying
map for the topological trivialization determined by f of the difference
vy — (f71)*vn: M— BPL of stable PL normal bundles. For n > 5 every
element
ke STHT™) = [T, TOP/PL] = H*(T™;Zs)
is realized as k = k(f) for a homeomorphism f : 7" ——T" from a fake PL
n-dimensional torus 7'", with a normal map
(F,B) « (WrhT™, 1) — T™ x ([0, 1]; {0}, {1})
on a PL cobordism (W™t T™ T'™), such that F|r» = id., F|lpm = f,
providing counterexamples to the Hauptvermutung for manifolds. The rel
0 surgery obstruction

0.(F,B) = (C,¢) € Ln1(Z[Z"]) = Hpia (T L)
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is represented by an (n + 1)-dimensional quadratic Poincaré complex (C, )
in A(Z).(T™), and

R(f) = ) (signature(C(o),4(0))/8) o
o-e(Tn)(n73)
€ HS(Tn,Z2> = n_3(Tn;Z2)

is an image of 0. (F, B) € L, +1(Z[Z"™]). The surgery-theoretic classification
of the PL structures on 7" (by Casson, Hsiang, Shaneson and Wall) is an
essential ingredient of the obstruction theory of Kirby and Siebenmann [87]
for the existence and uniqueness of combinatorial triangulations on compact
topological manifolds in dimensions > 5.

(iii) The Kirby—Siebenmann invariant of a compact n-dimensional topolog-
ical manifold M

k(M) € HY(M;Zs) = H,_4(M;Zs)

is such that k(M) = 0 if (and for n > 5 only if) M admits a combinatorial
triangulation. By construction, x(M) is the homotopy class of the composite

K(M): M =% BTOP —s B(TOP/PL) = K(Zs,4) |
and is such that (M) = 0 if and only if vy;: M—BTOP lifts to a PL
reduction vy;: M——BPL. The invariant is realized by compact topological
manifolds in each dimension > 5 which do not admit combinatorial trian-
gulation. For example, if f: T'"——T™, (F, B), W"T! are as in (ii) then the
(n + 1)-dimensional topological manifold
NP = Wt U e, T % [0, 1]
is equipped with a normal map (g,c) : N**1—T"%! such that
0*(97 C) = (U*(F7 B)7 O)
€ Lo (Z[Z"Y)) = Lo (Z[Z") © L (Z[ZM) |

g«k(N) = (x(f),0)
€ Hy s(T"" Y Zy) = Hp 3(T";Z2) ® Hy a(T"; Za) -
(iv) Let 03 be the cobordism group of oriented 3-dimensional combinatorial
manifolds which are homotopy spheres, modulo those which bound con-
tractible 4-dimensional combinatorial manifolds. Cohen [39, §4] defined an
invariant of a compact n-dimensional combinatorial homotopy manifold K
oK) = Y [|linkg(o)]o € HY(K;05) = Hy_4(K;05)
ceK(n—4)
such that ¢(K) = 0 if and only if K admits a PL resolution, i.e. a trans-

versely cellular PL map M — K from an n-dimensional combinatorial man-
ifold M.
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(v) Let 64 be the cobordism group of oriented 3-dimensional combinato-
rial homology manifolds which are homology spheres, modulo those which
bound acyclic 4-dimensional combinatorial manifolds. Let a: 0 —Z, be
the Kervaire-Milnor-Rohlin epimorphism, with

a(X?) = signature (W)/8 € Zy

for any parallelizable 4-dimensional combinatorial manifold W with bound-
ary OW = ¥3. If A = (K, h) is a triangulation of a compact n-dimensional
topological manifold M the element

ka(M) = Y [linkg(o)]o € H*(M;605) = H,_4(M;605)
JGK(”*‘Q
is such that ka(M) = 0 if (and for n > 5 only if) A is a combinatorial

triangulation of M. The combinatorial triangulation obstruction is an image
of the triangulation obstruction

k(M) = a(ka(M)) = > (signatureW(o)/8) o
€ H (M;Zy) = Hp_a(M;Zs)

with W (o) a parallelizable 4-dimensional combinatorial manifold with bo-
undary 0W (o) = linkg (o).

(vi) A triangulation (K, h) of a topological manifold M is non-combinatorial
if K is not a combinatorial manifold. Non-simply connected combinatorial
homology (n — 2)-spheres H provided examples of non-combinatorial tri-
angulations (X2H,h) of S™ (n > 5), with a copy of H as the link of each
1-simplex in the suspension circle of the double suspension ¥?H (Edwards,
see Daverman [43,11.12]).

(vii) Galewski and Stern [58],[59] showed that for n > 5 a compact n-
dimensional combinatorial homology manifold has the homotopy type of a
compact n-dimensional topological manifold, and that a compact n-dimen-
sional topological manifold M admits a triangulation if and only if the
Kirby—Siebenmann invariant k(M) € H*(M;Zs) is such that

Sk(M) = 0¢€ H°(M;ker(a)) ,
with 0 the connecting map in the coefficient exact sequence

s HYM:ker(a)) — HY(M;0H) = HY(M:Z,)

i) H®(M;ker(a)) — ... .

(viii) The Casson invariant of 3-dimensional combinatorial homology spheres
shows that certain compact 4-dimensional topological manifolds are not tri-
angulable (Akbulut and McCarthy [1,p.xvi]). In particular, the Freedman
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manifold M* with

o*(M) = (Z% FEg) =8¢ L*(Z) = 7,

k(M) = 1€ HY(M;Zs) = Zs
is not triangulable (Freedman and Quinn [56, 10.1]).
(ix) Compact n-dimensional topological manifolds with n > 5 are finite CW
complexes, by virtue of the topological handlebody decomposition obtained
by Kirby and Siebenmann [87] for n > 6 and by Quinn for n =5 ([56,9.1]).
At present, it is not known if every compact topological manifold of dimen-
sion > 5 is triangulable.
(x) Edwards [47] showed that for n > 5 an n-dimensional combinatorial
homology manifold K is a topological manifold if and only if the link of
each simplex o € K is simply-connected.

i

The following conditions on a finite n-dimensional geometric Poincaré
complex X are equivalent:
(i) X is an n-dimensional combinatorial homology manifold,
(ii) the algebraic normal complex (C,¢) in A (Z, X ) with C(X) = A(X")
is locally Poincaré,
(iii) the quadratic boundary (9C, 1)) is locally contractible.

Transversality is a generic property of maps on manifolds, but not of maps
on geometric Poincaré complexes.

DEFINITION 16.12 Let X, Y be compact polyhedra, with Y an n-dimensional
geometric Poincaré complex. A simplicial map h: Y — X" is Poincaré trans-
verse if each

(Y(1),0Y (1)) = h Y(D(1,X),0D(1,X)) (1€ X)
is an (n — |7|)-dimensional Z-coefficient Poincaré pair.
O

ExXAMPLE 16.13 If Y is an n-dimensional combinatorial homology manifold
then every simplicial map h:Y——X’ is Poincaré transverse, since each
(Y(7),0Y (1)) (tr € Y) is an (n — |7|)-dimensional combinatorial homology
manifold with boundary.

]

In dealing with the L-theoretic properties of topological manifolds in §17
use will be made of the following version of an ‘intrinsic transversality struc-
ture’ of Levitt and Ranicki [94].

DEFINITION 16.14 A transversality structure I = (X,Y,g,h) on a finite
TRANSV186!!transversality structure n-dimensional Poincaré space Z con-
sists of compact polyhedra X, Y together with homotopy equivalences g: Y —Z i
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h:Y — X’ such that h is simplicial and Poincaré transverse.
]

PROPOSITION 16.15 A transversality structure I1 = (X,Y,g,h) on a fi-
nite n-dimensional Poincaré space Z determines a fundamental IL."-homology
class

[Zln = (9h™")«(C,¢) € Ha(Z;1L)

with (C, ¢) the n-dimensional locally Poincaré normal complex in A(Z).(X)
defined by

C(r) = AY (r),0Y (1)) (€ X).
The 1/2-connective visible symmetric signature of Z is the assembly of [Z|n
o"(Z) = A([Z]n) e VL™(Z)
and the total surgery obstruction is s(Z) =0 € S, (Z).
o
In §17 it will be proved that a finite n-dimensional Poincaré space Z
admits a transversality structure II if (and for n > 5 only if) Z is homotopy

equivalent to a compact n-dimensional topological manifold. In the first
instance we have:

PROPOSITION 16.16 If M is a finite n-dimensional Poincaré space which is
either (i) a combinatorial homology manifold
or  (ii) a topological manifold
then M has a canonical transversality structure Il = (X,Y, g, h) and hence
a canonical fundamental IL'-homology class

M. = [M]n € H,(M;1L)

with the following properties:
(a) The assembly of [M]L is the 1/2-connective visible symmetric signature

o (M) = A([M]L) e VL™(M) .
(b) [M]L has image the canonical L'-homology fundamental class

JM)y, = [M} € H,(M;L) .
(¢) The canonical L' -cohomology orientation Us,, € H*(T(var); L") of the
topological normal block bundle Up;: M— BT OP(k) of an embedding M™ C
Stk s the S-dual of [M]y, € H,,(M;L").
(d) If N*=%F C M™ is a codimension k submanifold with a normal block
bundle v = vncpr: N—BTOP(k) then the canonical L' -homology funda-
mental classes [M], € H,(M;L’), [Nl € Hp—(N;L") and the canonical
LL"-cohomology orientation U, € H*(T(v);1L") are related by
j*[M]]LﬂU = [N]]LEHn_k(N;L') ,

[Nl = [MlLNj*U, € Ho_p(M;L")
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with
i = inclusion: N — M | j = projection: My = M U {pt.} —T(v).
PROOF (i) The canonical transversality structure is defined by
(X,Y,g9,h) = (M, M’ id.,id.) ,
and the corresponding canonical IL'-homology fundamental class of M is the
cobordism class
[M]]L = (Ca ¢) S Hn(Mu]L’)
of the n-dimensional symmetric Poincaré complex (C, ¢) in A (Z).(M) with
C(M)=A(M").
(ii) Any map f: M——X to a compact polyhedron X can be made topolog-
ically transverse, with the inverse images
(M(0),0M(0)) = f~(D(0,X),0D(0, X)) (0 € X)
(n—|o|)-dimensional submanifolds, some of which may be empty. Let (Y, Z)
be a closed neighbourhood of M in R*"** (k large), a compact (n + k)-
dimensional PL manifold with boundary which is the total space of a topo-
logical (D¥,S*~1)-bundle vy; : M—BTOP(k). By Quinn [133] Y can
be taken to be the mapping cylinder of a map e:Z—— M. Make e PL
transverse, and define an X-dissection {Y (c)|o € X} of Y by
Y (o) = mapping cylinder of e|:e ' M(c)—M(c) (0 € X) .
The projection g: Y ——M is a hereditary homotopy equivalence, so that
each (Y (0),0Y (0)) is a simplicial (n — |o|)-dimensional geometric Poincaré
pair homotopy equivalent to (M (o), 0M(c)). The composite
f
— fg Y M - X
is such that
h'D(0,X) = g'M(o) = Y(0) (0 €X).
In particular, if f: M—— X is a homotopy equivalence in the preferred sim-
ple homotopy type of M (e.g. the inclusion M C Y), then (X,Y,g,h)

defines the canonical transversality structure on M.
i

REMARK 16.17 (i) By 16.2 the canonical L'-homology fundamental class of
an oriented n-dimensional manifold M™ is given rationally by the Poincaré
dual of the £-genus L(M) € H*(M;Q)

ML®Q = L(M)N[M]g € H,(M;L)®Q = Y Hp s(M;Q) ,
k>0

with [M]q € H,(M;Q) the Q-coefficient fundamental class. See 24.2 (i)
for the evaluation of the signatures of submanifolds N*¥ ¢ M™ in terms of
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ML ®Q € Hp(M;L) ® Q.
(ii) The identity o*(M) = A([M]L) € VL™(M) is a non-simply connected
generalization of the Hirzebruch signature formula in the case n = 4k

signature (M) = (L(M),[M]g) € L*(Z) = Z .
Also, for any free action of a finite group G on M the identity

oc"(M/G) = A([M/G]L) e VL"(M/G)

gives the corresponding special case of the Atiyah—Singer index theorem,
that the G-signature of such an action is a multiple of the character of the
regular representation. See §22 for rational surgery obstruction theory with

finite fundamental group.
]
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§17. The total surgery obstruction

The total surgery obstruction s(X) € S, (X) of a finite n-dimensional ge-
ometric Poincaré complex X is the invariant introduced in Ranicki [143],
such that s(X) = 0 if (and for n > 5 only if) X is homotopy equivalent to
a compact n-dimensional topological manifold M™. Moreover, if s(X) =0
and n > 5 the manifold structure set STOF(X) is in unnatural bijective
correspondence with S,,+1(X), as will be shown in §18. Provided the funda-
mental group 7 (X) is ‘good’ in the sense of Freedman and Quinn [56] these
results also hold for n = 4. In view of the close connections between the
obstruction theories for the existence and uniqueness of manifold structures
it is convenient to treat the actual invariants simultaneously, as will be done
in §20 in the simply connected case, in §22 for finite fundamental groups,
and in §23 for generalized free products and HN N extensions.

The total surgery obstruction unifies the two stages of the obstruction
provided by the Browder—Novikov—Sullivan-Wall surgery theory for the ex-
istence of a manifold structure in the homotopy type of a geometric Poincaré
complex. The first stage is the topological K-theory obstruction to the ex-
istence of a topological bundle. The second stage is the algebraic L-theory
surgery obstruction to the existence of a homotopy equivalence respecting
a choice of topological bundle reduction. As in §16 only the oriented case
is considered: see Appendix A for the nonorientable case.

The various generalized homology groups, L-groups and structure groups
are related by the following commutative braid of exact sequences, the spe-
cial case of 15.18 (i) for R=7Z,n > 2:

Spt1(X) H,(X;L") H,(X;L)
\ 1% X /
H,(X;L.) VLX)

/ X 1% X
H, (XL Lo (Z[my (X)) Sn(X)
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The terminology is as in §16, with
L(0Y(Z) = L, L.(1)(Z) = L. , NL(1/2)(Z) = L',
S«(I)(Z,X) = Su(X) , VL*(1/2)(Z,X) = VL*(X) .
Given a finite n-dimensional geometric Poincaré complex X let (C’,¢’)
be the 1/2-connective globally Poincaré n-dimensional normal complex in

A(Z,X) used in 16.5 to define the 1/2-connective visible symmetric signa-
ture o*(X) = (C'",¢') e VL™(X).
DEFINITION 17.1 The total surgery obstruction of a finite n-dimensional
geometric Poincaré complex X is the cobordism class
s(X) = 00" (X) € S,(X)
represented by the boundary 1l-connective locally Poincaré globally con-
tractible (n — 1)-dimensional quadratic complex 9(C’,¢’) = (0C’,%’) in
A(Z,X).
i

Since C'(7) is contractible for n-simplexes 7 € X (™ the quadratic com-
plex do*(X) is locally equivalent to a complex in A (Z, X[*~1]), so that for
n > 3 the total surgery obstruction can be regarded as an element

s(X) = 90" (X) € Sp(X) = S, 0)(z, X"y = s, (z, X"y |
using 15.11 (ii) to identify the S-groups.
PROPOSITION 17.2 The following conditions on a finite n-dimensional ge-

ometric Poincaré complex X are equivalent:
(i) the total surgery obstruction vanishes

s(X) = 0€S,(X),

(ii) the 1/2-connective visible symmetric signature of X is the assembly
A([X]L) of an L'-homology fundamental class [ Xy, € Hy,(X;L")

oc"(X) = A([XL) e VL™(X) .

PrOOF Immediate from the exact sequence given by 15.18 (i)

A o
L — Hy(X;L) — VLX) — Su(X) — Hp (XGL) — ... .

O

REMARK 17.3 For a finite n-dimensional geometric Poincaré complex X
which is a normal pseudomanifold (16.8) the 1/2-connective visible sym-

metric signature of X is represented by the 0-connective locally 1-Poincaré
globally Poincaré symmetric complex (C, ¢) in A (Z, X ) with C(X) = A(X”)

o’ (X) = (C,¢) e VL™(X) ,
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and the total surgery obstruction is represented by the 1l-connective lo-
cally Poincaré globally contractible (n — 1)-dimensional quadratic complex
d(C, ) = (AC, ) in A (Z, X)

s(X) = (9C, ) € Sp(X) .
Note that X is an n-dimensional combinatorial homology manifold if and

only if (C,¢) is locally Poincaré, in which case the 1/2-connective visible
symmetric signature is the assembly

oc"(X) = A([X]L) e VL™(X)
of the canonical IL"-homology fundamental class
(XL = (C,¢) € Ho(X51L7)
and the total surgery obstruction is
s(X) = 00"(X) = 0€S,(X) .
]
The total surgery obstruction s(X) € S, (X) of a finite n-dimensional
geometric Poincaré complex X measures the failure of the links of the sim-
plexes 7 € X to be homology (n — |7| — 1)-spheres up to chain cobordism:

this is the equivalence relation appropriate for deciding if X is homotopy
equivalent to a compact topological manifold.

THEOREM 17.4 (Ranicki [143]) The total surgery obstruction s(X) € S, (X)
of a finite n-dimensional geometric Poincaré complex X is such that s(X) =
0 if (and for n > 5 only if) X is homotopy equivalent to a compact n-
dimensional topological manifold.

PROOF Let

(v: X—BG(k), p: S"TF—T(v))
be the Spivak normal structure determined by an embedding X C S™** (k
large). The topological reducibility obstruction
HX) = [s(X)] = 0(U,) = t(v) € Hoa(X;L.) = HYT(v);L.)

is the primary obstruction both to the vanishing of s(X) and to the exis-
tence of a topological manifold in the homotopy type of X. Assume this
obstruction vanishes. -

Given a choice of reduction 7: X — BT O P (k) apply the Browder—Novikov
transversality construction to obtain a degree 1 normal map

(F=phd): M = p7I(X) — X
from an n-dimensional topological manifold M, making p: "% —T(v) =

T(v) transverse regular at the zero section X C T'(v). Let II = (Y, Z, g, h)
be the canonical transversality structure on M given by 16.16. The degree
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1 normal map of n-dimensional geometric Poincaré complexes

(f.b)
(F,B): Y ~ Z ~ M —— X

has the same surgery obstruction as (f,b)
0.(F,B) = 0.(f,) € Lu(Zm (X)) .

Choosing a simplicial approximation F': Y —— X’ there is obtained a degree
1 normal map
{(F(r), B(r))} : {Y (1) = F7'D(1,X)} — {D(7,X)} (7€ X)

from a cycle of (n — |7|)-dimensional geometric Z-coefficient Poincaré pairs
(Y(7),0Y (7)) to a cycle of (n — |7|)-dimensional geometric normal pairs
(D(r,X),0D(r, X)) with geometric Poincaré assembly |J. D(r,X) = X'
The quadratic kernel is an n-dimensional quadratic globally Poincaré com-
plex in A (Z, X)

(C.9) = {(C(F(1)), 9 (B(M))| 7€ X},
with quadratic signature the surgery obstruction
(C(X), (X)) = 0u(F,B) = 0.(f,b) € Ln(Z[m(X)])
and image
0o.(F,B) = —00"(X) = —s(X) € S,(X) .
The surgery obstruction is 0 if (and for n > 5 only if) (f,b) is normal bor-
dant to a homotopy equivalence.

Now suppose that 7, 7': X — BT OP(k) are two topological block bun-
dle reductions of the Spivak normal fibration v, giving rise to degree 1
normal maps (f,b): M—X, (f',b'): N—X. The quadratic kernel com-
plexes (C, ), (C’, ") have the same boundary (n—1)-dimensional quadratic
globally contractible locally Poincaré complex in A (Z, X) (up to homotopy
equivalence)

a(C,y) = 9(C',Y) = —dc*(X) ,
and the union (C,¢) U (C’, —¢') is a 1-connective n-dimensional quadratic
locally Poincaré complex in A (Z, X). The assembly of the element
(C,) U(C",—9") € Lu(AM1)(Z)(X)) = Hn(X;L.)
is the difference of the surgery obstructions
= 0.(f,b) —o.(f, V) € L,(Z[m (X)]) .

The symmetric L-spectrum L’ is a ring spectrum. (See Appendix B

for the multiplicative structure of the L-spectra). The S-dual of the L'-

coefficient Thom class U; € H*(T(v); L") of a topological block bundle re-
duction 7: X —BTOP(k) of v is a fundamental L'-coefficient class [X]; €
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H,(X;L"). The quadratic L-spectrum L. is an L'-module spectrum, and
there is defined an L.-coefficient Poincaré duality isomorphism
Uz;U— .

[(X];N—: [X,G/TOP] = H%X;L.) — H"*(T(v);L.) = H,(X;L.).
The topological block bundle reductions 7: X —BTOP(k) (k large) of v
are classified relative to 7 by the homotopy classes of maps X —G/TOP.
The difference t(7,7') € [X,G/TOP] (16.1 (v)) corresponds to the element
(C,¥)U (C',—y") € H,(X;L.) constructed above, so that

o.(f,0) — o (f,0) = A(t(p,0)) € im(A: H,(X;L.)— L, (Z[r1(X)])) -
Thus if s(X) € ker(S,(X)—H,—1(X;L.)) there exist topological block
bundle reductions 7 of v, and the surgery obstructions o, (f,b) of the asso-

ciated degree 1 normal maps (f,b): M—X define a coset of the image of
the assembly map

im(A: Hy (X; L) =L (Z[r1 (X)]) € L (Z[m1(X)])
(confirming the suggestion of Wall [182, §9]).

The total surgery obstruction s(X) is therefore such that s(X) = 0 €
S, (X) if and only if there exists a reduction v for which o,(f,b) = 0 €
L, (Z|m1(X)]). For n > 5 this is the necessary and sufficient condition
given by the Browder—Novikov—Sullivan—Wall theory for X to be homotopy
equivalent to a compact n-dimensional topological manifold.

m

ExaMPLE 17.5 The total surgery obstruction of a compact n-dimensional
combinatorial homology manifold X is s(X) =0 € S,,(X), by virtue of the
canonical fundamental L'-homology class [X|p, € H,(X;L") (16.16). 17.4
gives an alternative proof of the result of Galewski and Stern [58] that for
n > 5 X is homotopy equivalent to a compact n-dimensional topological
manifold.

o

COROLLARY 17.6 A finite n-dimensional geometric Poincaré compler X

admits a transversality structure 11 = (Y, Z, g, h) if (and for n > 5 only if)

X is homotopy equivalent to a compact n-dimensional topological manifold.
]

COROLLARY 17.7 The total surgery obstruction of a topologically reducible
finite n-dimensional geometric Poincaré complex X is given by

s(X) = —00.(f,b)
€ im(0: Ly, (Z[m (X)])—Sn(X)) = ker(S,(X)—H,—1(X;L.)) ,
with 0. (f,b) € L, (Z|n1(X))]) the surgery obstruction of any degree 1 normal
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map (f,b): M——X from a compact n-dimensional manifold M.
o

See 19.7 below for the generalization of 17.7 to a degree 1 normal map
(f,b):Y—X of finite n-dimensional geometric Poincaré complexes, with
b: vy —vx afibre map of the Spivak normal fibrations rather than a bundle
map of topological reductions. The formula of 19.7 is

s(Y)—s(X) = 0o.(f,b) € Sp(X)
expressing the difference of the total surgery obstructions in terms of the
quadratic signature o, (f,b) € L, (Z[m1(X)]).

REMARK 17.8 The algebraic surgery exact sequence of a polyhedron X

S H (XL~ Lo(Zr (X)]) — S (X) — Hyy 1 (X3L) — ...

can be viewed as the L-theory localization exact sequence for the assembly
functor

A : {locally Poincaré complexes} — { globally Poincaré complexes}

inverting all the globally contractible chain complexes. The total surgery
obstruction s(X) € S,,(X) of an n-dimensional geometric Poincaré complex
X is thus an analogue of the boundary construction of quadratic forms
on finite abelian groups from integral lattices in rational quadratic forms
(cf. 3.13 and Ranicki [146, §§3,4]). The peripheral invariant of Conner and
Raymond [40] and Alexander, Hamrick and Vick [2] for actions of cyclic
groups on manifolds and the intersection homology peripheral invariant of
Goresky and Siegel [64] and Cappell and Shaneson [28] are defined similarly.
i

The connections between the total surgery obstruction and geometric
Poincaré transversality are described in §19 below.
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§18. The structure set

The relative version of the total surgery obstruction theory of §17 will now
be used to identify the Sullivan—-Wall surgery exact sequence of a manifold
with the algebraic surgery exact sequence of §15. For n > 5 the structure set
STOP (M) of an n-dimensional manifold M is identified with the quadratic
structure group S,41(M).

DEFINITION 18.1 The structure set STOF(X) of a finite n-dimensional
geometric Poincaré complex X is the set of the h-cobordism classes of pairs
(compact n-dimensional manifold M , homotopy equivalence f: M—X) .

i

By 17.4 for n > 5 the structure set ST9P(X) is non-empty if and only if
5(X) =0 € S,(X). The structure set STOF (M) of a manifold M is pointed,
with base point (M, 1) € STOF(M).

More generally, the structure set Sgop (X) of a finite n-dimensional geo-
metric Poincaré pair (X,0X) with compact manifold boundary 0X is de-
fined to be the set of the rel @ h-cobordism classes of homotopy equiva-
lences f: (M,0M)—(X,0X) from compact manifolds with boundary such
that f|:OM—0X is a homeomorphism. By the rel 9 version of 17.4 for
n > 5 SFHOP(X) is non-empty if and only if s(X) = 0 € S,(X). Note that
SEOF(X) = STOP(X) in the closed case 0X = 0.

DEFINITION 18.2 Let (M,0M) be a compact n-dimensional manifold with
boundary, with n > 5. The geometric surgery exact sequence computing the

structure sets SYOF (M x D) (i > 0) is the exact sequence of Sullivan [166]
and Wall [180, 10.8]

. — Lnsiv1(Z[m (M) — S{OF (M x DY)
— [M x D', 0(M x D); GJTOP, {+}] — Loyi(Z{mi (M)

— ... — Ly 1 (Z[r (M)]) — SEOP (M)

0
— [M,0M;G/TOP,{x}] — Ln(Z[r(M)]) .
m
An element t € [M,0M;G/TOP, {+}] classifies a topological block bundle
reduction 7: M— BT OP(k) of the Spivak normal fibration Jvp;: M—
BG(k) (k large) such that v| = vgpr: OM —BTOP(k). The surgery ob-
struction map
0+ [M,0M; G/TOP, {+}] —> Lu(Zm (M)
sends such an element ¢ to the surgery obstruction
0(t) = o.(f,b) € Ln(Z[m (M)])
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of the degree 1 normal map of n-dimensional manifolds with boundary ob-
tained by the Browder—Novikov transversality construction on the degree
1 map p: (D"F Sntk=1) o (T(7), T(¥|sar)) determined by an embedding
(M,0M) C (D™F, S™Hr=1) (K large)
(f;b) = pl: (N,ON) = p~'(M,0M) — (M,0M)
with 9f: ON——0M a homeomorphism. The group L, 41(Z[m1(M)]) acts
on STOF (M) by
Ly1(Z[m (M)]) x STOP (M) — STOP(M) ;
(I, (N07f0)) — I(No, fO) = (N17 fl) )
with fo: No— M, f1: Ny——M homotopy equivalences of n-dimensional
manifolds with boundary which are related by a degree 1 normal bordism

(g9:¢) : (W™H No, Nu) — M x ((0,1];{0}, {1})
with rel @ surgery obstruction
0:(9,¢) = x € Lya(Z[m (M)]) .
Two elements (N1, f1), (N2, f2) € STOP(M) have the same image in
[M,0M;G/TOP,{x}] if and only if
(N2, f2) = x(Ny, f1) € S5O (M)
for some = € Ly, 11(Z[m1(M))]).

For the remainder of §18 only the closed case OM = () is considered,
but there are evident relative versions for the bounded case. In particular,
STOP (M) is identified with the quadratic structure group S,41(M) also in
the case OM # ().

The following invariants are the essential ingredients in the passage from
the geometric surgery exact sequence of 18.2 to the algebraic surgery exact
sequence of 15.19.

PRrROPOSITION 18.3 (i) A normal map of closed n-dimensional manifolds
(f,0): N—— M determines an element, the normal invariant
[f, bl € Hy(M;L.) ,
with assembly the surgery obstruction of (f,b)
A(lf,blL) = ou(f,b) € im(A: Hy (M3 1) — L (Z[m1 (M)]))
= ker(Ln(Z[m (M)])—Sn(M)) ,

and symmetrization the difference of the canonical IL."-homology fundamental
classes

(1+T)[f, bl = fo[NlL — [M]L € Hy(M;L7) .

Let t(b) € H(M;L.) = [M,G/TOP)] be the normal invariant classifying
the fibre homotopy trivialized stable bundle vy — vyr: M—— BT OP, with
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var the stable normal bundle of M and vy the target of b: vy——vpr. The
normal invariant is the image of t(b) € [M, G/TOP] under the LL.-coefficient
Poincaré duality isomorphism

[Mlyn—: H°(M;L.) — H,(M;L.)
defined by cap product with the canonical 1L -coefficient fundamental class
(M), € H,(M;L"). The normal invariant is such that [f,blp, = 0 €
H, (M;L") if and only if (f,b) is normal bordant to the 1: M—M .

(ii) A homotopy equivalence of closed n-dimensional manifolds f: N— M
determines an element, the structure invariant

s(f) € Sn1(M)

with image the normal invariant of the normal map (f,b): N— M with
b:vy—(f~1)*vn the induced map of stable bundles over f

t(f) = [s(N)] = [f, bl € im(Spqa (M)—H, (M; L))
= ker(A: H,(M;L.)— L, (Z]m (M)])) .
As in (i) the normal invariant is such that t(f) = 0 if and only if (f,b): N

—— M 1s normal bordant to 1: M —— M, in which case the structure invari-
ant s(f) is the image of the reld surgery obstruction of any normal bordism

((9:1, ), (s1,0)) = (WML N) — M x ([0,1); {0}, {1}) ,
that is
s(f) = lou(g; 0)] € im(Ln11 (Z]m1 (M)]) —Sn11(M))
= ker(S,11(M)—H,(M;L.)) .
PROOF (i) Let X be the polyhedron of an n-dimensional geometric Poincaré
complex with a homotopy equivalence g: M — X, such that both g and
gf: N—X are topologically transverse across the dual cell decomposition
{D(r,X)|7 € X} of X. The restrictions of f define a cycle of degree 1
normal maps of (n — |7|)-dimensional manifolds with boundary
{(f(7),0(T))} : AN(7)} — {M(7)}
with
M(r) = g~'D(r,X) , N(r) = (¢f)7'D(r.X) (r€X),
such that M(7) = {pt.} for n-simplexes 7 € X (™. The kernel cycle
{(C(f()),9(0(n)) |7 e X}

of (n — |7|)-dimensional quadratic Poincaré pairs in A (Z) is a 1-connective
n-dimensional quadratic Poincaré complex in A (Z).(X) allowing the defi-
nition
[0l = {(C(f(7)"), 9 (b())}
€ L,(A1)(2).(X)) = H,(X;L.) = H,(M;L.) .
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(ii) If f: N— M is a homotopy equivalence the quadratic complex of (i) is
globally contractible, allowing the definition

s(f) = {(C(F()),(b(N)))} €Sps1(X) = Sps1(M) .
(Equivalently, define the structure invariant s(f) of a homotopy equivalence
f: N—M of compact n-dimensional manifolds to be reld total surgery
obstruction of a finite (n + 1)-dimensional geometric Poincaré pair with
compact manifold boundary

S(f) = so(W.NU=M) € Spr(W) = Spia(M),

with W = N x I Uy M the mapping cylinder.)
O

EXAMPLE 18.4 The normal invariant of a normal map of closed oriented
n-dimensional manifolds (f,b): N—— M is given modulo torsion by the dif-
ference between the Poincaré duals of the L£-genera of M and N

[f0lL®Q = f(L£(N) N [Nlg) — L(M) N [M]qg
€ Ho(M;L.) ®Q = Hn—4.(M;Q) .
O

THEOREM 18.5 (Ranicki [143]) The Sullivan—Wall geometric surgery exact
sequence of a compact n-dimensional manifold M with n > 5 is isomorphic
to the algebraic surgery exact sequence, by an isomorphism

. — L1 (Zlmi (M)]) — STOP (M) — [M,G/TOP] > L, (Z{r, (M)

+ {N

s Ly (Z[m (M) =L S, 1 (M) — Hy (M3 L) =45 Ly (Z[m (M)

and for all i >0

SFOP(M x D', M x "1 = S, 41 (M),

[M x D', M x S Y:G/TOP,{x}] = HY(M;L.) = H,.;(M;L.) .
In particular, H,(M;L.) = [M,G/TOP)] is the bordism group of normal
maps (f,b): N—M of closed n-dimensional manifolds.

PROOF An embedding M C S"** (k large) determines a topological normal
structure

(7: M—>sBTOP(k), p: S"TF—T (7)) .
By 18.3 (i) the normal invariant defines a bijection

t: [M,G/TOP] —> H,(M;L.); ¢ —> [f,blL ,
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namely the Poincaré duality isomorphism
t = [MlLn—": [M,G/TOP] = H°(M;L.) — H,(M;L.) .

The surgery obstruction map 6 thus factorizes as the composite
t A
6: [M,G/TOP] = H°(M;L.) — H,(M;L.) — L,(Z[r(M))]) .
Use the structure invariant of 18.3 (ii) to define a bijection
s STOP(M) — Sup1(M) 5 (N, f) — s(f)

Similarly for the higher structures.
o

In particular, for any closed n-dimensional manifold M and any element
x € Sp41(M) there exists a closed n-manifold N with a homotopy equiva-
lence f: N——M such that s(f) = x.

COROLLARY 18.6* Let K be a space with finitely presented w1 (K).
(i) Hn(K;L.) consists of the images of the normal invariants [ f,b]L, of nor-
mal maps (f,b): N—— M of closed n-dimensional manifolds with a reference
map M— K.
(ii) The image of the assembly map A: H,,(K;L.)— L, (Z[m1(K)]) consists
of the surgery obstructions o.(f,b) of the normal maps (f,b): N—M of
closed n-dimensional manifolds with a reference map M— K.
(iii) Sp4+1(K) consists of the images of the structure invariants s(f) of ho-
motopy equivalences (f,b): N——M of closed n-dimensional manifolds with
a reference map M— K.
(iv) The image of S,11(K)—H,(K;L.) consists of the images of the
normal invariants [f,blL of homotopy equivalences (f,b): N—M of closed
n-dimensional manifolds with a reference map M— K.

i

ExAMPLE 18.7 For n > 4 the manifold structure set of the n-sphere S™ is
STOP(S™) = S,41(8") = 0.

This is the TOP version of the n-dimensional Poincaré conjecture (Smale,

Stallings, Newman, Freedman), according to which any homotopy equiva-

lence M™ ~ S™ from a compact n-dimensional topological manifold M is

homotopic to a homeomorphism.
|

See §20 for S,(M) in the simply connected case w1 (M) = {1}.

* Corollary 18.6 is only true after the 4-periodic stabilization of n: see
Theorem B of I.Hambleton, Surgery obstructions on closed manifolds and
the inertia subgroup, arXiv:0905.0104
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REMARK 18.8 The simply connected surgery classifying space Ly ~ G/TOP
is such that
G/TOP ®Z[1/2] ~ BO®Z[1/2]
G/TOP® Loy ~ [[ K(Zw),45) x || K(Z2,45 +2)
Jjz1 >0
with Z9) = Z[1/0dd] the localization of Z at 2, so that for any space X
H(X:L)[1/2) = KO.(X)1/2] = Qu(X) Sa.qpny L(Z)[1/2]

H,(X;L)@) = [[He-ai(X3Ze2) x [ ] Heesjo2(X;2Z2) .

Jj=1 320
Wall [180, p. 266] used bordism theory and the surgery product formula to
define the L-theory assembly map away from 2
A Ho (X5L)[1/2] — Lu(Z[m (X)][1/2]
by sending the bordism class of an n-dimensional manifold M equipped with
a reference map M ——X to the symmetric signature of Mishchenko [115]

A(M) = o*(M) € Ln(Z[m (X)])[1/2] = L"(Z[m (X)])[1/2] -

Up to a power of 2 this is a surgery obstruction
8o (M) = (1+T)ou(1 x (f,b): M x Q8—M x §8) € L"(Z[r(X))]) ,
with (f,b): Q8——S® the 8-dimensional normal map determined by the
framed 3-connected 8-dimensional Milnor PL manifold Q® with signature
o*(Q%) = (Z%,Es) = 8e¢L¥(Z) = 7.
The factorization of the surgery map as
0: [M,G/TOP] — QLT (B x G/TOP, Bt x {x})
— Lo(Z[) (r = m(M))

is due to Sullivan and Wall [180, 13B.3] (originally in the PL category), with
[M,G/TOP] — QLOP(Br x G/TOP, Bt x {*}) ;

(9: M—G/TOP) = ((f,b): N—M) —

(N 2% (M x G/TOP, M x {+}) — (Br x G/TOP, Br x {x})) .
See Appendix B for an expression of this factorization using the multiplica-
tive properties of the algebraic LL-spectra. The factorization of # through
the assembly map A was first proposed by Quinn [131]: see Mishchenko and
Solovev [118], Nicas [121, §3.3], Levitt and Ranicki [94, §3.2] for the geomet-
ric construction of A in the case when M is a PL manifold. In Ranicki [143]
the factorization of # through the algebraic assembly map A was obtained by
means of the theory of normal complexes and geometric Poincaré complexes
due to Quinn [132]: see the Appendix to Hambleton, Milgram, Taylor and
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Williams [69] for an exposition of this approach. The factorization was used
in [69] and Milgram [109] to compute the surgery obstructions of normal
maps of closed manifolds (= the image of A: H,(Bm;L.)—L.(Z[r])) for
finite groups .

m

REMARK 18.9 (i) A simplicial map f: J—K' is transversely cellular if J
is an n-dimensional PL manifold and the inverse images of the dual cells
of i-simplexes in o € K are (n — i)-dimensional PL balls f~'D(o,K) C J.
Cohen [38], [39] proved that a transversely cellular map of compact PL man-
ifolds is homotopic to a PL homeomorphism, and that for n > 5 a proper
surjective PL map of n-dimensional combinatorial homotopy manifolds with
contractible point inverses is homotopic to a homeomorphism.

(ii)) A map f: N— M of ANR spaces (e.g. manifolds) is cell-like if it is
proper, surjective and such that for each x € M and each neighbourhood
U of f~!(z) in N there exists a neighbourhood V C U of f~!(z) such that
the inclusion V——U is null-homotopic. A proper surjective map of finite-
dimensional AN R spaces is cell-like if and only if it is a hereditary proper
homotopy equivalence, i.e. such that the restriction f|: f~1(U)—U is a
proper homotopy equivalence for every open subset U C M. A PL map
f: N— M of compact polyhedra is cell-like if and only if the point inverses
f~1(x) are contractible, in which case 7(f) = 0 € Wh(mr(M)) (as is true for
any cell-like map of compact AN R spaces). Siebenmann [161] proved that
for n > 5 a proper surjective map f: N—— M of n-dimensional manifolds
is cell-like if and only if f is a uniform limit of homeomorphisms. More
generally, Chapman and Ferry [35] showed that for n > 5 any sufficiently
controlled homotopy equivalence of n-dimensional manifolds can be approx-
imated by a homeomorphism. The structure invariant s(f) € S,4+1(M) of
a homotopy equivalence f: N—— M of compact n-dimensional manifolds
measures the failure of f to be cell-like on the chain level, i.e. for the point
inverses f~!(z) (x € M) to be acyclic, up to the chain level cobordism
relation appropriate for deciding if f is homotopic to a homeomorphism (at
least for n > 5). If f is cell-like then each of the simplicial maps

f(r) = fl: N(r) = (¢f)"'D(r,X) — M(r) = g7'D(r,X) (1€ X)

in the definition of s(f) can be chosen to be a homotopy equivalence, with
g: M ~ X as in 18.3, so that

s(f) = 0€8n(M) .

Thus for n > 5 a cell-like map f: N—— M of compact n-dimensional mani-
folds is homotopic to a homeomorphism and

(N.f) = (M,1) = 0€STOP(M) = S,pi(M).
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§19. Geometric Poincaré complexes

The total surgery obstruction of §17 and the structure invariant of §18
are now interpreted in terms of geometric Poincaré bordism theory. The
total surgery obstruction s(X) € S, (X) of a finite n-dimensional geomet-
ric Poincaré complex X is identified with the obstruction to the identity
X—X being bordant to a Poincaré transverse map.

The main source of geometric Poincaré complexes is of course:

ExaMPLE 19.1 A compact n-dimensional topological manifold is a finite
n-dimensional geometric Poincaré complex.
]

EXAMPLE 19.2 Browder [14] showed that finite H-spaces are geometric
Poincaré complexes, providing the first examples of Poincaré spaces other
than manifolds or quotients of finite group actions on manifolds (which
are Q-coefficient Poincaré complexes). Finite H-spaces are topologically
reducible, with trivial Spivak normal fibration, so that simply-connected
ones are homotopy equivalent to compact topological manifolds.

|

EXAMPLE 19.3 Gitler and Stasheff [61] used the first exotic class e; €
H*(BG;Zs) to show that a certain simply-connected finite 5-dimensional
geometric Poincaré complex X = (52VS3)Ue?® is not topologically reducible,
and hence not homotopy equivalent to a compact topological manifold. In
fact, X can be chosen to be the total space of a fibration % — X —53
classified by an element in 73(BG(3)) with image 1 € m3(B(G/TOP)) =
mo(G/TOP) = Zy. See Madsen and Milgram [102, pp. 32-34] for the classi-
fication of all the 5-dimensional geometric Poincaré complexes of the type
(82 v 83)Ue®. See Frank [55] for non-reducible geometric Poincaré com-
plexes detected by the exotic classes e; € H*(BG;Z,) for odd prime p.

i

EXAMPLE 19.4 Wall [177,5.4.1] constructed for each prime p a reducible
finite 4-dimensional geometric Poincaré complex X with m1(X) = Z,
X = €0U€1UU62U63U€4
10
such that X and the universal cover X are orientable with signature
o (X) = o*(X) = 8eLYZ) = Z.
Signature is multiplicative for orientable finite covers of orientable compact
manifolds, and ¢*(X) # po*(X), so X cannot be homotopy equivalent to a

closed manifold; higher-dimensional examples are obtained by considering
the products X x (CP2)* (k > 1). See 22.28 for the systematic construction
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of such examples, which are detected by the multisignature invariant.
i

The realization theorem of Wall [180] for the surgery obstruction groups
L, (Z[n]) (n > 5) provides the following systematic construction of topo-
logically reducible finite geometric Poincaré complexes. Every finitely pre-
sented group 7 is the fundamental group = = 71 (M) of a compact (n — 1)-
dimensional manifold M"~!. Every element z € L,(Z[r]) is the reld
surgery obstruction = = o, (f,b) of a normal map

(f;0) = (W™ M= H M™ 1) — M x ([0, 1]; {0}, {1})
with
flp = identity : M — M x {0},

flarr = homotopy equivalence : M’ — M x {1} .
The topologically reducible n-dimensional geometric Poincaré complex
X = WUy M x[0,1]
has fundamental group 71(X) = 7 X Z but the extraneous Z-factor can

be ignored (or removed by Poincaré mi-surgery as in Browder [17]). The
normal map of n-dimensional geometric Poincaré complexes

(f,b)Ul: X = WUy M x[0,1] — M xS* = M x[0,1]Usg M x [0,1]
has quadratic signature o, ((f,b)Ul) = x € L, (Z[r]). Also, if (g,¢): N—X
is a normal map from a closed n-dimensional manifold N corresponding to
the topological reduction of X then o.(g,¢) = —x € L,(Z[r]). See Ran-
icki [145] for the definition and the composition formula for the quadratic
signature of a normal map of geometric Poincaré complexes.

PROPOSITION 19.5 The topologically reducible finite n-dimensional geomet-
ric Poincaré compler X with w1 (X) = m constructed from x € L, (Z[r]) has
total surgery obstruction

s(X) = d(x) € im(9: L, (Z[r])—S, (X)) = ker(S,(X)—H,—1(X;L.)),
and s(X) =0 € S, (X) if and only if x € im(A: H,(X;L.)—L,,(Z[r])).

Proor The Spivak normal fibration vx has a topological reduction such
that the corresponding normal map (g, ¢): N®—— X has surgery obstruction

0.(g,¢) = —ou(f,b) = —x € L,(Z[r]) .
The total surgery obstruction of X is given by 17.7 to be
s(X) = —0o.(g,¢) = 0(x) € Sp(X) .

The equivalence of s(X) = 0 and =z € im(A) is immediate from the exact

sequence

Ho(XL) —— Lo(Zim (X)) — Sa(X) .
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The construction of geometric Poincaré complexes from surgery obstruc-
tions defines a map

Ly (Z[m(K)]) — Q7 (K) ; 2 — X
for any space K with finitely presented 7 (K) and n > 5.
The exact sequence of Levitt [92], Jones [80], Quinn [132], Hausmann and
Vogel [75] relating geometric Poincaré and normal cobordism
> QN (K) — Ly(Z[m(K)]) — QP (K) — QY (K) — ...
has the following generalization:
PROPOSITION 19.6 (Ranicki [143])

(i) For any polyhedron K with finitely presented w1 (K) and n > 5 there is
defined a commutative braid of exact sequences

Sn—i—l(K) Hn(K; QP) Hn(K>QN)
H,(K;L.) Q) (K)
a1 (K OF) L (Z[m (K))) S (K)

with QF = QP ({*}) (resp. QN = QN({x})) the geometric Poincaré (resp.
normal) bordism spectrum of a point and

s: QP(K) — Sp(K) 5 (f: X—K) — f.s(X)
the total surgery obstruction map. The quadratic structure group S, (K) is
the bordism group of maps (f,0f): (X,0X)—K from finite n-dimensional
geometric Poincaré pairs (X,0X) such that 0f: 0X — K is Poincaré trans-
verse.
(ii) A finite n-dimensional geometric Poincaré complex X has total surgery
obstruction s(X) = 0 € S, (X) if (and for n > 5 only if ) there exists an QF -
homology fundamental class [X|p € H, (X;QF) with assembly the Poincaré
bordism class of 1: X — X

A([X]p) = (11 X—X) € QP(X) .
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PROOF (i) The geometric normal complex bordism spectrum of a point is
the Thom spectrum of the universal oriented spherical fibration over the
classifying space BSG

N ={Q¥{#)nneZ} = MSG , QN ({*}), = lim X’MSG(j —n) .
J
The normal complex assembly maps are isomorphisms
A: H.(KQN) — QN(K)
by normal complex transversality (Quinn [132]). The map s is defined by
the total surgery obstruction
s: QV(K) — Sp(K) ; (X—K) — s(X) .
The geometric Poincaré bordism spectrum of a point
T =7 {# ) |n ez}
consists of the A-sets with
QP ({«})®) = {(n + k)-dimensional oriented finite geometric Poincaré
k-ads (X;00X,01X,...,0kX) such that %X N1 X N...NKX = 0},
with the empty complexes as base simplexes (). As in §12 assume that K
is a subcomplex of OA™*! for some m > 0. By 12.6 H,(K;QF) is the
cobordism group of n-dimensional QF-cycles in K
Z{X()EQW%D e Ky,

so that (X (7); 00X (1), . —|7|X (7)) is an (n — |7|)-dimensional geomet-
ric Poincaré (m — |7|)- ad Wlth
((527'> if 9,7 € K .
0; X (1) = 0<i<m—|7|).
o = {37 TSk 0<i<mp)
The assembly of X is the bordism class (A(X), f) € QF(K) of the union

n-dimensional geometric Poincaré complex

AX) = | x()

TeK
with f: A(X)—— K’ a Poincaré transverse simplicial map such that

f'D(r,K) = X(r) (t €K).

(ii) Immediate from (i).
m

See Levitt and Ranicki [94] for a geometric interpretation of an QF-
homology fundamental class [X]p € H, (X;QF) such that

A(X]p) = (L:X—X) € QF(X)

as an ‘intrinsic transversality structure’.
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COROLLARY 19.7 If (f,b): Y —X is a normal map of finite n-dimensional
geometric Poincaré complexes then the difference of the total surgery ob-
structions is the image of the quadratic signature o.(f,b) € L, (Z[m (X))])

s(Y)—=s(X) = 9o.(f,b) € im(9: L, (Z[m1(X)])—S, (X)) .
PROOF The mapping cylinder W =Y x I Uy X of f defines an (n + 1)-
dimensional normal pair (W)Y U —X) with boundary the n-dimensional
geometric Poincaré complex Y LI — X, such that

o (WY U-X) = ou(f.5) € Q5 (X) = Lo(Zlm (X)) .
]
The symmetric L-groups are not geometrically realizable, in that the sym-
metric signature map
o QV(K) — L"(Z[m(K)]) ; (X—K) — o*(X)
is not onto in general. For example, the (2k — 1)-connected 4k-dimensional
symmetric Poincaré complex (S?*Z[Z,], T) over Z[Zs] is not in the image
of 0*: QL (BZy)—L*(Z[Zs]) for any k > 1 (Ranicki [146, 7.6.8], see also
9.17).
The fibre of the 1/2-connective visible symmetric signature map
o*: QP(K) — VL'(K) ; (X—K) — o*(X)
is a homology theory:

COROLLARY 19.8 For any polyhedron K with finitely presented 71 (K) and
n > 5 there is defined a commutative braid of exact sequences

Sn+1(K) H,( K,}L) H, (K; Q&)

with QEF) the fibre of the simply connected symmetric signature map o*: QF
—L.
i
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REMARK 19.9 The simply connected normal signature map &*: Q¥ —L
is a rational homotopy equivalence, with both spectra having the rational
homotopy type of the Eilenberg-MacLane spectrum K.(Q,0) for rational
homology:

MWNeQ ~ MSG®Q ~ K.(Q,0)
by the finiteness of the stable homotopy groups of spheres 7 = 7,41 (BSG)
for x > 1, and
L'®Q = cofibre(1+T:L.—L)®Q ~ K.(Q,0)
by virtue of the symmetrization map 1+ T L,(Z)—L*(Z) being an iso-
morphism modulo 8-torsion. The natural map
Q) = fibre (o*: QF —L") —> fibre (6*: QN — L")

induces isomorphisms of homotopy groups, except possibly in dimensions

4,5 (in which it at least induces isomorphisms modulo torsion). The 1/2-
connective visible symmetric signature map

o* : QF(X) — VL"(X)
is a rational isomorphism for all n > 0.
]

Given a map f:Y——X there are defined relative S-groups S.(f) to fit
into a commutative diagram

. — H,(Y;L) —— L, (Z[m(Y)]) — Sp(Y) — H,1(Y;L.) — ...
. — H,(X;L.) — L,(Z[r1(X)]) — Sp(X) — Hp—1(X;L.) — ...

.— H,(f;L) ———— L,(f) ——Sp(f) — Hp—1(f;L.) — ...

.—H, 1(Y;L) — L, 1(Z[m(Y)]) —Sp-1(Y) — H, o(Y;L.) — ...

with exact rows and columns. The total surgery obstruction of a finite
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n-dimensional geometric Poincaré pair (X,Y’) is an element
s(X,Y) €S, (X,Y) = S, (Y—X)
of the relative S-group of the inclusion Y — X, with image the total surgery
obstruction of Y
S(X,Y)] = s(Y) €Sua(Y) .
As in the absolute case (Y = () the image
HX,Y) = [s(X,Y)] € H,.1(X,Y;L.) = H"(T(vx);L.)
is the obstruction to a topological reduction of the Spivak normal fibration
vx: X—>BG(k). The total surgery obstruction is such that s(X,Y) =0
if (and for n > 6 only if) (X,Y’) is homotopy equivalent to a compact n-

dimensional topological manifold with boundary (M™,0M). For n > 6 the
structure set of (M™,0M) is given by

STOP(M,0M) = S,i1(M,0M) .

REMARK 19.10 The total surgery obstruction of a finite n-dimensional ge-
ometric Poincaré pair (X,Y’) such that

m(Y) = m(X)
is just the topological reducibility obstruction

s(X,Y) = ¢(X,Y) eS,(X,Y) = H, 1(X,Y;L.).

Thus vx: X—BG is topologically reducible if (and for n > 6 only if)
(X,Y) is homotopy equivalent to a compact n-dimensional topological man-

ifold with boundary — this is the m-7 theorem of Wall [180, 3.3] and its trivial

converse.
O
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§20. The simply connected case

We now turn to the simply connected case m1(X) = {1}. The total surgery
obstruction s(X) € S,,(X) of an n-dimensional geometric Poincaré complex
X has image the obstruction ¢(X) € H,,_1(X;L.) to a topological reduction
of the Spivak normal fibration of X. The simply connected case has the
distinctive feature that S, (X)—H,,—1(X;L.) is injective, so that s(X) is
determined by ¢(X). See Browder [16] for a detailed exposition of simply
connected surgery obstruction theory in dimensions > 5, and Freedman and
Quinn [56] for the extension to the 4-dimensional case.
The simply connected surgery obstruction groups are given by

Z 0
L,(Z) = QZ it n= ; (mod 4) .
2
0 3

The cobordism class of an n-dimensional quadratic Poincaré complex (C, )
over Z is given by
o [ (1/8) signature (Hax (C')/torsion, A, )
(C¥) = {Arf invariant (Hag41(C;5Za ), A\, 1)
Z 4k
€ L,(Z) = {Zg itn= {4k+2
with (X, 1) the (—)"*/2-quadratic form determined by t)9. The surgery ob-
struction o, (f,b) € L, (Z) of an n-dimensional normal map (f,b): M—X
with 7 (X) = {1} is the cobordism class of the kernel n-dimensional quad-
ratic Poincaré complex (C, ) over Z, with
H,(C) = K.(M) = ker(fe: H.(M)—H,(X)) ,

K.(M)& H,(X) = H.(M)

so that
o.(f,b) = (C,p) = signature (Ko (M;R), A, 11)/8
«(J s ) Arf invariant (Kog41(M;Z9 ), A\, 1)

Z 4k
€ L,(Z) = it n =
(Z) {ZQ nr {4k+2

with (\, i) the (=)"/2-quadratic form on the kernel module
Kn/Q(M) = ker(f*: Hn/2 (M)—>Hn/2 (X))
defined by geometric intersection and self-intersection numbers.

See Kervaire and Milnor [86] and Levine [91] for the original applications
of simply connected surgery theory to the classification of differentiable ho-
motopy spheres. For i > 3 every element x € Ly;(Z) is the surgery obstruc-
tion x = 0,(g, ¢) of a normal map (g, ¢): Q*—5?" with Q a closed framed
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(i—1)-connected 2i-dimensional P L manifold constructed by plumbing. For
i=4and xz = 1 € Lg(Z) = Z such a manifold Q® may be obtained by coning
off the boundary of a differentiable 8-dimensional manifold with boundary
one of the 7-dimensional exotic spheres of Milnor [111]. For i = 5 and
x =1¢€ L1o(Z) = Z5 this gives the PL manifold Q° without differentiable
structure of Kervaire [85].

REMARK 20.1 The structure invariant of a homotopy equivalence f: N* —
M™ of closed simply connected n-dimensional manifolds is given modulo
torsion by the difference between the Poincaré duals of the £-genera of M

and N (cf. 18.4)
s(fl@Q = L(M)N[M]g — f-(L(N) N [N]g)
€ Sn—i—l(M) & Q = ker (Hn—4*(M; @>—>Hn—4*({pt-}; Q))

= Y Hy_u(M;Q) .

4k+#n

For a simply connected polyhedron K the assembly maps
A: H,(K;L.) — H,({pt.};L.) = L,(Z) (n>1)
are onto. It follows that the normal invariant maps
Sp(K) — Hp 1 (K;L) 5 res(X) — ret(X)

are injective, with r, s(X) € S,,(K) the image of the total surgery obstruc-
tion s(X) € S,,(X) of an n-dimensional geometric Poincaré complex X with
a reference map r: X—— K, and r,t(X) € H,_1(K;L.) the image of the
topological reducibility obstruction t(X) = t(vx) € H,_1(X;L.).

ExaMPLE 20.2 For a simply connected n-dimensional geometric Poincaré
complex X the total surgery obstruction s(X) € S, (X) is such that s(X) =
0 if and only if #(X) = 0. If ¢(X) = 0 there exists a topological reduction
v: X——BSTOP for which the corresponding normal map (f,b): M"—X
has surgery obstruction o, (f,b) = 0 € L,,(Z), and if also n > 4 then (f,b) is

normal bordant to a homotopy equivalence M’ — X for a manifold M'™.
O

Thus for n > 4 a simply connected n-dimensional geometric Poincaré
complex X is homotopy equivalent to a topological manifold if and only if
the Spivak normal fibration vx: X — BSG admits a topological reduction
v: X—BSTOP. In the even-dimensional case not every such reduction
corresponds to a normal map (f,b): M™— X with zero surgery obstruction.
If the corresponding normal map (f,b) has surgery obstruction o, (f,b) =
x € Lp(Z) and —x = 0.(g,c) for a normal map (g,c): N*—S" then the
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normal map obtained by connected sum
(F6) = (FB)#(g,0): M = MP#N" — X = X 45"
has surgery obstruction
o.(f,0) = o.(f,b) +0.(g,¢) = x—2 = 0€ L,(Z)
and (f’,b’) is normal bordant to a homotopy equivalence M"™ = x.

PROPOSITION 20.3 For n > 4 the structure set of a simply connected n-
dimensional topological manifold M is given by

STOP(M) = Spy1(M)
ker(A: H,(M;L.)—L,(Z)) . 0
= = d2).
Ut 1= o2
PRrOOF This is immediate from Lo, 1(Z) = 0 and the exact sequence

A
. — H,(M;L.) — L,(Z) — Sp,(M) — H,_1(M;L.) — ... .
]
EXAMPLE 20.4 The topological manifold structure set of S¥ x S"~F for
n—kk>2is
STOP(sk % Snfk) — Sn+1(sk % Snfk)
= ker(0: [S* x S"7F, G/TOP|—L,(7Z))
= Lk(Z) D Ln_k(Z) ,
giving concrete examples of homotopy equivalences of manifolds which are

not homotopic to homeomorphisms, as in Novikov [122] (in the smooth
case). In particular, in the stable range 2k + 1 < n a non-zero element

x 7§ 0e Lk(Z) = ﬂ'k(G/TOP)

= mus1(BTOP(n—k+1)—BG(n — k + 1))
(such as * = 1 € Lo(Z) = Zo for k = 2, n = 6) is realized by a fibre
homotopy trivialized topological block bundle 7: S k—>BT/5/P(n —k+1).
The total space of the sphere bundle

sk s S(n) — S*
is an n-dimensional manifold equipped with a homotopy equivalence f:S(n)™
i>S k % 8"=F such that the structure invariant is non-zero
s(f) = (2,0) £0€ STOP(S* x "% = Ly(Z)® L, _1(Z),
so that f is not homotopic to a homeomorphism.
|

The simply connected symmetric signature of a 4k-dimensional geometric
Poincaré complex X is just the ordinary signature

o*(X) = signature (H?*(X),¢) € L**(Z) = 7Z .
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The Hirzebruch formula expresses the signature of an oriented 4k-dimension-
al manifold M** in terms of the L-genus L(M) = L(1y) € H*(M;Q)
o*(M) = signature (M) = (L(M),[M]g) € L**(Z) = Z .

The defect in the signature formula for Poincaré complexes was used by
Browder [15] to detect the failure of a simply connected 4k-dimensional ge-
ometric Poincaré complex X to be homotopy equivalent to a (differentiable)
manifold, just as the defect in the signature formula for manifolds with
boundary had been previously used by Milnor [111] and Kervaire and Mil-
nor [86] in the detection and classification of exotic spheres. A topological
reduction 7: X —BSTOP of the Spivak normal fibration vx: X — BSG
determines a normal map (f,b): M**— X with surgery obstruction given
by the difference between the evaluation of the £-genus £L(—7) € H*(X;Q)
on [X]g € H4,(X;Q) and the signature of X

o.(f,b) = signature (Kor(M), A\, 1)/8
= (signature (M) — signature (X))/8
= ({(£(=7),[X]q) —0"(X))/8 € Lar(Z) = Z .
If 0,0/: X—— BSTOP are two topological reductions then the surgery ob-

structions of corresponding normal maps (f, b): M**—— X, (f/,b'): M4 —
X differ by the assembly of the difference element

t(,7') € Hy(X;L.) = [X,G/TOP],
that is
o (f,b) — o (f, V) = A(t(v,v")) € Lan(Z) .
For k > 2 a topological reduction v is realized by a 4k—dinr\1Jensional topo-

logical manifold M** with a homotopy equivalence h: M — X such that
vy = h*v: M—— BSTOP if and only if the signature satisfies

o*(X) = (L(-7),[X]g) € L™"(Z) = Z.
For a simply connected (4k + 2)-dimensional geometric Poincaré complex

X with a topological reduction 7: X — BST'OP the surgery obstruction of
the corresponding normal map (f,b): M**+2— X is given by

o.(f,b) = Arf invariant (Kogy1(M;Z2), A, 1)
€ Lug12(Z) = Lakt2(Z2) = Zo

with (Kok11(M;Zs), A\, ) the nonsingular quadratic form defined on the
kernel Zs-module

K2k+1(M; ZQ ) = ker(f*: H2k+1(M; ZQ >—>H2k+1(X; ZQ ))

by geometric intersection and self-intersection numbers, or (equivalently) by
functional Steenrod squares. There exists a (4k+2)-dimensional topological
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manifold M*¥*+2 with a homotopy equivalence h: M — X for which vy, =
h*v: M—— BSTOP if and only if this Arf invariant is 0.

For a simply connected 2:-dimensional geometric Poincaré complex X
with a topologically reducible vx: X —BSG there exists a normal map
(f,b): M*— X with surgery obstruction o.(f,b) = 0 € Lg;(Z), so that
s(X) = 0 € Sy;(X) and X is homotopy equivalent to a manifold. This
follows formally from

and 7,.(G/TOP) = L.(Z). For every i > 3 and every x € Lo;(Z) plumb-

ing can be used to construct a differentiable 2i-dimensional manifold with
boundary (W?2!, W) and a normal map

(F,B) : (W,0W) — (D*,5%1)
which restricts to a homotopy equivalence F'|: OW i>S 2i—1 with
o.(F,B) = x € Ly;(Z) .
(See Browder [16, V] for details.) By the (2i —g)—dimensional PL Poincaré

conjecture the homotopy equivalence F'|: 9W — S%~! may be taken to be
a PL homeomorphism. Thus if X is a simply connected 2:-dimensional
geometric Poincaré complex with a topological reduction v: X — BSTOP
for which the corresponding normal map (f,b): M*——X has surgery ob-
struction o, (f,b) = —x € Lo;(Z) there exists a normal map

(f,b) = (f,b)u(F,B) : M"™* = cl(M\D*)Usg W —X
with surgery obstruction

o.(f V) = ou(f,b) +0.(F,B) = —z+x = 0€ Ly(Z) ,

so that (f’,b') is normal bordant to a homotopy equivalence M"?* — X,
For a simply connected (2i + 1)-dimensional geometric Poincaré complex

X with ¢ > 2 every topological reduction v: X ——BSTOP is such that

there rcgcists a topological manifold M?*! with a homotopy equivalence

h: M — X and vy = h*0: M——BSTOP, since the surgery obstruction
takes values in Lo;11(Z) = 0.

EXAMPLE 20.5 A finite H-space X is a geometric Poincaré complex (Brow-
der [14]) with fibre homotopy trivial Spivak normal fibration vy, so that in
the simply connected case s(X) = 0 and (at least for n > 4) X is homotopy
equivalent to a topological manifold. See Cappell and Weinberger [30] for
manifold structures on non-simply connected finite H-spaces.

]
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¢21. Transfer

The L-theory transfer maps associated to fibrations give generalized product
formulae for the various signatures, and also the total surgery obstructions.
The transfer maps for coverings give the Morita theory isomorphisms in the
projective L-groups, which are used in §22 to describe the rational L-theory
of finite fundamental groups.

See Ranicki [144, §8], [145, §8] for the L-theory products for any rings with
involution R, S

L™(R) @ L™(S) — L™ (R® S)
Lin(R) ® L™(S) — Lytn(R® 8)

and for the applications to topology, generalizing the Eilenberg—Zilber the-
orem

AX XY) ~ AX)@A(Y) .
On the chain level the L-theory products are given by the tensor product
pairing
{ R-module chain complexes} x { S-module chain complexes}
— { R® S-module chain complexes} ; (C,D) — C® D .

geometric Poincaré complex X
normal map (f,b): M—X
n-dimensional geometric Poincaré complex Y is an (m + n)-dimensional
geometric Poincaré complex . symmetric
{ normal map with { quadratic

The product of an m-dimensional { and an

signature

o (X xY) = c*(X)®@c*(Y) € L™ (Z][m (X xY))])
o ((f,0) x 1M xY—X XY)
= 0.(f,b) ®*(Y) € Lyptn(Zm (X xY)]) .

In the simply connected case m1(X) = m(Y) = {1} these are the usual
product formulae for the signature and Kervaire—Arf invariant (Browder
[16,1I1.5]). See Appendix B for the corresponding product structures on
the algebraic LL-spectra. On the cycle level these structures define products
in the 1/2-connective visible symmetric L-groups

VLI™(X)xVL(Y) — VL™ ™(X xY); (C,¢)®(D,0) — (C®D, $px®0)
for any polyhedra X, Y.

PROPOSITION 21.1 The product of a finite m-dimensional geometric Poinc-
aré compler X and a finite n-dimensional geometric Poincaré complexr Y
is a finite (m + n)-dimensional geometric Poincaré complex X x'Y with
1/2-connective visible symmetric signature

(X xY) = o*(X)®0*(Y) € VL™ (X x Y)
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and total surgery obstruction
S(X xXY) = 06"(X xY) = 00" (X)®c"(Y)) €Sppn(X xY) .
|

A fibration F —>ELB with the fibre F' a finite m-dimensional geo-

metric Poincaré complex induces transfer maps in the quadratic L-groups
|

P i Ln(Z[m(B)]) — Linin(Z[mi(E)])

which were described geometrically by Quinn [130] and algebraically in Liick
and Ranicki [99]. An n-dimensional normal map (f,b): M—X and a refer-
ence map X — B lift to an (m-+n)-dimensional normal map (f',b'): M ' —
X' and a reference map X '—FE such that

p'oc(f,0) = ou(f'0") € Lipsn(Z[m(E))) -

From now on, it will be assumed that the fibration is defined by a simplicial
map p: E—— B of finite simplicial complexes which is a PL fibration in the
sense of Hatcher [74], with the fibre F' = p~!({x}) a finite m-dimensional ge-
ometric Poincaré complex. In terms of the cycle theory of §14 the quadratic
L-theory transfer maps are given by

p': La(Z[m(B)]) = Ln(A(Z, B))

— Lern(Z[ﬂ-l(E)]) = Lm+n(A(Z7 E)) ) (Ca ¢) — (C!7¢!)
with (C,v) = {C(7),¢(7) |7 € B} a globally Poincaré cycle of (n — |7|)-
dimensional quadratic complexes over (Z, B) (= n-dimensional quadratic
Poincaré complex in A(Z, B)), and

(Chyh) = {(C(0),4'(0)) |0 € E}
the lifted globally Poincaré cycle of (m 4+ n — |7|)-dimensional quadratic
complexes over (Z, E) with

C'(0) = A(D(o,E),dD(0,E)) ® C(po) .
The cycle approach extends to define compatible transfer maps in the 1/2-
connective visible symmetric L-groups
p': VL*(B) — VL™ ™(E); (C,¢) — (C',¢))

and also in the normal L-theory IE'—homology groups

p': Hn(B;ﬁ:') — Hm+n(E;I/L:') :
If F' is an m-dimensional homology manifold locally Poincaré cycles lift to
locally Poincaré cycles, so in this case the method also gives transfer maps
in the L.-homology groups

p': Hy(B;L.) — Hyin(E;L)

and the structure groups
| | |

P Sp(B) — Spmin(E) 5 (Co9p) — (C7,07)
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with a map of exact sequences

. — H,(B;L') ——VL"(B) ——S,(B) —— H,_1(B;L") — ...

S

o= Hypin(B; L) = VL™ T(E) — Spyn(E) — Hygn_1(B;L) — ... .

PROPOSITION 21.2 Let F—>ELB be a PL fibration with the base B
a finite n-dimensional geometric Poincaré complex and the fibre F' a finite
m-dimensional geometric Poincaré complex, so that the total space E is a
finite (m + n)-dimensional geometric Poincaré complex.

(i) The 1/2-connective visible symmetric signature of E is the transfer

o*(E) = p'o*(B) e VL™ (E)

of the 1/2-connective visible symmetric signature o*(B) € V.L™(B), and the
total surgery obstruction is

s(E) = 90*(E) = 0p'c*(B) € Span(E) .

(ii) If F is an m-dimensional homology manifold the total surgery obstruc-
tion of E is the transfer

s(E) = p's(B) € Spin(E)

of the total surgery obstruction s(B) € S, (B).
m

P
REMARK 21.3 For any PL fibration F— FE — B with the fibre F' a finite
m-~dimensional geometric Poincaré complex the composite

pp' s Lo(Zlm(B)]) — Lisn(Zmi(E)]) — L4 (Z[m(B))])

is shown in Liick and Ranicki [100] to depend only the m(B)-equivariant
Witt class o*(F,p) € L™(m(B),Z) of the symmetric Poincaré complex
of F over Z with the chain homotopy m(B)-action by fibre transport.
See [100] for the equivariant L-groups L*(mw,7Z) and the assembly map
A: H ™(B;L")—L™(m(B),Z). If B is a compact n-dimensional homol-
ogy manifold and F' is a compact m-dimensional homology manifold then
E is a compact (m + n)-dimensional homology manifold, and the A-map
B——IL~™(Z) sending each simplex 7 € B to the symmetric Poincaré fibre
o*(p~17) over Z represents an element [F,pl;, € H~™(B;LL’) with assembly
A([F,plL) = o*(F,p) € L™(m1(B),Z). The canonical L'-homology funda-
mental class [E|p, € Hy4(E;L7) has image

PilElL = [FplLN[BlL € Hpyn(B; L) .
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This is a generalization of the characteristic class formula of Atiyah [6]
expressing the signature of the total space E of a differentiable fibre bundle
in the case m = 2i, m+n = 0(mod 4) as a higher signature (cf. 24.3 below)

signature (E) = pyo*(E) = A(pi[E]L)
= (L(B)Uux,[Blg) € L"t™(Z) = Z
with z = ch([[g) € H?*(B;Q) the modified Chern character (involving
e real .
multiplication by powers of 2) of the { complex K-theory signature [['|g €

{KO(B)
KU(B)
with fibres H*(F;R) (z € B) for i = {(1) (mod 2)

of the flat bundle I" of nonsingular (—)%-symmetric forms over B

[Fp@l = ch([lx) € H*(B;L)©Q C H*(B;Q).
In the special case when 71(B) acts trivially on H*(F;R) this gives the
product formula of Chern, Hirzebruch and Serre [36]
signature (E) = signature (B) signature (F') € Z .

O

REMARK 21.4 A finite d-sheeted covering is a fibration F—F 2 B with
the fibre F' a 0-dimensional manifold consisting of d points. It is convenient
to write B = X, E = X. The covering is classified by the subgroup
7 =mX)Cr = m(X)
of finite index d. The transfer maps in the quadratic L-groups
p': Ln(Zlr)) — Lu(Z[7)
are given algebraically by the functor
p': {Z[r]-modules } — { Z[7]-modules} ; M — M
sending a Z[r]-module M to the Z[7]-module M "' obtained by restricting
the action to Z[w] C Z[r]. The transfer maps define a map of exact sequences

. — H,(X;L)— VLX) — Sp(X) — Hp 1 (X;L) —— ...
:
(X;L) — ...

N

Hn—l

|
Py
ol
E
|
N
P
E
|
@
>
|
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Also, there are defined commutative diagrams
H,(x;L) —A—1vz)  m,06L) —A 1)

[T

H.(X:L)—4 1"z  H.(XL)—212)
with A the simply connected assembly, and d- multiplication by
o (p~(pt.) = de LNZ)=Z.

If X is a finite n-dimensional geometric Poincaré complex then so is X, with
total surgery obstruction given by 21.2 (ii) to be

s(X) = p's(X) € Sp(X) .
The normal L-theory fundamental class [X]~ € H,, (X L") of X lifts to the

normal L-theory fundamental class of X
p'[X = X e Ha(X:L),
so that for n = 4k the mod 8 signature is multiplicative
signature (X) = d-signature (X) € L**(Z) = Zs .
If 5(X) = 0 then s(X) = 0 and there exists a symmetric L-theory funda-
mental class [X|, € H,(X;L") such that
p'XL = [X|L € Ho(X;L)
is a symmetric L-theory fundamental class for X. Thus for n = 4k the
actual signature is multiplicative for finite geometric Poincaré complexes X
with s(X) =0
signature (X) = d - signature (X) € L*(Z) = Z .
See §22 for further discussion of the multiplicativity of signature for finite

coverings.
]

Next, we consider the Morita theory for projective K- and L-groups.

Given a ring R and an integer d > 1 let M4(R) ring of d x d matrices with
entries in R. Regard R? = Z R as an (R, M4(R))-bimodule by

R x R* x Mg(R) — R%; (x, (v:), (z1)) Zmyjzjk ,
and as an (My(R), R)-bimodule by

Ma(R) < R x R — Y5 ((w35), (), 2) — (D_ wi59;2)
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The Morita equivalence of categories
p: {f.g. projective My(R)-modules } = {f.g. projective R-modules } ;
P— P' = R'®,m) P
has inverse
p~t: {fg. projective R-modules } =
{f.g. projective My(R)-modules} ; @ — R*®r Q .
The Morita isomorphism of the projective class groups
po Ko(Ma(R) — Ko(R) 5 [P] — [P]
is such that
u[Ma(R)] = d[R] , u[R?] = [R] € Ko(R) .

For any ring with involution R and ¢ = =1 let {L (R, 3 be the

{e-symmetrlc L-groups of R (Ranicki [144]), such that

e-quadratic
{L*(R,l) = L*(R)

L.(R,1) = L.(R) .

LO°(R,¢)
Lo(R,€)

The 0-dimensional L-group { is the Witt group of nonsingular

. forms over R. The e-symmetrization maps
e-quadratic

{ e-symmetric
1+T.: Li(R,e) — L*(R,¢€)
are isomorphisms modulo 8-torsion, so that
L.(R,e)[1/2] = L*(R,€)[1/2] .
The e-quadratic L-groups are 4-periodic
L.(R,e) = L.t2(R,—€) = Lita(R,e) .
The e-symmetric L-groups are 4-periodic for a Dedekind ring with involution
R, and are 4-periodic modulo 2-primary torsion for any R.

DEFINITION 21.5 Given a ring with involution R and a nonsingular e-
symmetric form (RY, ¢) over R let My(R)? denote the d x d matrix ring
Mq(R)

My(R)® = Hompg(R% R?)

with the involution
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PROPOSITION 21.6 The projective L-groups of R and My(R)? are related
n-symmetric

n-quadratic L-groups

by Morita isomorphisms of projective {

pr Ly(Ryn) — Ly(Ma(R)?, en)
pr LE(R,m) — LE(Ma(R)?, en)
with n = +1. The Morita isomorphism p: LY(Mg(R)?) — LI(R, €) sends
the unit element 1 = (My(R)?,1) € L(My4(R)?) to
p(1) = [(Ma(R)*)'1'] = (R',9) € Lj(R,e) .
ProoFr The Morita equivalence of additive categories with involution
p: {f.g. projective My(R)®-modules } —
{f.g. projective R-modules} ; P — P'
induces an isomorphism of the projective £1-quadratic L-groups
wi LE(Ma(R)?,m) —> LE(R,en) ; [P,6] — [P',0"] .
Similarly for the projective +1-symmetric L-groups L.

O

REMARK 21.7 Let p: X—— X be a finite d-sheeted covering as in 21.4, so
that the fibre F' = p~!({*}) is the discrete space with d points and

pr:7® = m(X) — 71 = m(X)
is the inclusion of a subgroup of finite index d. The algebraic K-theory
transfer maps associated to p are the composites

~

p' = pir: Ko(Zln)) — K (Ma(Z[7)) — K.(Z[7))
with ¢, induced by the inclusion of rings
i © Zlr) — Homgm(i'Z[n],i'Z[r]) = Ma(Z[7))
and j the Morita isomorphisms, such that p'Z[r] = Z[7]? . The projective
L-theory transfer maps associated to p are the composites
pt = piv: LE(Z[r]) — LY(Ma(Z[7))%) — LE(Z[7])
with p the Morita isomorphisms of 21.6 for the nonsingular symmetric form
o*(F) = (p'Z[r], ¢) over Z[7], with ¢ = 1®1®...®1. For the free L-groups
actually considered in 21.4 the transfer maps are
p! = i Lo(Zlr)) — LA (Ma(ZIF))?) — L.(Z[7))
with
I = im(Ky(Z)) = dZ C Ko(M4(Z[7))) = Z .
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§22. Finite fundamental group

The computation of the structure groups S, (X) of a space X requires the
calculation of the generalized homology groups H.(X;IL.), the L-groups
L.(Z[r]) (m = m (X)) and the assembly map A: H.(X;L.)—L.(Z[rx]).
The classical methods of algebraic topology can deal with H,(X;L.), but the
more recent methods of algebraic K- and L-theory are required for L, (Z[r])
and A. In fact, it is quite difficult to obtain S, (X) in general, but for finite 7w
there is a highly evolved computational technique fulfilling the programme
set out by Wall [176, 4.9] for using localization and completion to determine
the L-theory of Z[r| from the classification of quadratic forms over algebraic
number fields and rings of algebraic integers. Apart from Wall himself, this
has involved the work (in alphabetic order) of Bak, Carlsson, Connolly,
Hambleton, Kolster, Milgram, Pardon, Taylor, Williams and others.

The topological spherical space form problem is the study of free actions
of finite groups on spheres, or equivalently of compact manifolds with finite
fundamental group and the sphere S™ as universal cover. A finite group
7 acts freely on a CW complex X homotopy equivalent to S™ with trivial
action on H,(X) if and only if the cohomology of 7 is periodic of order ¢
dividing n 4+ 1, with ¢ necessarily even and n necessarily odd. The quotient
X/ is a finitely dominated n-dimensional geometric Poincaré complex with
fundamental group 7 and universal cover X. There exists such an action of ©
on X with X/m homotopy equivalent to a compact n-dimensional manifold if
(and for n > 5 only if) 7w acts freely on S™. Swan [172] applied algebraic K-
theory to the spherical space form problem. The subsequent investigation
of the spherical space form problem was one of the motivations for the
development of non-simply-connected surgery theory in general, and the
computation of L.(Z[r]) for finite 7 in particular. Madsen, Thomas and
Wall [103] used surgery theory to classify the finite groups which act freely
on spheres. Madsen and Milgram then classified the actions in dimensions
> 5. See Davis and Milgram [44] for a survey.

The computations of L. (Z[r]) have included the determination of the as-
sembly map A: H,(Bm;L.)— L.(Z[r]) for finite m by Hambleton, Milgram,
Taylor and Williams [69] and Milgram [109]. The multisignature, Arf invari-
ants, various semi-invariants and Whitehead torsion are used there to detect
the surgery obstructions in im(A) C L, (Z[r]) of normal maps of closed man-
ifolds with finite fundamental group m. It appears that such invariants also
suffice to detect the surgery obstructions in L, (Z[r]) of normal maps of
finite geometric Poincaré complexes with finite fundamental group 7. Such
a detection should allow the total surgery obstruction s(X) € S,(X) of
a finite geometric Poincaré complex X with finite 71(X) to be expressed
in terms of the underlying homotopy type and these surgery invariants.
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See Hambleton and Madsen [67] for the detection of the projective surgery
obstructions in LY (Z[r]) of normal maps of finitely dominated geometric
Poincaré complexes with finite fundamental group 7 in terms of the mul-
tisignature, Arf invariants and various semi-invariants as well as the Wall
finiteness obstruction, which together with the underlying homotopy type
can be used to at least express the projective total surgery obstruction
sP(X) € SP(X) (Appendix C) in terms of computable invariants.

The multisignature is the fundamental invariant of surgery obstruction
theory with finite fundamental group 7. It is a collection of integers indexed
by the irreducible real representations of 7, generalizing the signature in the
simply connected case. The multisignature suffices for the computation of
the projective L-groups LY (R[n]) = L;(R[n]), and for the determination of
the quadratic L-groups L. (Z[r]) and the quadratic structure groups S, (B)
modulo torsion. In 22.36 below it is explicitly verified that for an oriented
finite n-dimensional geometric Poincaré complex X with a map 71 (X)—7
to a finite group m the multisignature determines the image of the total
surgery obstruction s(X) € S,,(X) in S, (Bw) modulo torsion. For the sake
of brevity only the oriented case is considered in §22.

There are two distinct approaches to the multisignature, both of which
were applied to the L-theory of finite groups by Wall [180, 13A BJ:

(i) The K-theoretic G-signature method of Atiyah and Singer [7] and
Petrie [128], which depends on the character theory of finite-dimensional F-
representations of a compact Lie group G, with F' = R or C. Only the case
of a discrete finite group is considered here, with G = w. The ‘K-theory F-
multisignature’ for L2*(F[n]) consists of the rank invariants of the algebraic
K-group Ko(F[r]) giving a natural isomorphism L3*(F[r]) = Ko(F[r]),
with the complex conjugation involution if F' = C. There is a similar (but
more complicated) result for Ly**2(F[x]).

(ii) The L-theoretic method of Wall [176],[180], Frohlich and McEvett
[57] and Lewis [95], which depends on the algebraic properties of the ring
F[r] for a finite group 7, with F' any field of characteristic 0. The ‘L-theory
F-multisignature’ for L2*(F[r]) consists of the signature invariants of the
L-groups of the division rings appearing in the Wedderburn decomposition
of F[r] as a product of matrix algebras over division rings.

The K- and L-theory F-multisignatures coincide whenever both are de-
fined. The Q-multisignature coincides with the R-multisignature.

DEFINITION 22.1 (i) Given a commutative ring with involution F' and a
group 7 let the group ring F[r] have the involution

~: F[r] — FIn]; Zagg—> Z&ggfl (ag € F) .

gem gem



22. FINITE FUNDAMENTAL GROUP 225

The involution on F[r] is real if it is the identity on F.
The involution on F'[r] is hermitian if it is not the identity on F.
(ii) For F = Clet C* (resp. C ) denote C with the identity (resp. complex
conjugation) involution, so that C*[r] (resp. C ~[x]) is C [r] with the real
(resp. hermitian) involution.

m

For a finite group 7 and any field F' of characteristic not divisible by ||
the ring F'[n] is semi-simple, by Maschke’s theorem, so every F[r]-module
is projective. For any involution on F' the F'[r]-dual of a f.g. F[r]-module
M is a f.g. F[r]-module M* = Homp, (M, F[r]), with F[r] acting by

Flr] x M* — M* ; (ag, f) — (x — f(z)ag™') (a€ F,g€ 7).
The F-module isomorphism

Homp(M.F) = M*: [ — (z — Y f(gz)g™)
gem
is an F[r]-module isomorphism, with F[r] acting by
F[r] x Homp(M,F) — Homp (M, F) ; (ag, f) — (x — f(gx)a) .
For ¢ = +1 the e-symmetric forms (M, ¢) over F[r] are in one—one cor-
respondence with the e-symmetric forms (M, ¢') over F which are m-equi
variant, that is

¢'(gv.9y) = ¢'(z.y) €R (v,yeMgem).
The forms (M, ¢), (M, ¢") correspond if

d(z,y) = Y ¢'(gz,y)g € Fln],
gem
or equivalently

¢'(x,y) = coefficient of 1 in ¢(z,y) € F C F|x] .

LEMMA 22.2 Let F =R or C~. A f.g. F[r]-module M supports a nonsin-
gular symmetric form (M,0) over F[r] which is positive definite:
0'(z,z) >0 (x€ M\{0}).
Any two such forms 0(0), (1) are homotopic, i.e. related by a continuous
map 0: [ —Hom p (M, M*) with each (M,0(t)) (t € I) positive definite.
PROOF The underlying F'-module of M supports a positive definite symmet-
ric form (M, 60p) over F', which is unique up to homotopy. The symmetric
form (M, 0") over F obtained by averaging
0'(z,y) = (1/|7)> bolgz,gy) € F (x,y € M)
gem

is positive definite and m-equivariant, corresponding to a nonsingular sym-
metric form (M, 6) over Fr].

m
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Let FF = R or C™, as before. Given a f.g. F[r]-module M and an
endomorphism f: M—— M let
ft =601'f0: M — M

be the endomorphism adjoint with respect to the nonsingular symmetric
form (M, 6) over F[r] with the form (M,0"') over F positive definite.

The following definition of the multisignature is just a translation into
the language of algebraic K-theory of the definition of the G-signature due
to Atiyah and Singer [7,pp.578-579] in the case of a discrete finite group
G=m.

DEFINITION 22.3 Let F' = R or C~. The K-theory F-multisignature of a
projective nonsingular e-symmetric form (M, ¢) over F[r] is the element
[Mv Qs] S KO(F[WLE)
defined as follows:
(i) If e = +1 then Ko (F[r],e) = Ko(F[r]) (by definition). The F[r]-module
morphism f = 0~ '¢: M—— M is self-adjoint, that is f* = f, and may be
diagonalized by the spectral theorem with real eigenvalues. The positive
and negative eigenspaces M, M_ are m-invariant, so that they are f.g.
projective F'[r]-modules, and
(M, ¢] = [My]—[M_] e Ko(Flr]) .
(ii) If F = C~ and € = —1 then Ky(Fr],e) = Ko(C|[n]) (by definition).
The K-theory F-multisignature of (M, ¢) is defined to be the K-theory F-
multisignature (as in (i)) of the nonsingular symmetric form (M, i¢) over
C~|n]
(M, ¢] = [M,i¢] = [My]—[M_] e Ko(Clr]) .
(iii) If ' =R and € = —1 then
Ko(F[r],e) = {z—a" |z € Ko(C[n]) } C Ko(C[n])
(by definition). The R[r]-module morphism f = 6~ 1¢: M— M is skew-
adjoint, that is f* = —f. If (ff*)'/? denotes the positive square root of f f*
the automorphism
J = fIHY M — M

is such that J? = —1 and commutes with the action of 7. Let (M, J),
(M, —J) be the f.g. projective C [r]-modules defined by the two w-invariant
complex structures J, —J on M. The K-theory R-multisignature of (M, ¢)
is given by

[M,¢] = [M,J]—[M,—J] € Ko(Rl[r], —1) C Ko(C|[n]) .
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This is the K-theory C-multisignature (as in (i)) of the nonsingular sym-
metric form (C ®g M,i® ¢) over C ~[r], with
CeorM)y = {1@zFieJe|lzeM} = (M,+J).
O

PROPOSITION 22.4 The K-theory F-multisignature defines isomorphisms
Ly(F[n),e) — Ko(F[n],e); (M,¢) — [M,¢] (F=RorC7).
PROOF For € = 1 the inverse isomorphism is defined by sending a projective
class [M] € Ko(F[r]) to the Witt class [M, 0] € L)(F[r]) of the positive
definite nonsingular symmetric form (M, #) over F[n] given by 22.2. Simi-
larly for (F,e¢) = (C~,—1), with [M] sent to (M,if). For (F,e) = (R, —1)

see 22.19 below.
]

Let F' be a field of characteristic 0, and let m be a finite group. The
L-theory multisignature for Ly (F[n]) is an analogue of ‘multirank’ for the
projective class group Ko(F'[r]). Both the multirank and the multisignature
are collections of integer-valued rank invariants indexed by the irreducible
F-representations of the finite group 7, obtained as follows.

By Wedderburn’s theorem F[r] is a finite product of simple rings
Flr] = Si(F,m) x So(F,7) X ... X Sopm)(F,7) ,
starting with Sy (F,7) = F. Each of the factors is a matrix algebra
Sj(F,m) = Ma,(pm)(D;(F,))
over a simple finite-dimensional F-algebra
Dj(F,m) = Endpp(F;) ,

which is the endomorphism ring of the corresponding simple f.g. projective
Flr]-module P; = D;(F,7)% ™) with centre F. Let G be the Galois
group of the field extension of F' obtained by adjoining the |r|th roots of 1.
G is a subgroup of Z® |, the multiplicative group of units in Z\{0}. Two

7|’
elements z,y € 7 are F'-conjugate if

29 = hlyhen
for some g € G, h € m. The number of simple factors in F[r] is given by
a(F,m)
= no. of isomorphism classes of irreducible F-representations of 7

= no. of F-conjugacy classes in 7 .

See Serre [157,12.4] or Curtis and Reiner [42,21.5] for the details. For
each isomorphism class of simple finite-dimensional algebras D over F' let



228 ALGEBRAIC L-THEORY AND TOPOLOGICAL MANIFOLDS

ap(F,m) be the number of factors S;(F,m) in F[r| with D;(F,7) = D, so

that
= ZCYD(F s
D

For a division ring R f.g. projective R-modules are f.g. free, and rank
defines an isomorphism

Ko(R) — Z: [R"] —[R"] —s m —n .
The algebraic K-groups of a product of rings R = R; X Ry are given by
K*(Rl X RQ) = K*(Rl) @K*(RQ) .

For any finite group 7

a(F,m) a(F,m) a(F,m)
KO(F[W]) = Z KO(Sj(F7 7T)) = Z KO(Dj(Fvﬂ-)) = Z Z .
Jj=1 Jj=1 Jj=1

The F-multirank of a f.g. projective F[r]-module P is the collection of
a(F, ) rank invariants

ri(P) = [5;(F,m) @pm) Pl € Ko(S;(Fym)) = Ko(Dj(Fym) = Z,
one for each simple factor S;(F,n) in F[r]. The F-multirank defines an
isomorphism

- a(F,m)
r.(P) : Ko(F[r]) — Z Z; [Pl — (ri(P),r2(P),...,Tarm (P))

with r.((D;)%) = (0,...,0,1,0,..., 0) and 7.(S;) = (0,...,0,d;,0,...,0)
(d;j = d;(F,m)). The inclusion i: F—F[r] induces a rudimentary algebraic
K-theory assembly map

dy
. d2
1 = .
da(F,Tr)
a(F,m)
Ho(Bm;K(F)) = Ko(F) = Z — Ko(F Z Z

[F] = 1 — 1. (F[r]) = (di,da,...,doFx))
with K(F') the algebraic K-theory spectrum of F'. The transfer map is given
by
o(F,m)
i' = (c1dy cady ... Co(pmyda(pm): Ko(Fln]) = Y Z— Ko(F) = Z

j=1
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with ¢; = dimp(D;(F,)), and
a(F,m)
ity = Y ¢i(dy)? = |n]: Ko(F) = Z— Ko(F) = Z.
j=1
The reduced projective class group f?o(Z[ﬂ']) is finite for a finite group =

by a theorem of Swan, and every f.g. projective Z[r]-module P induces a
f.g. free Q[r]-module Q[7] ®z[ P, so that

im(Ko(Z[r))—Ko(Q[r))) = {0}
and the Q-multirank is not useful for detecting Ko (Z[r]). The F-multitorsion

is defined for any field F' of characteristic 0 by means of the identification
a(F,m)

K1 (F[r]) Z K(D;(F,x)) .

By a theorem of Bass the torsion group K;(Z[r]) and the Whitehead group
W h(m) are finitely generated for finite m, with the same rank
dimg Q ® K1 (Z[r]) = dimgQ® Wh(r) = a(R,7) — a(Q, )

detected by the Q-multitorsion subject to the restrictions given by the
Dirichlet unit theorem: each of the a(Q,w) simple factors S = My(D)
in Q[r] contributes a(R, S) — 1, with a(R, S) the number of simple factors
in R®g S.

The character of an F-representation p: m——GLg4(F') is the (conjugacy)
class function

x(p) : m—> F 5 g — tr(p(g)) -
Let R () be the F-coefficient character group of 7, the free abelian group of
Z-linear combinations of the characters of the irreducible F-representations.
The F-multirank also defines an isomorphism
~ a(F,m)
Ko(F[r]) = Re(m); [Pl — Y r;(P)x(p))
j=1
with p; the irreducible F-representation
pj: ™ — Autp(Dj(F,m)%) = GLe¢q,(F)
of degree c;d; defined by the composite
T — Flr] — S;(F,7) = EIldDj(Fm)(Dj<F,7T)dj) )

EXAMPLE 22.5 (i) The element i[F| = [F[r]] € Ko(F[r]) corresponds to
the character
g=1

m— F; g— 7l if{
X g {0 g#1
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of the regular F-representation F[r] of m with degree |7|.

(ii) Regarded as a character, the K-theory F-multisignature (22.3) of a
nonsingular e-symmetric form (M, ¢) over F[r] (F =R or C ) is the class
function

(M, ¢] : 7 — {é . g — (g, (M,¢)) = { 9lar+) — tr(gla-)

r(
tr(glar,0)) — tr(glar,)
) o

(R,1) or (C—,+1)

if(Fre) = {(R,—l).

In particular, for (M, ¢) = (F[r],1) this is the character of the regular F-
representation, as in (i).
]

If {p1,p2,...,Pa(Fx} is a complete set of irreducible F-representations

of m with characters {Xx1,Xx2,- .., Xa(F) } then the central idempotent
ej(F,m) = e;j(F,m)*¢€ Fln]
with
ej(F77T)F[7T] = Sj(Fvﬂ-) ) 6j(F,7T)€k(F,7T) =0 (.7 7é k)
is given by
e;(Fym) = (fi/Ix)) Y x;(9)g™" € Fln]
gem

for some f; € F.

As a purely algebraic invariant the multisignature is a generalization of
the signatures used by Hasse [73] and Landherr [89] to classify quadratic

and hermitian forms over algebraic number fields. The total signature map
on the symmetric Witt group L°(F) of a field F' with the identity involution

o = Zo—j: LO(F) — ZLO(R) = ZZ

has one component for each embedding ¢;: F C R (Milnor and Husemoller
[113,3.3.10], Scharlau [156, 3.6]). The kernel of ¢ is the torsion subgroup of
L°(F), with 2-primary torsion only. The image of o is constrained by the
congruences

0j(M,¢) =dimp(M) (mod2) (1<j<a)
for any nonsingular symmetric form (M, ¢) over F'. For an algebraic number
field F' the image of o is such that

and ¢ is an isomorphism modulo 2—pr1mary torsion [113,p.65]. For any
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field F' of characteristic # 2 L.(F) = L*(F') and every nonsingular skew-
symmetric form over F is hyperbolic, so that Lo(F) = L*(F) = 0.
The product decomposition

a(F,m)
Flr] = ] Ma,pm(D;(F 7))
j=1

reduces the computation of L, (F[r]) for finite 7 to that of L, (D) for division
rings with involution D which are finite-dimensional algebras over F. By
assumption F' has characteristic 0, so that 1/2 € F' and there is no difference
between the quadratic and symmetric L-groups

L(F[x]) = L*(Flr]) .

The calculations are particularly easy for projective L-theory Ly, since this
has better categorical properties than the free L-theory L*, while differing
from it in at most 2-primary torsion:

PROPOSITION 22.6 For any ring with involution A the forgetful maps L*(A)
—>L;(A) from the free to the projective L-groups are isomorphisms modulo
2-primary torsion, so that

LH(A)/2] = Ly(A)[1/2] .
PROOF Immediate from the exact sequence of Ranicki [139]
. — L™(A) — L2 (A) — H"(Zo; Ko(A)) — L" Y (A) — ...

since the Tate Zs -cohomology groups H* are of exponent 2.
]

PROPOSITION 22.7 (i) The odd-dimensional projective L-groups of a semi-
simple ring A with involution vanish:
2x+1 _
Ly (A) = 0.
(ii) For a finite group © and any field F with |7| f char(F)
2x+1 _
L7 (Fln]) = 0.
PROOF (i) The proof of L},  ;(A) = 0 in Ranicki [141] extends to symmetric
L-theory.
(ii) Immediate from (i), since F'[r] is semi-simple.
m
A division ring D is such that Ko(D) = 0, and so L*(D) = Ly (D) for any
involution on D. Also, D is simple, so that L***1(D) = 0. Let D* = D\{0},
and for e = +£1 let

D? = {xe€D*|z=ex}.
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Every nonsingular e-symmetric form over D is equivalent in the Witt group
n

to a diagonal form Y (D, x,,) with z,, € D?, so that the morphism

Z[D?] — L%(D,¢) ; [z] — (D, x)
is onto.

PROPOSITION 22.8 The e-symmetric Witt group L°(D, €) of a division ring
with involution D is given in terms of generators and relations by

L°(D,e) = Z[D?]/N.
with N the subgroup of Z[D?] generated by elements of the type
(@] = [aaa] , [2] + [~2] , (2] + [y] = [z + 9] = [2(= +y) 0]
for any a € D*, x,y € D? with x +y # 0.
PROOF See Scharlau [156,2.9] and Cibils [37]. (For a field F' of character-
istic # 2 with the identity involution such a presentation of L°(F,1) was
originally obtained by Witt himself).
o

The projective L-theory of products is given by:

PROPOSITION 22.9 Let R be a ring which is a product
R = R xRy .
For an involution on R which preserves the factors (R; = R;)
Ly(R) = Ly(R1) ® Ly(Rs) ,
while for an involution which interchanges the factors (Ry = Ry)
Ly(R) = 0.
Simalarly for the quadratic L-groups L.
PROOF The central idempotents
e1 = (1,0) , es = (0,1) € R = Ry X Ry
are such that
eR = R, (e;)> = ei,e1+es = 1,ee0 = 0€R (i=1,2).

An involution on R preserves the factors if and only if €; = e; in which case
there are defined isomorphisms

LY(R) — L3(Ry) & Li(Rs) 3 (C,0) — (10, e10) @ (e2C) e0) .

An involution on R interchanges the factors if and only if €; = es, in which
case for every projective symmetric Poincaré complex (C,¢) over R there
is defined a null-cobordism (C—e1C, (0, ¢)), and so Ly(R) = 0.

]
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A simple factor S;(F, ) of F[n] is preserved by the involution
Si(Fym) = S;(F,m)
if and only if the idempotent e;(F,m) € F[n] is such that
e;(F,m) = ej(F,m) € Fln] .

PROPOSITION 22.10 The projective L-groups of F[r| are such that
Ly(F[r]) = ) Ly(S;(Fm)
jeEJ(F,m)
with
J(Faﬂ-) = {]|SJ = SJ} C {1,2,...,0{(F,71’)}
the indexing set for the simple factors S; = S;(F,m) preserved by the invo-
lution on F[r], depending on the choice of involution on the ground field F'.
(In fact, L2*T1(F[x]) = 0, by 22.7.)
PRrROOF Immediate from 22.9, since the simple factors S;(F,m) of F[rn] not
preserved by the involution come in pairs S;(F,7) x S;(F,m)°? with the
hyperbolic involution (z,y)—(y, x).
i

From now on, only the ground fields F' = C, R, Q will be considered.

PROPOSITION 22.11 Let D be a division ring such that My(D) is a simple
factor of F[r] for some finite group 7. For any involution on D and e = +1
the e-symmetric Witt group L°(D,€) is a countable abelian group of finite
rank, with 2-primary torsion only.
PROOF See Wall [181].

]

The 2-primary torsion in LY(D, ¢) may well be infinitely generated in the
case ' = QQ (Hasse-Witt invariants), e.g. if D = Q, e = +1

Q1) = LQ) = L'R)a P L'F,) = Z& (Z2)™ ® (Zs)™

q prime
with F, the finite field of ¢ elements and
Lo if q=2
LY(F,) = { Zo®Zy if ¢ = 1(mod4)
Zy if ¢ = 3(mod 4)

(Milnor and Husemoller [113,1V §§1,2]).

TERMINOLOGY 22.12 Given a division ring with involution D as in 22.11
let 7%(D) > 0 be the rank of the (—)*-symmetric Witt group of D, so that

LD, (-)M[/2] = ) zZ[1/2].

rk(D)
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|

The rank of the Witt group L?*(D) = L°(D, (—)*) of a division ring with

involution D is the number of the signatures given by the embeddings of D
in R, H and C~, whose L-theory is tabulated in 22.16 below.

The following definition of the multisignature is just a translation into
the language of algebraic L-theory of the definition due to Wall [176,4.9],
[180, p. 164].

DEFINITION 22.13 The L-theory F-multisignature of a nonsingular (—1)*-
symmetric form (M, ¢) over F[r| for a finite group = is the collection of
of(F, ) signature invariants

0, (M, ¢) = [S;(F,7) @ppm (M, ¢)] € 1m<L2k(Sj(F, 0)— Y Z)
k(D (Fym))
with o*(F,7r) = Y.  r*¥(D;(F,7)).
JEJ(F,m)
|
PROPOSITION 22.14 The L-theory F-multisignature map
o = Z o L*(F[r]) — Z Z 7 = Z A
jeEJ(F,m) JEJ(F,m) rk (D, (F,m)) ak(F,m)
1s an isomorphism modulo 2-primary torsion, with
L*(FaD[1/2) = ) L*(D;(Fm)[1/2] — > z[y/2).
JjEJ(F,m) ak(F,m)
PrROOF Immediate from 21.6 and 22.10.
|

The (a, 8)-quaternion algebra over a field F' is the division F-algebra with
centre F' defined for any «, 8 € F'* by
o, S
(?) = {w+zit+yj+zk|w,x,y,z € F}
with
P =a, P =8,14 =—ji=4k, k= —af.

Now specialize to the case F' = R. The ring R[x] is a product of simple
finite-dimensional algebras over R. Such an algebra is a matrix ring M(D)
with D one of R, H, C.

The quaternion ring

1,1
H = ( R ) = {w+zi+yj+zk|w,z,y,z€R}

is given the quaternion conjugation involution

H—H;v =w+axi+yj+zk— v = w—xi—yj — 2k .
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DEFINITION 22.15 Let D be one of the rings with involution R, H, C .
The signature of a nonsingular symmetric form (M, ¢) over D is defined by

signature (M, ¢) = Z sign x,,, € Z
m=1
using any diagonalization (M,¢) = > (D, xy,), with z,, € D$; = R\{0}.
m=1
Equivalently,
signature (M, ¢) = [Mi]—[M_] € Ko(D) = Z

for any decomposition (M, ¢) = (M4, ¢4+) ® (M_, ¢_) into positive definite
and negative definite parts.
m

PROPOSITION 22.16 (i) The L-groups of R are given by

L"(R) = {OZ ifn{;g(modél)

with isomorphisms
signature : L*(R) — Ky(R) = Z,

so that r°(R) = 1, r'(R) = 0.
(ii) The L-groups of H are given by

Z 0
L"(H) = < Zy ifn=42 (mod4)
0 1,3

with tsomorphisms
signature : LY (H) — KoH) = Z,
so that ¥O(H) = 1, r1(H) = 0. The generator 1 € L¥*T2(H) = Zy is

represented by the nonsingular skew-symmetric form (H,1).
(iii) The L-groups of C~ are given by

"C-) = {f ifnz{(l)(mod2)

with isomorphisms

~

signature : L**(C~) — Ky(C) = Z,
so that r°(C~) =r}(C~) = 1.
(iv) The L-groups of CT are given by
Z =0
n + . 2 .
L"(C™m) = {0 zfn{fjéo(modll)
so that r°(C*) = r}(C*) = 0.
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The number of simple factors S; = S;(R,7) = My, (D;(R, 7)) in R[r] is
a(R,m) = no. of irreducible R-representations of 7
= mno. of conjugacy classes of unordered pairs {g,¢g"1} in 7
= ar(R,7) + ac(R,7) + an(R, )

with ap(R,7) the number of simple factors S; such that D;(R,n) = D.
The projective class group of R|x] is given by

a(R,m) a(R,m)
KoR[r]) = Y Ko(S;(R,m) = > Ko(D;(R,7))
j=1 j=1
= > K@®a Y KMo Y K = Y Z.
agr(R,m) ap(R,m) ac(R,m) a(R,m)

Every simple factor S;(R, 7) in R[x] is preserved by the involution, and the
duality involution *: Ko(R[r])— Ko (R[n]) is the identity.

In order to obtain the corresponding computation of L2*(R[x]) it is nec-
essary to consider the action of the involution on R[] on the simple factors
S; (R, ).

Let A be a central simple algebra over a field K of characteristic # 2,
with dimg (A) = d?. Involutions

[:A— A;a—a

are classified by the dimensions of the I-invariant subspaces

AT = H%Zy;A) = {a€ Ala=a},

A™ = HY(Z9;A) = {ac Ala=—a)}
with A = AT @ A~, as follows:

(I) (first kind, orthogonal type)
dimg (A*) = d(d+1)/2 , dimg(A) = d(d—1)/2,
in which case I|: K— K is the identity,
(IT) (first kind, symplectic type)
dimg (AT) = d(d—1)/2, dimg (A7) = d(d+1)/2,
in which case I|: K— K is the identity,
(III) (second kind, unitary type) d is even and
dimg(AT) = dimg (A7) = d?,
in which case I|: K—— K is not the identity.
See Scharlau [156, §8.7] for further details.

EXAMPLE 22.17 Let (V, ¢) be a nonsingular e-symmetric form over a field
with involution K of characteristic # 2, and let dimg (V) = d. Define an
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involution on the d2-dimensional central simple K-algebra A = Homg (V, V)
by
[:A A f—s¢ .

Let My(K)? be the matrix ring with involution defined in 21.5. A choice of
basis for V' determines an identification A = My(K)?. Use the isomorphism
A = Homg(V,V) — Homp(V,V*) ; f — of

to identify I with the e-duality involution
I: Homg(V,V*) — Homg (V,V*); f — ef* .
The I-invariant subspaces
AT = {f e Homg (V,V*) |ef* = £f}

are the spaces of +e-symmetric forms on V. The involution I: A— A cor-
responds to the e-transposition involution * ® y—ey ® x on V* @ V*
under the isomorphism

V*@r V' — Homg(V,V"); fog (2 (y — f(x)9(y))) ,
allowing the identifications

For the identity involution on F' and € = +1 (resp. —1) the involution on A
is of the first kind and the orthogonal (resp. symplectic) type (I) (resp. (II)).
If (V,¢) admits a complex structure, an automorphism J: (V, ¢)—=(V, @)
such that J? = —1, there is defined an isomorphism

AT = A 00— 8

and the involution on A is of the second kind and unitary type.

O

The round free quadratic L-groups L7 (R) are the quadratic L-groups of
a ring with involution R defined using f.g. free R-modules of even rank,
which differ from the projective and free L-groups by the exact sequences

. — H"Y(Zy; Ko(R)) —> L"(R) —> LP(R)
— H"(Zy; Ko(R)) —> ...,
. — H"(Zy;im(Ky(Z)—Ko(R))) — L-(R) — L"(R)

— H™(Zy;im(Ko(Z)—Ko(R))) — ... .
Similarly for the round free symmetric L-groups L}(R). See Hambleton,
Ranicki and Taylor [70] for further details.

THEOREM 22.18 Let 7 be a finite group.
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(i) The projective L-groups of R[] are given by

O/ 0

a(R,m)

Ly (R[x]) = S Zo® Y Z ifn=4q2 (modd4),
an(R,m) ac(R,m)
0 1,3

with the Z-components detected by the R-multisignature.
(ii) The round free L-groups of R[x] are given by

(> 2Z (0
a(R,m)
> Zo 1
L' (R[r]) = { ar(®m) if n= (mod 4) ,
S 27 2
ac(R,m)
L0 (3

with 27, denoting the corresponding subgroup of 7. C L;(R[ﬂ']).
(iii) The free L-groups of R[] are given by

(Z& >, 27 (0
a(R,m)—1
Zs 1
L"(R[r]) = { or(Rm)—1 ifn= (mod 4) .
Y 2Z 2
ac(R,m)
L0 3

PROOF (i) Each of the idempotents e; = e;(R, 7) € R[n] is such that €; = e;,

so that the involution on R[r] preserves each simple factor
Si(R,m) = My;(D;(R, 7)) (dj = d;(R,m)) ,
and as a ring with involution

R[r] = Si(R,7) x So(R,7) x ... X Sqm,n (R, 7).

Each D;(R,7) is one of R, H, C with the standard involution, respectively
the identity, quaternion conjugation, and complex conjugation. The three
types are distinguished by the type of the involution on S;(R, ), or by the

ring structure of C ®g S;(R, ), as follows:

(I) (orthogonal) D;(R,7) = R if the involution on S;(R, ) is of the or-

thogonal type, with
C XR Sj(R,ﬂ') = Mdj((C) .

(IT) (symplectic) D, (R, 7) = H if the involution on S;(R, 7) is of the sym-

plectic type, with
C ®r Sj(R, 7'(') = Mgdj (C) .
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(III) (unitary) D;(R,m) = C if the involution on S;(R,7) is of the unitary
type, with

Can S;(R,m) = My, (C) x My, (C)
By the Morita isomorphisms of 21.6

o (R,7)
LR = ) Ly(S;(R,m)
j=1
= Y *®e Y L*MH)e Y L*C)
ar(R,m) ap(R,m) ac(R,m)
and by 22.16
r’(D;(R,m) = 1,
aO(R,ﬂ') = O‘R(Rvﬂ)—f—aH(R?ﬂ-)—FaC(Raﬂ—) = O‘(Raﬂ-)a
", o _JC
o) = {0 inen = {

o' (R,7) = ac(R,7) .
(ii) Immediate from (i) and the exact sequence
- — LY(Rlx)) — Ly(R[r]) — H" (Zs; Ko(R[x)))
— L Y(R[x]) — ...
with

_ {Ko(R[ﬂ])/QKo(R[W])
0

)
(iii) Immediate from (i) and the exact sequence

— LMR[r]) — LM(R[r]) — H™(Zy; Ko(R[7)))

~

B™(Z, ; Ko(Rlx]) if n = {(1) (mod 2) .

— L"*Rx]) — ... .

O
PrRoOPOSITION 22.19 Let F = R or C—.

The K-theory F-multisignature
(22.8) coincides with the L-theory F-multisignature o (22.13), defining iso-
morphisms

o L;l)*(]R[W]) = Ko(R[7])

_ZZ’

a(R,m)
o: L§*+2(R[ﬂ']) = Ko(R[r], —1)

1) = Z Z
with
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indexed by the conjugate pairs of irreducible C-representations of © of the
unitary type (III).
PrROOF Immediate from 22.18.

]

The only simple finite-dimensional algebra over C is C itself, so that the
simple factors in the Wedderburn decomposition

Clrl = ][] si(Cn)

are matrix algebras S;(C,7) = My, (C), one for each degree d; irreducible

C-representation of m. The type of an irreducible C-representation p of

degree d is distinguished by the Frobenius—Schur number associated to its

character y

c(p) = (/7)) Y _x(g*) eC.
gem

This is the coefficient of the trivial representation C in the C-representation

of degree d(d +1)/2

Sym(V @c V) = H°(Zy;V ®c V)
of symmetric forms on V* = Homc(V, C) over C*, with V = C¢ the repre-
sentation space of p (cf. 22.17). Equivalently, the type of the representation
is determined by the type of form supported by V over C *[x], as follows:

(I) (orthogonal) ¢(p) = 1 if and only if x = x is real and p is equivalent
to an R-representation of degree d, i.e. if there exists a C[r]-module
isomorphism V' 2 C|n] ®g[x Vo for some f.g. R[r]-module V which is
a d-dimensional real vector space. This is the case if and only if there
exists a nonsingular symmetric form (V,¢) over C*[n]. The simple
factor M4(R) of R[7] induces the simple factor C ®@g My(R) = M,4(C)
of Clm].

(IT) (symplectic) c¢(p) = —1 if and only if x = x is real but p is not
equivalent to an R-representation, in which case d is even and there
exists an irreducible R-representation o of degree d/2 of quaternionic
type. This is the case if and only if there exists a nonsingular skew-
symmetric form (V, ¢) over C *[r]. The simple factor My (H ) of R[n]
induces the simple factor C @ M/o(H) = My(C) of C[r].

(ITI) (unitary) c¢(p) = 0 if and only if x # x is not real, so that it is
purely imaginary and p is not isomorphic to the complex conjugate
representation p. This is the case if and only if V' is not C [r]-module
isomorphic to its C*[r]-dual V*. The simple factor My(C) of R]nx]
induces a product of simple factors C @r M4(C) = My4(C) x My(C) in
C [n] interchanged by the real involution.
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See Serre [157,§13] and Curtis and Reiner [42, §73A] for further details.

EXAMPLE 22.20 (i) For any finite group 7 the trivial irreducible C-represent-
ation of degree 1

T — GL1(C); g — 1

is of the orthogonal type (I).
(ii) Let Qg = (z,y|2* = 1,22 = %, 2zyx~! = y~1) be the quaternion group
of order 8. The irreducible C-representation p of degree 2 defined by

Qs — GLy(C) ; © — (é :) Ly — ((1) —01)

is of the symplectic type (II).
(iii) Let Z,, = (T'|T™ = 1) be the cyclic group of order m. The irreducible
C-representations of Z,, of degree 1 defined by

i L — GLi(C) ; T — €2™9/™ (0 < j < m)

are of the orthogonal type (I) if 7 = 0 or m/2 (m even), and of the unitary
type (III) otherwise, with p; = pp,—; .

m
The number of simple factors S;(C, x) in C[n] is
a(C,m) = no. of irreducible C-representations of 7
= no. of conjugacy classes in m
= ar(R,m) + ag(R, ) + 2ac (R, 7)
with

1) or(R, ) 1
(IT) ag(R,7) = no. of irreducible C-representations p withe(p) = ¢ —1
(ITI)2ac (R, ) 0.

PROPOSITION 22.21 (i) The projective L-groups of C*[r] are given by

>, Zs 0

ag(R,m)

Ly (CH[n]) = S Zy fn=42 (mod4).
am(R,m)
0 1,3

The inclusion i*: R[wr]—C T [x] induces
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it = > 18080 LyRH) = > Ze Y Ze Y T

aR(Rvﬂ—) O‘R(Rvﬂ—) O‘H(Rvﬂ—) OCC(RJT)
4x + _
— L(CH[x]) = ) Zp,
ag (R,m)

it =0 LyPRE) = > Zod Y Z

am(R,m) ac(R,m)
4x+2
— LT (C*n)) = Z Zo
OLH(R,TF)
(ii) The projective L-groups of C~[r]| are given by
_ > Z 0
Ly(C™[n]) = {g(c,w) if n= {1 (mod 2) ,

with the Z-components detected by the C~ -multisignature. The inclusion
i7:Rr]—C ~[7] induces

iy = 21@22@2(1):

ag(R,) ag(R,7) ac(R,m)
LyRr) = Y ze > Zo > Z
agr(R,7) o (R, ) ac(R,m)
— LC[n)) = > Zo Y Zo Y (ZoL),
ar(R,m) an(R,m) ac(R,m)
1
1, = 0& Z (_1>
ac(R,m)
OCH(R,TF) ac (R 7T)
—LCT) = 3 ze Y Ze 3 (Zern).
aR(R,TF) Oé]]—}](R,TF) aC(R77r)

REMARK 22.22 For any ring A and a non-square central unit a € A let

AlVa] = A[t]/(t* — a)
be the quadratic extension ring obtained by adjoining the square roots of a.
Given an involution : A— A with @ = a let A[\/a]", A[y/a]~ denote the
rings with involution defined by A[y/a]| with the involution on A extended
by

T AValF — AWValF s e+ yva — TEYVa .
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(In the classic case A = R, a = —1, A[\/a] = C). Jacobson’s work on
hermitian forms over quadratic field extensions was used by Milnor and
Husemoller [113, p. 116] to obtain an exact sequence

0 — L%A[va]™) — Lo(A) — Lo(A[va]™)

in the case when A is a field with the identity involution. See Wall [180, 12C],
Hambleton [65], Harsiladze [72], Hambleton, Taylor and Williams [71], Lewis
[96], Ranicki [147] for various generalizations to the L-theory of quadratic
extensions of more general rings with involution A. The isomorphisms
of relative L-groups of the induction and transfer maps of the inclusions
i*: A—A[/a]* obtained in [147] for any A

L.(iy: A—Alal™) 2 Lo (if: AlVal"—A)
L) A—AWVa]") 2 Lo (i) AlVa] T —A)

and the skew-suspension isomorphisms

Lo(AlVal™) — Lnya(AlVal™) ; (C,9) — (SC,/aSy)

were combined into a commutative braid of exact sequences

/\/\,/\

o \/\/\/
L /“'\/“\/\

If the rings A and A[\/a] are semisimple then
L5, 1 (A) = L3, 1 (AlVa]®) =0,

so that in the projective version of the braid with even n the L-groups at
the bottom are all 0 and the L-groups at the top fit into an octagon
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Ly TA) Ly(AlVal™)
Ly(AlVa]®) Lo(4)

AN /

Ly(A) ——L3(Alva]™)

of exact sequences of projective Witt groups. The projective L-groups of
R[n], C*[x], C~[r] computed in 22.18 and 22.21 fit into this octagon with
A=R[r], a = -1, Alya]* = C*[x].
o
The transfer map associated to the inclusion i: R—R[x]

it Ly(Rlx]) — L"(R) ; (C,¢) — (C'¢)
sends a f.g. projective n-dimensional symmetric Poincaré complex (C, ¢)
over R[r] to the f.g. free n-dimensional symmetric Poincaré complex (C", ¢")
over R with C'! obtained from C by the restriction of the R[r]-action to
R C R[n] and

¢'(z)(y) = coefficient of 1 in ¢(z)(y) € R C R[x] .
For n = 4k the signature
i'(C.0) = (C¢) e L R) = Z

is determined by the L-theory R-multisignature according to

i! = (Cldl ngQ Ca(R,Tr)da(R,Tr)) :
a(R,m)
LYR[x]) = Y Z— L*R) = Z,
j=1
with
1 R
Cj = Cj(R,T(') = dlmR(D](R,TF)) = 2 lfD](R,ﬂ') = C ,
4 H
dj = dj(R,ﬂ').

In terms of the character of the K-theory R-multisignature (22.5 (ii))
i'(M,¢) = o(1,(M,¢)) €ZCR.
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PROPOSITION 22.23 (i) The R-coefficient algebraic L-theory assembly map
of a finite group 7

A Ho(BmL'(R)) — L,(R[7])
1 given by the composite
A: H.(BmL'(R)) — L*(R) —» L3(R[x])

with i: R——R[x] the inclusion. In the non-zero case * = 4k
(C 4 ¥ a3 )
D;=R  D;=H  D,=C
L*R) = Z— LyRx) = Y zZo > Zo > IZ,

CX]R(R,T() OzH(R,ﬂ') aC(R77T)
with Dj = Dj(R,W), dj = dj(R,’/T).
(ii) The transfer map is given by

( > dy, Y ady, > zdj) :
D;=R  D;=H D;=C

LYR) = Y zZo > Zo Y Z— L*R) = Z
ar(R,T) ap(R,) ac(R,m)
with
o= ) ()P D A+ ) 2(dy)?
D;=R D;=H D;=C

= |n|: L¥"R) = Z — L*[R) = Z.

EXAMPLE 22.24 The irreducible C-representations of the cyclic group Z,,
are the representations

P Ly — C; T — €2™9/™ (0 < j < m)
classified in 22.20 (iii), so that
a(R, Zy) = ar(R,Zp,) + ac(R, Zy,) , an(R,Z,,) = 0,

1 (m—1)/2
R@( @)/ C dd
m—1)/2 0
R|Z,,| = if m is
[l R @ C {even.

(m—2)/2
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The projective L-groups of R[Z,,] are given by
Z® @ 4
(m—1)/2
7o & Z,
(m—2)/2
® Z

_ odd
L2z 1) = 4T s {
o T (R[Zm]) s 7 even .
(m—2)/2

Ly (R[Zm]) =

L2 (R[Zp]) = 0.

The 4k-dimensional assembly map

A Hyp(BZy,;L'(R)) = iH4j(BZm;L4k_4j(R))

— Ho(BZy,; L*(R)) = L*([R) = Z N LyF(R[Zm))

has image the cyclic subgroup generated by A(1) = (1,1,...,1), and the
(4k + 2)-dimensional assembly map has image 0. The projective Witt class
of a nonsingular symmetric form over R[Z,,] is in the image of the assembly
map if and only if the R-multisignature components are equal. The 4k-
dimensional transfer map is given by

y (12 ...2)
A—
(112 ...2)
e @® I
(m—1)/2 ) . odd
. L*(R[Z,,]) = — LI*MR) = Zif m is {
P m ZQ@ @ 7, P
(mo2)/2 even .

REMARK 22.25 The C ~-coefficient algebraic L-theory assembly map
A H (Bm;L'(C7)) — Ly(C™[n])
is given by the composite
A: H,(BmL(C™)) — L*(C™) —= LI(C[x]) .

The inclusion i: C ~——C ~[r] induces
1
(X4 3o zdj(l)):
D;=R  D,=H D;=C

L*(C~) = 2z — L*(C = > Ze > Zo Y (Zez)
agr(R,m) ap(R,m) ac(R,m)
with D; = D;(R,7), d; = d;j(R, 7) as in 22.23. The transfer map is given
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by
it = ( > dp ) 24 Zdj(n));
D;=R D;=H D;=C

LKCn) = > zo Y Zo Y (ZoZ) — L**(C7) = Z

ag(R,m) ag(R,m) ac(R,m)
with

iy = ) (d)P+ Y Ady)P+ Y 2(dy)? = x| :
D;=R D;=H D;=C

L*(C)=27Z—L*C") =2Z.

A nonsingular symmetric form (M, ¢) over R[x] is such that
(M, ¢) € im(A: Hy,(Bm; L' (R))— Ly* (R[x]))
if and only if the character of the K-theory R-multisignature (22.5 (ii)) is a
multiple of the character of the regular R-representation R[], as originally
proved by Wall [180, 13B.1].
Let j: R[r]—S1 (R, 7) = R be the projection, with kernel
a(R,m)

ker(j) = ] Sm(®,7).

The induced map
i L(R[]) — L¥(R)

sends a 4k-dimensional symmetric Poincaré complex (C, ¢) over R[x] to the
signature of the 4k-dimensional symmetric Poincaré complex R ®g,] (C, ¢)
over R, with components

a(R,m)

ji=1(10..0): L¥Rx]) = Y Z-— L¥R) = Z.

m=1

In terms of the character of the K-theory R-multisignature (22.5 (ii))
H(M,¢) = (1/|x))> olg,(M,¢)) eZCR,
gem

the coefficient of the trivial representation R in the virtual R-representation
(M, 9| = [My] — [M_] € Ko(R[r]) (cf. Hirzebruch and Zagier [78, p.31]).

PROPOSITION 22.26 (i) For any element x € im(A) C L3F(R[x]) the signa-
ture of the transferi'(z) € L**(R) is |r| times the signature of the projection
ji(z) € L*(R), that is

i'(x) = |n|ji(z) e L*R) = Z .
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(ii) For a reqular covering M of a compact 4k-dimensional manifold M with
finite group of covering translations m

signature (M) = |r|signature (M) € L*(R) = Z .
PROOF (i) This is immediate from 22.23.
(ii) Apply (i) to the symmetric signature o* (M) = (A(M), ¢) € Ly*(R[x]).
m

The multiplicativity of the signature for finite coverings of manifolds (21.4,
22.26) is traditionally proved by the Hirzebruch formula

signature (M) = (L(M),[M]g) € L*(Z) = Z .

PROPOSITION 22.27 Let X be a finite 4k-dimensional geometric Poincaré
complex, and let X be a reqular cover of X with finite group of covering
translations w. The symmetric signature

o*(X) = (A(X),¢) € L*(R[x))
1s such that

i'c*(X) = signature (X) ,
jro*(X) = signature (X) € L*™(R) = Z .
If X is homotopy equivalent to a compact topological manifold then
o*(X) = A(X]L) € im(A: Hy (X; L' (R))—L*(R[7]))
and by 22.26
i'c"(X) = |xljr1o*(X) € L*(R) ,
signature (X) = |x|signature (X) € Z .
]

The examples of geometric Poincaré complexes with non-multiplicative
signature constructed by Wall [177] will now be related to elements x €
L4 (Z]Z4)) which are not in the image of the assembly map A: Hyy(BZg;L.)

EXAMPLE 22.28 The quadratic L-groups L.(Z[Z,]) (¢ prime) can be com-
puted using the Rim-Milnor cartesian square of rings with involution

Z[Zq] - [‘C]
Z

Z[¢] = Z[2)/ A+ 2+ 224+ ...+ 2771 (z=271

q
where
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is the extension of Z by the primitive gth root of unity ¢ = e2™"/? with the
complex conjugation involution. As in Ranicki [146,6.3] there is defined an
L-theory Mayer—Vietoris exact sequence
0 — Lak(Z[Zq]) — Lar(Z) & Lak(Z[C])
— L4k(Zq) — L4k_1(Z[Zq]) — 0.

As in Wall [177] the pullback construction can be used to obtain a non-
singular quadratic form (K,\, u) over Z[Z,| with K = Z[Z,]® a f.g. free
Z|Z4)-module of rank 8, such that

Z Rz, (KA p) = (Z°% Eg) = 1€ La(Z) = Z,

ZIC) @zpz,) (K A p) = Hi(Z[(]Y) = 0€ La(Z[C)
with H, (Z[¢]*) the hyperbolic form of rank 8 over Z[¢]. The Witt class
(K, A\, 1) € Lax(Z[Z4]) does not belong to the image of the assembly map
(K, A\, p) ¢ im(A: Hy (BZy; L.)— Lak(Z]Z4)))
since the R-multisignature is such that
R (1+T)( K, \p) = (8,0)¢im(A) = {(s,s,...,5)|s€Z}

AW/ ifqg=2

C L(R[Zg]) = L*™(R) & L*(R[¢]) = {Z@ S Z ifq#2.
(¢—1)/2

As in 19.5 the element z = (K, A\, u) € Lay(Z[Z,)) is realized by the surgery

obstruction z = o,(f,b) of a normal map (f,b): M*—X to a finite 4k-

dimensional geometric Poincaré complex X with 71 (X) = Z,, and
s(X) = —lou(f;b0)] = —[z] # 0
€ im(Lay(Z|Zg))—>Sar(BZg)) = coker(A: Hay(BZy;L.)— Lay(Z[Z,))) -
The signature of the universal cover X of X is not multiplicative, with
o (X) = o"(X) =8, o"(X) # qo*(X)eL*™Z) = 7.
Thus s(X) # 0 € Sg(X) and X is not homotopy equivalent to a compact

manifold (cf. 19.4).
m

Next, consider the L-theory of the rational group ring Qx| for a finite
group 7, which is built up from the Witt groups of quadratic and hermitian
forms over algebraic number fields and quaternion algebras.

DEFINITION 22.29 (i) For any field F' let ng(F') be the number of embed-
dings F' C R, one for each ordering of F', and let nc(F') be the number of
conjugate pairs of embeddings F' C C.

(ii) For any field with involution F' let nc(F, Zs ) be the number of conjugate
pairs of embeddings FF C C~.
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(iii) A field F' is totally real if nc(F) = 0.
(iv) A field F is totally imaginary if ng(F') = 0.

An algebraic number field F' is a finite extension of Q with degree
dlm@(F) = ’I”LR(F) + 2n(c(F) .

ProprOSITION 22.30 (Milnor and Husemoller [113], Scharlau [156], Wall

[181])

(i) If F is a field of characteristic # 2 with the identity involution then
r(F) = ng(F) , r'(F) = 0.

(ii) If D is a division ring with an involution with the centre an algebraic

number field F' with a non-trivial involution then
r’(D) = (D) = nc(F,Zsy) .

a? . . . . .
(iii) If D = <?> 1s a 4-dimensional quaternion algebra over an algebraic

number field F such that either (a) the involution is by i = —i, j = —j,
k = —k and the identity on F, and o, € F* are totally negative (= have
negative valuation for each embedding F' C R) or (b) the involution is by
i =1, j =4, k=—k and the identity on F, and o, 3 € F* are not both
totally negative, then
(D) = ng(F) , »'(D) = 0.

PROOF (i) The total signature map

> signature : L*(F) — > L¥™*(R) = Y Z

’I’LR(F) ’I’I,R(F) ’I’LR(F)
is an isomorphism modulo 2-primary torsion.
(ii) Consider first the special case D = F. Let Fy = {z € F'|zZ = z} be the
fixed field of the involution, so that F' = Fy(y/a) is a quadratic extension of
Fy for some a € F\Fy and x + yy/a = z — yv/a (z,y € Fy). Let ng (Fp, a)
(resp. ng (Fo,a)) be the number of embeddings e: Fy C R such that e(a) > 0
(resp. e(a) < 0), so that

nc(F,Zy) = ng(Fo,a) , ne(Fy) = ng(Fo,a) +ng (Fo,a)

ng(F) = 2ng (Fo,a) , nc(F) = 2nc(Fo) + ng (Fo,a) ,
in agreement with the exact octagon of 22.22. The total signature map
Z signature : L**(F) — Z L*(C7) = Z Z
ne(F,Z2 ) ne(F,Z2) nc(F,Z2 )
is an isomorphism modulo 2-primary torsion.
For arbitrary D each complex embedding F' C C gives a map

L**(D) — L*(Cer D)[1/2] = L*(Ma(C7))[1/2] = Z[1/2]
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and the total signature map

Z signature : L**(D) — Z Z[1/2]

ne(F,Zy) nc(F,Z2)
is again an isomorphism modulo 2-primary torsion.
(iii) (a) Each real embedding F' C R gives a map

i) — 1)) = ) =

The total signature map

> signature : L4*(( ) dL*H) = > Z

ng(F) nr(F) ng(F)

Z itk=0
Zo ithk=1.

is an isomorphism modulo 2-primary torsion.
(iii) (b) Each real embedding F' C R gives a map

L**(D) — L%((&’—B)) = L*(M(R))[1/2]

R
= L*®R)[1/2] = {?[1/2] i];:?

The total signature map

Z signature : L4*(( }ﬁ)) s Z L¥*(R)[1/2] = Z Z[1/2]

ne(F) ng(F) ng(F)
is an isomorphism modulo 2-primary torsion.
|

Given an irreducible C-representation p of 7 let Q() be the field extension
of Q obtained by adjoining all the characters x(g) = tr(p(g)) € C (g € 7).
Two such representations p, p’ are Galois conjugate if Q(x) = Q(x’) and
X'(9) = x(7(9)) (g € m) for some Galois automorphism v € Gal(Q(x)/Q).
The C-representation of 7 induced from an irreducible Q-representation of
7 is the sum of Galois conjugacy classes of an irreducible C-representation.

The number of simple factors My(D) in Q[r] is
(Q, )

= no. of irreducible Q-representations of 7

= no. of conjugacy classes of cyclic subgroups of 7

= no. of Galois conjugacy classes of irreducible C-representations of 7 .

The involution on Q[r] preserves each of the simple factors S = My(D). As
a ring with involution

S = My(D)?
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in the terminology of 21.5, for some nonsingular e-symmetric form (D9, ¢)
over a central simple Q-algebra with involution D with € = 41, so that by
21.6

L.(D)

p _ — _ [+
L2(S) = L«(D,e) = {L*+2(D) ife = {_1.

As before, D is one of three types:

(I) (orthogonal) x = x is real and p is equivalent to an R-representation.
In this case the centre Q(x) of D is totally real with the identity
involution, € can be chosen to be +1 and

RogMy(D) = [] Ma(R).
nz(Q(x))
o,
Either D = Q(x) with the identity involution, or D = (@ ) with
X
a, 3 € Q(x)® not both totally negative and with the involution i = i,

j=17, k=—k.

(IT) (symplectic) x = x is real but p is not equivalent to an R-represent-
ation. In this case the centre Q(x) of D is totally real with the identity
involution, € can be chosen to be +1 and

Reg Ma(D) = [[ Ma(H).
2 (Q(x))

a?
D = (aﬁ)) is a quaternion algebra over Q(x), with a, 8 totally
X

negative and with the involution i = —i, j = —j, k = —k.

(ITI) (unitary) x # x is not real. In this case the centre Q(x) of D is to-
tally imaginary with non-trivial involution such that nc(Q(x),Z2 ) =
nc(Q(x)), € can be chosen to be +1 and

RegMy(D) = [] Ma(C).
ne(Q(x))

PROPOSITION 22.31 (Wall [181])

(i) Let S = My(D)? be a simple factor of the ring with involution Q[r] for
a finite group 7, with (D%, ¢) a nonsingular symmetric form over a division
ring with involution D with centre Q(x). The L-groups of S and R ®q D
coincide modulo 2-primary torsion, with

n n R
L™(S)[1/2] = L"(R@q D)[1/2] = {B(D) ifn {2k+1

. . rO(D) L*(D) .
given by the multisignature. The rank { (D) of [4+2( ) 1S the number
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of simple factors in R ®q D of{ type, that is

unitary
nr(Q(x)) 0 (D)
(D) = < nr(Q(x)) , r(D) = <0 in the case { (II)
ne(Q(x)) nc(Q(x)) (I11) .

(ii) The L—groups of Q[n] =[S are such that
L*(Q[r])[1/2] ZL* )[1/2]

= Y L*R®¢D)[1/2] = L*R[x))[1/2],

S
with S = My(D)® as in (i).
O

EXAMPLE 22.32 The Wedderburn decomposition of the rational group ring
of the cyclic group Z,, is
= [[e@

dlm
with Q(d) = Q(e*™/%) the cyclotomic number field obtained from Q by
adjoining the dth roots of unity. Now Q(d) is totally real for d = 1,2 and
totally imaginary for d > 3, with one embedding
Q(d) — C; 627ri/d N e27riu/d
for each unit v € Z§ C Zq. Thus
1 . (d=1,2
(@) = {g it {527
0 o (d=1,2
ne(@@) = ne@a)ze) = {400 157,

with ¢(d) = |Z%| the Euler function, the number of positive integers < d
which are coprime to d. By 22.30 the symmetric Witt group of Q(d) is such

that
. 7[1/2 . [d=1,2
L(Q(d))[1/2] = {ZL;Q%M@Q if {d >3,

By 22.31 the symmetric Witt group of Q[Z,,] is such that

Z[1j2)m+h/z2 - (odd
0 0 —
L°(Q[Zx,])[1/2] = E L°(Q(d))[1/2] = { Z[1/2](m+2)/2 if m is even

using Y ¢(d) = m. This agrees with the computation of L)(R[Z,]) in
dlm

22.24.
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The Q-multisignature gives as much information in L-theory as the R-
multisignature:

PROPOSITION 22.33 The L-groups of Q[n] and R[rn| for a finite group m
agree modulo 2-primary torsion

>, Z[1/2] 0

a(R,m)

@2 = R/ = 4 S, zyg #n=42 (modd)
ac(R,m) 1,3
0

detected by the R-multisignature. (In fact, LZ*T1(Q[x]) = 0).
PrOOF Write the simple factors My, (g ~)(D;(Q, 7)) of Q[n] as

S; = Myy(Dy) (1<) <a(@m) .
The involution on Q[r] preserves each S;, so that by 22.10
o(Q,m)
LFQ) = > LS.

j=1
Let (D;-ij , ;) be a nonsingular e;-symmetric form over D; such that
Sj = My, (Dy)* , L*S;) = L**(Dj,¢) .
The projective L-groups L2*(Q[n]) are given by
o (Q,m)
LFQlr)) = > L™(Dje)) .
j=1

The contributions to the Q-multisignature of all the simple factors S; of
Q[r] are thus just the R-multisignatures of the induced products of simple
factors R ®q S; of R[x], with

a’(Q7m) = ZnR(Q(X))+Zn(C(Q(X)) = a®R,7) = o"(R,7),

X#X

(@m) = Y ne(QX) = acR,7) = o' (R,7).
X#X
O

The computation of the L-theory of Q[x] is now applied to the compu-
tation of the L-theory of Z[r| modulo 2-primary torsion, and hence the
determination of the image of the total surgery obstruction in S, (B7) mod-
ulo torsion.

PROPOSITION 22.34 (i) The symmetrization and localization maps
L.(Zlr]) — L*(Z[x]) , L.(Z[r]) — L.(Q[x]) , L*(Z[r]) — L*(Q[r])
are isomorphisms modulo 2-primary torsion for any group m, so that

L (Z[x)[1/2] = L.QQ[rD[1/2] = L*(Z[x])[1/2] = L*(@Q[x])[1/2] .
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(ii) For a finite group
Ln(Z[7])[1/2] = La(Q[r])[1/2] = Ln(R[x])[1/2]
> Z[1/2] 2k
- {Sk(ﬂw an:{2k:+1

‘ B | aR,m)
with o*(R, 1) = oF(Q,7) = { ac(R,w

(iii) The reduced quadratic L-groups
L) = L(Z—Zlx)

) for k = {(1) (mod 2).

are such that
L.(Z[r]) = L.(Z)& L.(Z[x]) .

For a finite group m the reduced L-groups are detected modulo 2-primary
torsion by the reduced R-multisignature

a(R,m)
Coker(A = dj: Z— ) Z) [1/2]
=1

L@mi/a = 3 s g e
ac(R,m)
0
0
ifn=<2 (mod4) (dj =d;(R,m)) .
1.3

PROOF (i) The profinite completion of Z and its fraction field (the finite
adeles) are given by

Z=1lmz/mz = [] Z,, Q= @\{H'Z = [[@sZ),
q prime q

using the g-adic completions of Z and Q
Z, = ImZ/¢'Z . @ = Z\OD'Z, -
The L-groups of the inclusions
i: Zr) — Q[x] , 7 : Zr] — Qln]
are related by a natural transformation of localization exact sequences

. — LA (Z[r)) — L (Q[n]) — Ly (i) — L},

n—1

(Z[r]) — ...
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with excision isomorphisms L:X (i) & L)? (i) of the relative L-groups, where
X = im(Ko(Z[r))—Ko(Qln)) , X = im(Ko(Z[r))—Ko(Qln])) -
(If 7 is finite then X = {0} by a result of Swan). The projective symmetric
Witt group of Z
02) = [[1°@) = L'@s) e [ L)
q q#2

is a ring with 1 of exponent 8, which acts on Lf(/z\) See Ranicki [142,4.4],
[144, §8], [146, §3.6] for further details.
(ii) Immediate from (i) and 22.33.
(iii) Immediate from (ii).

m
REMARK 22.35 The computation of L.(Z[r]) (7 finite) modulo 2-primary
torsion was originally obtained by Wall [180, pp. 167-168], [181] using the
work of Kneser on Galois cohomology to formulate the L-theory Hasse prin-
ciple

L(ZIx)[1/2] = L.(Q[x])[1/2] ® L.(R[x /2.
Tan Hambleton has pointed out that the action of L°(Q) on L,(Q[r]) gives
a direct derivation of
L (Z[m)[1/2] = L.(R[x])[1/2],

which avoids the detailed analysis in 22.33 of L..(Q[7])[1/2], as follows. The
symmetric Witt ring of Q

r@ = (I @) (X re)

q prime

_ (LO Zg) o [ [ L°(F, )@(ZLO(Fq))
q72 q
has exponent 8, so that L, (Q[x])[1/2] = 0. In fact

LI (R[n])[1/2] = L.(R[x])[1/2]
for any ring R with Z C R C Q, with any decoration subgroup X C
K;(R[x]) (i = 0,1). See Bak and Kolster [8], Carlsson and Milgram [33],
Kolster [88], Hambleton and Madsen [67] for the computation of the torsion
in the projective L-groups LY (Z[x]), which is all 2-primary.
]
The classifying space Bm of a finite group 7 has the rational homotopy
type of a point: the transfer map p' associated to the universal covering
projection p: Emr—— B is such that

pp' = |7 : ho(Br) — hy(En) — h.(B7)
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for any generalized homology theory h., with Er ~ {pt.} and h.(E7) =
h«({pt.}). It follows that the maps

H,({pt.};L.) = Ln(Z) — Hn(Bm;L.) (n>0)

are isomorphisms modulo torsion. The natural transformation of exact se-
quences

. —>Ln[Z) ]] Zn(zl[w]) LLn[(Z) .
. — H,(Bm;L.) — A, Z|r])) — S (B7) — H,,—1(Bm;L.) —

is an isomorphism modulo torsion, with
S2s41(Bm) ® Q = Lowy1(Z[n]) ®Q =

THEOREM 22.36 Let X be a finite 2k-dimensional geometric Poincaré com-
plex, with a reqular finite cover X classified by a morphism w1 (X)——7 to
a finite group .

(i) The symmetric signature o*(X) = (C(X), $) € L**(Z[r]) is determined

modulo 2-primary torsion by the R-multisignature of the nonsingular (—)*-

symmetric form (H*(X;R), ¢o) over R[x]

0*(X) = R-multisignature (H*(X;R), ¢o)

> Z
a(R,m)

Sz

ac(R,m)
with L**(Z[x])[1/2] = L2F(R[x])[1/2].
(ii) The image in Sox(Bm) of the total surgery obstruction s(X) € Sor(X)
1s determined up to torsion by the reduced R-multisignature

[S(X)]®Q = 6"(X)®Q € Sau(Br)®Q = Lop(Z[n]) @ Q

0
€ Lgk(R[ﬂ]) = if k= { (mod 2)
1

a(R,m)
coker (A = % di(R,m):Q— > Q) 0
_ =1 ol®m) ) k= { (mod 2) .
> Q 1

ac(R,m)
PROOF The symmetrization maps
1+T: Su(X) = S(1).(X) — S(1)"(X)
are isomorphisms modulo 2-primary torsion for any space X, and
(1+T)s(X) = [0"(X)] € im(L"(Zlm1 (X)]) —8" (X))

for any finite n-dimensional geometric Poincaré complex X.
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EXAMPLE 22.37 Let X be a finite 2k-dimensional geometric Poincaré com-
plex, with a regular m-fold cyclic cover X classified by a morphism 71 (X )—
Loy, The multisignature of X with respect to X is an element

o* (R, Zm)
o (X) = (517527~~~73ak(R,Zm))eLgk(R[Zm]) = Z Z
with ’
_ f(m+1)/2 1 [ (m=1)/2 . odd
"R, Z,,) = {(m+2)/2 , a (R Zy,) = {(m—2)/2 it m is {even

(cf. 22.24, 22.32). The total surgery obstruction s(X) € Sox(X) has image
[S(X)] ® Q = (817 8250 sak(R,Zm))

coker((ll L 1):Q— Y @)
a®(R,Zm,)
> Q

ot (R Zm)

€ Sop(BZp,) @ Q =

if k= {(1) (mod 2) .
For k = 0(mod 2) there is one multisignature component s; for each irre-
ducible R-representation of Z,, = (T'|T™ = 1)
pi i Lom — D; = R iszl‘or(m+2)/2(meven)
C otherwise ;

T —s 2™/ (0<j < a®R,Zp)) ,

with
signature (X) = s, € LY*R) = Z,
a®(R,Z)
signature (X) = Y ¢s; € L*(R) = Z (¢; = dimg(D;)) .
j=1

The total surgery obstruction is such that

[s(X)]®Q = 0 € So(BZn)®Q
if and only if the multisignature components are equal

signature (X) = s1 = s2 = ... = 540wz, €%,
in which case
a®(R,Zm)
signature (X) = ( Z cj) s1 = msignature (X) € Z
j=1
confirming the multiplicativity of the signature for finite covers of manifolds
(21.4, 22.26) in the cyclic case.
]
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§23. Splitting

The algebraic methods appropriate to the computation of L,(Z[r]) and
S« (Bm) for finite groups m do not in general extend to infinite groups .
At present, systematic computations are possible only for infinite groups 7
which are geometric in some sense, such as the following.

(i) 7 is an n-dimensional Poincaré duality group, i.e. such that the classi-
fying space B is an n-dimensional geometric Poincaré complex. Differential
and hyperbolic geometry provide many examples of Poincaré duality groups
7 acting freely on an open contractible n-dimensional manifolds with com-
pact quotient, such as the torsion-free crystallographic groups acting on
R™. The generic result expected in this case is that the assembly map
A:H,(Bm;L.)—L.(Z[r]) is an isomorphism for * > n, with S,(Bw) = 0
for *x > n and s(Bw) =0 € S,,(Bw) = Z, so that B is homotopy equivalent
to an aspherical compact n-dimensional topological manifold with topologi-
cal rigidity. This is the strongest form of the Novikov and Borel conjectures,
which will be discussed (but alas not proved) in §24 below.

(ii) 7 acts on a tree with compact quotient, so that by the Bass—Serre the-
ory 7 is either an amalgamated free product or an HN N extension. The
generic result available in this case is that if 7 is obtained from the trivial
group {1} by a sequence of amalgamated free products and HNN exten-
sions then S,(Bw) can be expressed in terms of the Tate Zs-cohomology
groups of the duality involution on the algebraic K-theory of Z[r]|, the UNil-
groups of Cappell [23] and the generalized Browder—Livesay LN-groups of
Wall [180, §12C], which arise from the codimension 1 splitting obstruction
theory. It is this splitting theory which will be considered now.

DEFINITION 23.1 A homotopy equivalence f: M'—— M of compact n-dimen-
sional manifolds splits along a compact submanifold N*"~7 c M™ if f is
h-cobordant a homotopy equivalence (also denoted by f) transverse regular
at N C M, such that the restriction f|: N’ = f~}(N)—=N is a homotopy
equivalence of compact (n — ¢)-dimensional manifolds.

]

If a homotopy equivalence of compact manifolds f: M'—— M is h-cobord-
ant to a homeomorphism then f splits along every submanifold N C M.
Conversely, if f: M'——M does not split along some submanifold N ¢ M
then f cannot be h-cobordant (let alone homotopic) to a homeomorphism.

In general, homotopy equivalences do not split along submanifolds. Surgery
theory provides various K- and L-theory obstructions to splitting, whose
vanishing is both necessary and sufficient for splitting if n—q > 5, and which
are also the obstructions to transversality for geometric Poincaré complexes.
There is also an obstruction theory for the more delicate problem of split-
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ting up to homotopy, i.e. replacing h-cobordisms by s-cobordisms, which
involves Whitehead torsion. See Ranicki [146, §7] for a preliminary account
of the splitting obstruction theory from the chain complex point of view.

The geometric codimension ¢ splitting obstruction LS-groups LS, (®) of
Wall [180, §11] are defined using normal maps with reference maps to a space
X which is expressed as a union

X = E(g) US({) A
with (E(£),S8(€)) the (D4, S971)-bundle associated to a topological block
bundle &Y —BTOP(q) over a subspace ¥ C X, for some ¢ > 1. By

the Seifert—Van Kampen theorem the fundamental group(oid)s fit into a
pushout square

m1(5(§)) —— m(2)

| e

m(Y) —— m(X) .
The LS-groups are designed to fit into an exact sequence
.= LS, () — L,(¢"Y = 2)
— L (X) — LSp—g-1(®) — ...

with L.(X) = L.«(Z[r1(X)]). In the original setting of [180] these were the
obstruction groups appropriate to simple homotopy equivalences. Here, only
ordinary homotopy equivalences are being considered, with free L-groups
and the corresponding modification in the definition of LS,(®). The free
and simple LS-groups differ in 2-primary torsion only, being related by the
appropriate Rothenberg-type exact sequence.

A map from a compact n-dimensional manifold 7: M" ——X = E(§) Ug(g)
Z can be made transverse regular at the zero section Y C E(§) C X, with

rH(Y)=N""9¢Cc M"
a codimension g compact submanifold and the restriction
s =r/: N1 = 1Y) — Y
such that
vnem = $°€: N — BTOP(q) , M = E(uycm)U fH(2) .
PROPOSITION 23.2 Let M™ be a closed n-dimensional manifold with a -
isomorphism reference map r: M"—— X = E(§) Ug(¢) Z transverse reqular

at Y C X, such that the restriction r|: N"=9 = r=}Y)—Y is also a
1 -1somorphism.
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(i) The codimension q splitting obstruction of a homotopy equivalence f: M’
—M of compact n-dimensional manifolds is the image of the structure
invariant s(f) € Sp4+1(X)

sy(f) = [s(f)] € Im(Sp41(X)—LSn—¢(P)) ,
such that sy (f) = 0 if (and for n —q > 6 only if) f splits along N C M.
The image of the splitting obstruction

[sy (f)] = 04(g,¢) € im(A: Hyp—y(Y;L.)—L,,—(Y))
is the surgery obstruction of the normal map of compact (n— q)-dimensional
manifolds obtained by codimension q transversality
(g;0) = fl: (N)"™7 = f7{(N) — N
(ii) For n —q > 6 every element x € LS, _q41(®) is realized as the rel0

codimension q splitting obstruction x = sy (F') of a homotopy equivalence
of compact (n + 1)-dimensional manifolds with boundary

Fo (W Mm, M™) — M™ < ([0,1];{0}, {1})
such that
F|y = identity : M — M x {0},
Fly = split homotopy equivalence : M' —s M x {1} .
PROOF See Wall [180, §11].
m

PROPOSITION 23.3 The exact sequence of Ranicki [146,7.2.6] relating the
codimension q splitting obstruction groups LS.(®) and the quadratic struc-
ture groups S, for X = E(§) Ug(e) Z

.= LS, y(®) — Sp (€Y = Z) — S, (X)

— LS, _q—1(®) — ...
extends to a commutative braid of exact sequences

/\/\

H,( VLM (X LSy_q_1(®)
\/ \(/
/ \ / AN

H,_1(X;L).
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The codimension g Poincaré transversality obstruction theory is a deloop-
ing of the codimension ¢ splitting obstruction theory for homotopy equiva-
lences of compact manifolds.

PROPOSITION 23.4 (i) If P is an n-dimensional geometric Poincaré com-
plex with a map f: P—X = E(§) Ug(e) Z then

sy(P) = [007(P)] = [s(P)] € LSy—q-1(®)
is the codimension q Poincaré transversality obstruction, such that sy (P) =
0 if (and for n — q > 6 only if) there exists a geometric Poincaré bordism

(g £, f) + (@ P P) — X
such that (f')~1(Y) C P’ is a codimension q Poincaré subcomplex.

(ii) The geometric Poincaré bordism groups fit into the commutative braid
of exact sequences analogous to the braids of 19.6 (i) and 23.3

/\/\

H,(X;0F) LSn—g-1(®)
\()/’ \(/’
¢! X
/ \ / .

L H,_1(X;QF)

with QF = QF ({*}) the Poincaré bordism spectrum of a point.

For ¢ > 3 the fundamental groups are all the same
m(X) = m(Y) = m(Z2) = m(5()) (= 7, say)
and LS, (®) = L.(Z[r]). For LS,(®) in the case ¢ = 2 see Ranicki [146, 7.8|.

For ¢ =1 with X, Y connected, there are the usual three cases:
(A) the normal bundle ¢ is trivial, and the complement Z = X\Y is dis-
connected, with components Z;, Zs, so that the fundamental group
of X is the amalgamated free product

(X)) = m1(Z1) *7y(v) T1(Z2)
determined by the two group morphisms
(i1)e 2 m(Y) —> m(Z1) , (i2)s : m(Y) — m(Z2)

induced by the inclusions i1: Y — 77, i9: Y —> 75,
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(B) the normal bundle ¢ is trivial, and the complement Z is connected, so
that the fundamental group of X is the HN N extension

m(X) = m(Z) *ry(v) L
determined by the two group morphisms
(11)x 5 (i2)x : m(Y) — m(2)
induced by the two inclusions #1,72: Y —Z.

(C) the normal bundle & is non-trivial.

If the group morphisms (i1)x, (i2)« in cases (A) and (B) are injections then
the LS-groups are direct sums

LS,_1(®) = UNil,41(®) ® H (Zy ;1)

of the UNil-groups of Cappell [23] and the Tate Zs-cohomology groups with
respect to the duality Zs-action on the algebraic K-group

I = im(0: Wh(m(X))—>f~(o(Z[7Tl(Y)]))

) {ker((z'n*@(z'z)*:ffo(m (V) = Ro(Zim (Z0) & Ro(Zim (Z2)
ker((i1)« — (i2)«: Ko(Z[m1 (Y)]) — KO(Z[ 1(2)]))
)

for {EB> .

Here, 0: Wh(m, (X))———)[?O(Z[m (Y)]) is a component of the connecting map
in the algebraic K-theory exact sequence of Waldhausen [175]

(... — Wh(m(Y)) ® Nil )——>Wh(7r1(Zl))@Wh(7T1(Zz))

(@
— Wh(m (X)) —> KO( [ (Y )])@Nllo( ) — ...
s Wh(m(Y >>@N111<<I>> — Wh(m1(2))
) )

L ——)Wh(ﬂ'l( ) ———>K0( [ ( )] @Nllo( )——> el

The split surjection LSn_l(CE)——%H”(Zg ; I) fits into a commutative square
Sn1(X) —— H"(Zy; Wh(m (X))

0

LSp_1(®) —— H™(Zy; 1)
with
Snt1(X) — H" ™ (Zy; Wh(mi (X)) 5 (C,9p) — 7(C(X))

the map which sends the cobordism class of an n-dimensional locally Poincaré
globally contractible complex (C, %) in A (Z, X) to the Tate Zy-cohomology
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class of the Whitehead torsion of the assembly contractible Z[r1 (X )]-module
chain complex C(X)
T(C(X)) = (-)""'7(C(X))" € Wh(m(X)) .
For n > 5 every element x € L, 1(X) is realized as the reld surgery

obstruction o, (F, B) of a normal map of compact (n+ 1)-dimensional man-
ifolds with boundary

(F,B) : (WM™, M™) — M x ([0,1]; {0}, {1})

such that

F|y = identity : M — M x {0},

F|y = f = homotopy equivalence : M' — M x {1}
with a 7;-isomorphism reference map r: M——X = E(§) Ug(¢) Z transverse
regular at Y C X, such that N*=1 = r=1(Y) ¢ M™ is a codimension 1
submanifold with 71 (N) = m1(Y), and such that F' is transverse regular at
N x [0,1] € M x [0, 1] with

(V*NTTE N = FUN < ([0,1];{0}, {1})) € (WM™, M)

a codimension 1 cobordism. If z € UNil,;1(®) C L,,+1(X) the surgery

obstruction may be identified with the structure invariant of h and also
with the codimension 1 splitting obstruction

= 0.(F,B) = s(f) = sy(f)
€ im(UNil,,11(®) € L,11(X)) = im(UNil,41(®) C S,,41(X))
= im(UNil, 41 (®) C LS,,—1(P)) .
The identification space
P = WUy M x [0,1]
is an (n + 1)-dimensional geometric Poincaré complex with a reference map
e: P— X such that
Q=¢e¢'(Y) = VU Nx[0,1]cCP
is a codimension 1 normal subcomplex, with
(9,¢) = fl: N7t = f7HN) — N7
the normal map of compact (n—1)-dimensional manifolds defined by restric-
tion. The element x € UNil,,4+1(®) may also be identified with the image
of the total surgery obstruction of P, and with the codimension 1 Poincaré

transversality obstruction to making @) C P a codimension 1 Poincaré sub-
complex

x = [s(P)] = sy(P) € UNil,,11(®) .
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EXAMPLE 23.5A Let Y = {pt.} C X = B(Zy *Zy ) = RP>°VRP>. Cappell
[23], [24] constructed non-trivial elements

T 7é 0e UNll4k+2(q)) C L4k+2(Z[Z2 * ZQ]) ,
and used them to obtain homotopy equivalences of compact (4k+ 1)-dimen-
sional manifolds

fo M¥H— RPFFL R RPT (k> 1)
which do not split along the separating codimension 1 4k-sphere S** C
RP4*+1 4 RP4*+1 with

S(f) = X 75 0e UNil4k+2((I)) = LS4k(‘I)) C S4k+2(B(Z2 * Lo )) .

EXAMPLE 23.5B Let X =Y x S, m(Y) = 7, so that
m(X) = axZ , Zm(X)] = Zr)[z,27'] @=271).
The algebraic splitting theorem of Ranicki [140]
LAZIAlz,=7Y) = LA(ZI]) & L, (Zlx)
extends to an algebraic splitting theorem
Sp(X) = Sp(Y)®SE_(Y)

n—1
with SE(Y") the projective S-groups defined to fit into the exact sequence
. — H,(Y;L.) — L2(Z[m(Y)]) — SE(Y) — Hp—1 (VL) — ...
(See Appendix C for more on St). The UNil-groups vanish in this case, and
the codimension 1 splitting obstruction groups are given by
LS.(®) = H™(Zy; Ko(Z[n))) ,
with an exact sequence
C— Su(Y)® Spo1(Y) — Sp(X) — LS,—2(P)
— S (V)@ Sp2(Y) — ... .

The codimension 1 splitting obstruction along Y x {*} C X = Y xS of a ho-
motopy equivalence of compact (n — 1)-dimensional manifolds f: M'— M
with respect to a map M——X is the image of the structure invariant

s(f) € Sn(X)

sy(f) = [s(f)] = [Br(f)] € LSn-2(®) = H""'(Z2; Ko(Z[]))
with B: Wh(r x Z)—» K (Z[r]) the Bass—Heller-Swan projection, as in the
splitting theorem of Farrell and Hsiang [48]. See Milgram and Ranicki [110],
Ranicki [149] for a chain complex treatment of this codimension 1 splitting

obstruction, and the extension to lower K- and L-theory.
]
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In case (C) if X, Y are connected and 71 (X ) = m1(Y') then Z is connected
and m(Z) = m1(5(§)) is the fundamental group of a nontrivial double cover
S(€) of Y, so that 71 (X) = 7 is an extension of m1(Z) = 7’ by Zo

[ 3
{1} 7’ T Zs > {1} .
It is necessary to use the nonorientable version of the theory here (cf. Ap-
pendix A). Given a choice of orientation map w: m——Zsy let

w o= wi: T — 7y .

The LS-groups are the generalized Browder—Livesay LN-groups of Wall
[180, 12C], with
LS. (®) = LN,(i":Z[x' )" —=Z[x]") = Lewa(Z[], )

for an appropriate ‘antistructure’ o on Z[n’] depending on the choice of w.
(The isomorphism L, (i}) & L.;1(i} ) was obtained by Wall [180,12.9.2] in
the split case ' = m X Zs, and by Hambleton [65] in general. See 22.22 for
a discussion of this phenomenon in the split case.) See Ranicki [146, §7.6]
for the chain complex treatment. The map

i!t: Ln(Z[ﬂ']w) _— LNn_z(iw) — Ln(Z[ﬂ'/],CY) : (C’w) — (Z'C,Z'tw)
in the exact sequence

L — Lo((*) L Z[r]"E = Z[r' ") — Lo (Z[x]Y)

!

L LNy o) — L1 (")) — ...

sends an n-dimensional quadratic Poincaré complex (C, ) over Z[n]"¥ to
the n-dimensional quadratic Poincaré complex (i'C,i'tv) over (Z[r'], ),
for some fixed choice of ¢ € w\n’. Similarly for the map

i't . VL"(Brv%) = VL"(Z[x]*) — LN,_2(i®) ; (C,¢) — (i'C,i't¢)

in the exact sequence

i't
. — VL™((i%)") — VL™(Z[r]*) — LN,_2(i")
— VLY Y)Y — ...
The visible symmetric structure ¢ € VQ"(C) determines the a-twisted

quadratic structure i't¢ € Q,(i'C,a) by the algebraic analogue of the
‘antiquadratic construction’ of [146, pp. 687-735].

EXAMPLE 23.5C Let Y = RP*~! ¢ X = RP*, with the oriented involu-
tion w = 4+ on
Zim(X)] = Z[Zs] = Z[T))(T? - 1) ,
so that @/ = {1}, 1 =Zs, t =T, w(T) = +1. The codimension 1 splitting
obstruction groups in this case are given by Wall [180,13A.10] to be
LS, (®) = LN,(iT:Z—Z[Zs]") = Lni2(7Z) .
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From the tabulation of A: H,(BZ3;1L.(Z))— L.(Z[Z5]") in 9.17 the quad-
ratic S-groups of BZs; = RP in the oriented case are given by
> Hy(BZsy; Li-1(2))
Su(BZ}) = LN, @{ 7"

> Hy-r(BZ3; Ly-1(Z))
keZ

itn = {(1) (mod 2) .

The map
i't . VL*(BZ3) — Sur(BZF) — LNy_2(it) = Lyp(2)

sends a 4k-dimensional visible symmetric Poincaré complex (C,¢) over
ZZs] " to

i't(C,$) = (1/8)signature (C,i't¢) € Lyn(Z) = Z .
As in 9.17 let

s+(C,¢) = signaturej.(C,¢) € L*(Z) = 7,
with
Jjt: ZZs) — Z ; a+bT — a+b.
For any a + bT' € Z[Zs] the eigenvalues of
i't(a+bT) = <Z ‘b‘

are j+(b+ aT) = b=+ a, so that

i't(C,0) = (s4(C,0) —5-(C,0))/8 € Lur(Z) = Z.

If f: M4k =15 41 is a homotopy equivalence of oriented compact
(4k — 1)-dimensional manifolds and e: M —RP> classifies an oriented dou-
ble cover M = e*S* then the codimension 1 splitting obstruction of the
structure invariant s(f) € Syx(BZ3) is just the desuspension invariant of
Browder and Livesay [18]

[s(f)] = i'to.(g,c) = (1/8)signature (i'C,i't1))
ELN4]§(Z'7) = LN4]C_2(Z'+) = L4k(Z) = Z,
with o,(g,c) = (C,v) the kernel (4k — 2)-dimensional quadratic Poincaré

complex over Z[Zs]~ of the normal map of nonorientable compact (4k — 2)-
dimensional manifolds

(9:€) = f]: N2 = (ef) " (RE®1) — N2 = o~ (RP<)
obtained by codimension 1 transversality at RP©~! C RP>. See Lopez
de Medrano [98] for the surgery classification of involutions on simply

connected high-dimensional compact manifolds. The splitting obstruction
groups LN, (i*:Z—Z[Zs]*) are denoted by BL,,(+£) in [98].

) L i'ZZo) = ZOZ — ZOT
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For the remainder of 23.5C let (W,0W) be an oriented 4k-dimensional
geometric Poincaré pair with an oriented double cover (W,0W).
The multisignature components of the 4k-dimensional visible symmetric
complex (A(W,0W), ¢) over Z[Zs]*
s:(W) = si(A(W,01),6) = signature ju(A(W,0W), ) € Z

are such that

signature (W) = s (W) , signature (W) = s (W) +s_(W)eZ.
The Zs-signature of W (22.1) is the signature of the 4k-dimensional quadratic
complex (A(W,0W),i't ¢) over Z

signature (W,T) = signature (A(W,0W),i't ¢)
= s (W)—s_(W)e8Z C Z.

The signature of the cover fails to be multiplicative by

2 signature (W) — signature (W) = s, (W) —s_(W)

= signature (W,T) € 8Z C Z .

The signature defect for finite covers of compact 4k-dimensional manifolds
with boundary has been studied by Hirzebruch [77] and his school (Jénich,
Knapp, Kreck, Neumann, Ossa, Zagier) using the methods of the Atiyah-
Singer index theorem, which also apply in the case k = 1.

Let OW = (), so that W is an oriented finite 4k-dimensional geomet-
ric Poincaré complex with an oriented double cover W. The total surgery
obstruction s(W) € Sy, (W) has image the codimension 1 Poincaré transver-
sality obstruction

sy(W) = [s(W)] = signature (W,T)/8 = (sy (W) —s_(W))/8
= (2signature (W) — signature (W))/8
€ LN4k_2(i+) = L4k(Z) = 7,
which has been studied by Hambleton and Milgram [68].

If (W** OW) is an oriented compact 4k-dimensional manifold with bound-
ary and (f,b): (W% OW’)—(W,0W) is a normal map which restricts to
a homotopy equivalence on the boundaries

h = Of : OW' — oW
then the rel @ surgery obstruction is given by
—) J— —) J—
o(f,0) = (54 (W) = se (W), s (W) —s_(W))
€ Lux(Z|Zs]T) = ZOZ .
The identification space
P =w Up =W
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is an oriented 4k-dimensional geometric Poincaré complex with an oriented
double cover P classified by a map P—— X = RP>. The structure invariant
s(h) € S4x(OW) and the total surgery obstruction s(P) € Sy (P) have the
same image

[s(h)] = [s(P)] = low(f,)] € im(Lax(Z[Za]")—Sur(BZ3)) ,

and the codimension 1 splitting obstruction along Y = RP*~! C X is given
by the Browder—Livesay invariant

sy(h) = sy(P) = signature (P,T)/8
= (2signature (P) — signature (P))/8
= (signature (W/, T) — signature (W, T))/8
€ LNy_o(i%) = Lup(Z) = Z.

If (W** OW) is an oriented compact 4k-dimensional manifold with bound-
ary then the classifying map

e: (W,0W) — RP>™

for the double cover (W4k, OW) can be made transverse regular at RP>®~! C
RP> with

(VA= 9V) = e Y(RP>®"1) c (W W)

a codimension 1 nonorientable submanifold. The double cover V of V is
oriented, and separates W as

W =W UsW

with T(Wi) — W7 . The singular symmetric forms on Hgk(Wi) and
Hs, (W) have the same radical quotients, so that

signature (Wi) = signature (W) € Z .

The signature defect is

signature (W,T) = 2signature (W) — signature (W)

= signature (W+) + signature (W ) — signature (W)

= the signature non-additivity invariant of Wall [178]
= the p-invariant of Wall [180,13B.2] € Z .

This invariant depends only on the (4k — 1)-dimensional boundary manifold
oW, for if (W', 0W") is another oriented manifold with the same boundary
OW' = OW the union P* = W' Uy —W is a closed oriented 4k-dimensional
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manifold such that
signature (W/, T) — signature (W, T)
= signature (P, T)

= 2signature (P) — signature (P)
=0€Z
by Novikov additivity and the multiplicativity of the signature for finite
covers of manifolds. See Hirzebruch and Zagier [78,4.2] and Neumann [120]
for the connections with the Atiyah—Patodi—Singer a-, 7- and n-invariants
of odd-dimensional manifolds.
]
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§24. Higher signatures

The higher signatures are non-simply connected generalizations of the L£-
genus, corresponding to the rational part of the canonical IL'-orientation of
compact topological manifolds. A general discussion of the connections be-
tween the algebraic L-theory assembly map and the Novikov conjecture on
the homotopy invariance of the higher signatures is followed by the particu-
lar discussion of the homotopy types of the classifying spaces B of Poincaré
duality groups satisfying the conjecture. The total surgery obstruction of
such geometric Poincaré complexes is detected by codimension n signatures.

DEFINITION 24.1 (i) The higher signature of an oriented compact n-dimen-
sional manifold M™ with respect to a cohomology class x € H" 4*(M;Q)
is
oo (M) = (L(M) Uz, [M]g) € Q,

with L(M) = L(1y) = L7 vay) € H*(M;Q) the L-genus and [M]g €
H,(M:;Q) the rational fundamental class.
(ii) A higher signature o, (M) is universal if x = f*y is the pullback of a
class y € H" % (Bm;Q) (m = m1(M)) along a classifying map f: M — B
for the universal cover of M.

m

A universal higher signature o+, (M) is usually written as o, (M).
EXAMPLE 24.2 (i) For z = 1 € HY(M;Q) the universal higher signature

o.(M) € Q of an oriented compact n-dimensional manifold M with n =

0(mod 4) is just the ordinary signature, since by the Hirzebruch formula
o1(M) = (L(M),[M]g) = signature (M) e Z C Q.

If n # 0(mod 4) then o1(M) = 0.

(ii) Given an oriented compact n-dimensional manifold M™ and an oriented

compact 4k-dimensional submanifold N ik C ]\41 write the inverse L-genus
of the normal block bundle vycpr: N—BSTOP(n — 4k) as

L(N,M) = L Y vncy) € H¥(N;Q) .
Let i: N—— M Dbe the inclusion, and let
x = i'L(N,M) e H" (M Q)
be the image of L(NN, M) under the Umkehr map
it H"(N;Q) & Hiaa(N;Q) — Hupa,(M;Q) 2 H'5+4(1;Q) .
It follows from the identity vy = vncy @ " vay: N—BSTOP that
L(N) = L(N,M)Ui*L(M) € H*(N;Q) .

The corresponding higher signature of M is the ordinary signature of N

ox(M) = (L(M) Uz, [M]g) = (L(N),[N]g) = signature(N) € Z .
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The special case N** = M™ is (i), with z = 1 € H'(M;Q) = Q. In the
special case N = {pt.} C M™ the element z = i'(1) =1 € H"(M;Q) =
Q is such that o,(M) = signature(N) = 1 € Z C Q. As in Thom’s
combinatorial construction the £-genus £L(M) € H**(M; Q) is characterized
by the signatures of compact submanifolds N 4k C M™ with trivial normal
bundle vycy = € 4*: N—BSTOP(n — 4k)
L(M)*: Hpo(M;Q) =2 H"(M;Q) — Q; v — 0, (M) = signature (N)
with i,[N]g € Hyx(M;Q) the Poincaré dual of z = i'(1) € H" **(M;Q)
and L(N, M) = 1. In general, these higher signatures are not universal.
(iii) The cap product of the canonical L°'-homology class [B]L € H,(B;L")
of a compact n-dimensional manifold B and an L’-cohomology class I' €
H~™(B;L") is an L'-homology class [B]p,NI" € Hy,1,(B;L") (Appendix B).
If m = 2i, n = 2j with i + j = 0(mod 2) the product [B], N T determines
a nonsingular symmetric form ¢ on the jth cohomology H’(B; {H*(I")}) of
B with coefficients in the flat bundle H*(T") of nonsingular (—)‘-symmetric
forms over Z. The signature of this form is given by the simply connected
assembly
signature (H’ (B; {H(I)}),¢) = A([BlL.NT) e L2+ (7)) = 7,
and hence as a universal higher signature
signature (H? (B; {H'(I")}),¢) = 0,(B)€ZCQ
with 2 = ch([Ik) € H2*(Bm;Q) the modified Chern character of the topo-
KO(B) . (0
KU(B) (for i = {1 (mod2)) deter-
mined by the action of m1(B) = 7 on the local system of (—)/-symmetric
forms on H?(T'), as in the work of Atiyah [6], Lusztig [101] and Meyer [107]
on the non-multiplicativity of the signature of a fibre bundle (cf. 21.3).
The signature of a compact 2(i + j)-dimensional manifold E which is the
total space of a fibre bundle F'— F—— B with the base B a compact 2j-
dimensional manifold and the fibre F' a compact 2i-dimensional manifold is
given by the higher signature

signature (F) = signature (H?(B; {H(I')}), ¢) = 0,(B) € L**)(7) = 7
with ' € H=2?Y(B;LL’) such that H*(I') = H*(F), as in Liick and Ran-
icki [100]. o
PROPOSITION 24.3 (i) The canonical L -orientation [M]y, € H,(M;L") of

an oriented compact n-dimensional manifold M determines and is deter-
mined modulo torsion by the higher signature map

H'™™(M;Q) — Q; z — 0,(M) .
(ii) The normal invariant [f, bl € H,(M;L.) of a normal map (f,b): N—
M of closed oriented n-dimensional manifolds determines and is determined

logical K-theory signature [['Jx € {
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modulo torsion by the differences of the higher signatures
H"(M;Q) — Q; © — 02 (N) —0.(M) .
PRrROOF (i) Both the higher signatures and [M]L ® Q determine and are
determined by the signatures of compact submanifolds of M, with
o (M) = (L(M)N[M]g)Nz = ((MlL®Q)Nx e Hy(Bm;Q) = Q
for any x € H"=**(M;Q). The universal coefficient isomorphism
Homg(H"™*(M;Q),Q) = H, 4.(M;Q)

sends the higher signature map z—— o, (M) to the element

ML®Q = L(M)N[M]g € Hy—4.(M;Q) .
(ii) This follows from (i), since 1 + T H,(M;L.)— H,.(M;L'(1)(Z)) is an
isomorphism modulo 8-torsion, and

A+ D)f, bl = fulNL — [M]L € Ho(M;L(1)(Z)) -
m

CONJECTURE 24.4 (Novikov) The universal higher signatures are homotopy
invariant for any group .
]

Write the quadratic L-theory assembly map for the classifying space B
of a group 7 as
Ar : H.(Bm;L.(Z)) — L.(Z[r]) .
PROPOSITION 24.5 The following versions of the Novikov conjecture are
equivalent for any finitely presented group m:

(i) the universal higher signatures are homotopy invariant, i.e. for any
homotopy equivalence h: N—— M of oriented compact n-dimensional
manifolds with w1 (M) = 71 (N) = 7 and every x € H"~**(Bm; Q)

0.(M) = 0,(N)€Q,

(ii) the rational canonical L' -homology classes are homotopy invariant,
i.e. for any homotopy equivalence h: N——M of oriented compact n-
dimensional manifolds with 7 (M) =m(N) =7

ML ®Q = hNL® Q€ H,(M;L)®Q,
(iii) the rational assembly map
A4, 9Q: H.(BmL.(Z)®Q = > H. 4;(Bm;Q) — L.(Z[r]) ®Q
JEZ
18 injective,
(iv) the dual of the rational assembly map
(Ax ® Q)" : Homg(L.(Z[r)) ® Q,Q) — Y H* Y (BmQ)
JEZ
18 surjective.
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PROOF (i) <= (ii) Working as in the proof of 24.3 (i) the image f * [M] €
H, (Bm;L") determines and is determined modulo torsion by the universal
higher signatures o,(M) € Q (z € H"**(Bm;Q)).
(iii) = (ii) Symmetric and quadratic L-theory only differ in 2-primary
torsion, so (iii) is equivalent to the injectivity of the rational assembly map
in symmetric L-theory

4, 9Q: H(BmL)®Q = Y H. 4(BmQ) — L*(Z[r)) ® Q.

JEz

For any compact n-dimensional manifold M with 71 (M) = 7 and classifying
map f: M——Br the assembly of f.[M], € H,(Bm;L") is the homotopy
invariant symmetric signature

ArfilM = AML = o™ (M) € L™(Z[n]) .
(ii) = (iii) Every element in S,y (Bw) is the image of the structure in-
variant s(h) of a homotopy equivalence h: N—— M of closed manifolds with
fundamental group m. The kernel of the assembly map

ker(Ay: Ho(Bm;L.(Z))— L. (Z[r])) = im(S«y1(Br)—H.(Bm;L.(Z)))
consists of the images of the normal invariants [h]y, of such homotopy equiv-
alences h, which are given modulo 2-primary torsion (and a fortiori ratio-
nally) by the differences of the canonical L’-homology classes
ML®Q = hJNL® Q- [ML®Q
€ H. (BmL.(2) ®Q = H.Bm;L(Z))®Q.
A cohomology class x € H*(Bm; Q) is such that the function M — o, (M)
is a homotopy invariant if and only if
ker(A, ®Q)Nz = 0€ Hy(Bm;Q) = Q.
(This is the case if and only if x € H*(Bm;Q) is in the image of the Q-
dual assembly map (A, ® Q)*.) If ker(A, ® Q) = 0 then every class = €
H*(Bm; Q) satisfies this condition.
(iii) <= (iv) Trivial.
]
REMARK 24.6 The equivalence of the Novikov conjecture for 7 and the
rational injectivity of the assembly map A, was first established by Wall
[180, §17H], Mishchenko and Solovev [118] and Kaminker and Miller [81].
]

Only infinite groups 7 need be considered for the Novikov conjecture,
since for finite 7

H,(Bm;L.(Z)) ®Q = H.({pt.};L.(Z)) ®Q = L.(Z)®Q,
and A; @ Q: L.(Z) ® Q—L.(Z[r]) ® Q is the injection induced by the
inclusion Z—Z[r].
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REMARK 24.7 The Novikov conjecture for the free abelian groups Z" (n >
1) was proved (more or less explicitly) by Novikov [123], [124], Rohlin [152],
Farrell and Hsiang [48], Kasparov [83], Lusztig [101], Shaneson [158], Ran-
icki [140], Cappell [25] using a variety of topological, analytic and algebraic
methods. This case is especially significant, on account of the related prop-
erties of the n-torus BZ™ = T™ used in the work of Novikov [123] on the
topological invariance of the rational Pontrjagin classes, and in the work of
Kirby and Siebenmann [87] on topological manifolds.

i

REMARK 24.8 Cappell [25] used codimension 1 splitting methods (§23) to
construct a class of groups 7 satisfying the Novikov conjecture. The class is
closed under free products with amalgamation and H NN extensions which
are ‘square root closed’, and includes the trivial group {1} and the free
abelian groups Z™ (n > 1). See Stark [165] for an extension of the class.

]

REMARK 24.9 The Novikov conjecture is related to Atiyah—Singer index
theory, C*-algebras, hyperbolic geometry, differential geometry, cyclic ho-
mology, equivariant and controlled topology. The following list of references
is only a small sample of the literature: Connes and Moscovici [41], Farrell
and Hsiang [49], Kasparov [84], Mishchenko and Fomenko [117], Rosenberg
[153]. See Mishchenko [116] and Weinberger [183] for surveys.

]

REMARK 24.10 In the analytic approaches to the Novikov conjecture the
group ring Z[r| is embedded in the reduced C*-algebra C;(m). The analytic
index in Ko(C}: (7)) is identified with the image of the symmetric signature
in L?*(Z[r]), using an isomorphism L2*(C (7)) =2 Ko(C#* (7)) generalizing
the multisignature (see Kaminker and Miller [82], for example). The al-
gebraic L-theory assembly map A, corresponds to a topological K-theory
assembly map f: K.(Bn)—K.(C} (7)), and it is 8 which is proved to be
a rational split injection in various cases.

m

The simply connected L-groups are detected by the signatures of nonsin-
gular symmetric and quadratic forms over Z, with isomorphisms
L9(z) — 7 ; (C,¢) — signature (C, ¢) ,

~

Lo(Z) — Z ; (C,1) — (signature (C,v))/8 .
If K = B is an aspherical n-dimensional geometric Poincaré complex satis-

fying a strong form of the Novikov conjecture the total surgery obstruction
s(K)eS,(K) = Lo(Z)
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is now interpreted as the difference between local and global codimension n
signatures.

In the first instance an equivalence is established between three formula-
tions of the algebraic L-theory assembly maps being isomorphisms in the
4-periodic range.

LEMMA 24.11 For any n-dimensional simplicial complex K the following
three conditions are equivalent:
N(K) : the 0-connective quadratic S-groups of K are such that
Sm(0)(Z,K) = 0 form>n,
N(K). : the 0-connective quadratic L-theory assembly maps
A Hn(KLA0)(Z)) — Lu(Z[)) (7 = m(K)
are 1somorphisms for m > n,

N(K)* : the 0-connective visible symmetric L-theory assembly maps
A Hp(KGL(0)(Z)) — VL™(0)(Z, K)
are 1somorphisms for m > n.

PrOOF All the groups and maps involved are 4-periodic for dimension rea-
sons and by the 4-periodicity of quadratic L-theory, except that the map
Sn(0)(Z, K)—S,,1+4(0)(Z, K) may possibly fail to be onto. The cokernel of
this map is isomorphic to the cokernel of the first map in the exact sequence

Hyp 1 (K LA(0)(Z)) — Hngs(KGLA(0)(Z)) — Hn (K Ls(Z)) |
which is onto since L3(Z) = 0. Thus each of the conditions N(K), N(K).,
N(K)* is 4-periodic. The implications N(K) <= N(K). <= N(K)* now
follow from the commutative braid of exact sequences
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DEFINITION 24.12 An n-dimensional Poincaré duality group 7 is a group
such that the classifying space B7 is an n-dimensional Poincaré space.
]

Poincaré duality groups are finitely presented, infinite and torsion-free.

DEFINITION 24.13 An n-dimensional Novikov group 7 is an n-dimensional
Poincaré duality group such that the classifying space K = B satisfies any
one of the three equivalent conditions N(K), N(K),, N(K)* of 24.11.

]

The strong form of the Novikov conjecture (24.4) is that condition N(K)
holds for any n-dimensional Poincaré duality group 7, and that s(K) =0 €
Sn(K) = Lo(Z), so that K is homotopy equivalent to an aspherical com-
pact n-dimensional topological manifold. This includes the Borel conjecture
concerning the rigidity of aspherical manifolds, since it implies that for any
aspherical compact n-dimensional manifold M with m (M) =7, M ~ K

STOP(M) = Spni(M) = Spni(K) = {0},
so that any homotopy equivalence f: N—— M of compact aspherical mani-
folds is homotopic to a homeomorphism (at least for n > 5).

REMARK 24.14 Many examples of Novikov groups arise geometrically as
the fundamental groups m = (M) of aspherical compact manifolds M =
Br with topological rigidity, such that SJOF (M x D' M x S*=1) = 0 for
i > 0. See Farrell and Hsiang [49], Farrell and Jones [50], [51], Ferry and
Weinberger [54], Yamasaki [191]. The methods of controlled topology are
particularly relevant here (see Appendix C).

o

For any n-dimensional simplicial complex K define also the 4-periodic
condition:

N(K)q : the rational O-connective quadratic L-theory assembly maps
ABQ: Ho (KL A0)(Z)2Q — Lo (Z[r]))2Q (r = m(K))

are monomorphisms for m > n.
For K = B this is just condition 24.5 (iv), so that N(Bm)q is equivalent
to the Novikov conjecture (24.4). Davis [45,§11] has shown that N(Bm)g
is true for all the groups m with Bm the homotopy type of a finite complex

if and only if N(Bm)g is true for all the groups 7 with B7 the homotopy
type of an aspherical compact topological manifold.

PROPOSITION 24.15 If 7 is an n-dimensional Novikov group with classifying

space K = Br then
Sm(K) = Hu(K;Lo(Z)) = {L0<Z> if m=n

0 if m>n+1.
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If s(K) =0 € S, (K) = Lo(Z) then (at least for n > 5) the homotopy type
of K contains an aspherical compact topological n-manifold M, and
SFOP(M x D', M x S = Sppip1(M) = Sppip1(K) = 0 (i>0).
PrOOF Immediate from the exact sequence given by 15.11 (iii)
. — Sm41(0)(Z, K) — Hyp (K5 Lo(Z)) — Sin(K)
— Sn(0)(Z,K) — ...,
and the identification in 18.5 of the Sullivan—Wall geometric surgery exact

sequence with the algebraic surgery sequence.
]

EXAMPLE 24.16 The free abelian group Z" of rank n is an n-dimensional
Novikov group, with classifying space K(Z™,1) = T™ the n-torus. The
assembly maps are isomorphisms

A Hop (T L0Y(Z) — VI™O)Z,T") = L™(Z[Z"]) ,

A Ho(T"LAO)E)) — L(ZIZ"])
for m > n by the Laurent polynomial extension splitting theorems of Shane-

son [158], Wall [180, 13A.8], Novikov [124], Ranicki [140], Milgram and Ran-
icki [110] (and Wh(Z™) = 0), so that

Sm(0)(T") = 0 for m>n .
T™ is a manifold, and
S(T") = 0 € 8,(T") = Lo(2),
SFOP(T™ x D', T™ x S*1) = Spyig1(T™) = Spiss1(0)(T™) = 0 (i > 0).
O

REMARK 24.17 Let m, ™ be n-dimensional Novikov groups such that # C 7
is a subgroup of finite index [m: 7] = d. Asin 21.4 there is defined a d-sheeted
covering

p: K = Bt — K = Br

with the total surgery obstruction of K the transfer of the total surgery
obstruction of K

The transfer map p': H,, (K; Lo(Z)— H,,(K; Lo(Z) is an isomorphism, be-
ing the Poincaré dual of

~

pt = 1: HY(K;Lo(Z)) = Z — H°(K;Lo(Z)) = Z.
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It follows from the commutative square
H,(K; Lo(Z)) ——=— Su(K)

1~ !

b= p

H, (K Lo(Z)) ——— Sn(K)

that p': S, (K)—S,(K) is also an isomorphism, so that s(K) = 0 if and
only if s(K) = 0. If K is homotopy equivalent to a compact topological
manifold (s(K) = 0) then so is the finite cover K, i.e. only the converse
statement is of interest.

m
DEFINITION 24.18 Let m be an n-dimensional Novikov group, with classi-
fying space K = Brr.
(i) The codimension n { symimetric

quadratic signature map is the composite

A71

B : VL™0)(Z,K) — Hn(K;L(0)(Z)) — Hn(K;L%(Z)) = L%(Z)

B : Lo(@ln]) S HL(KLA0)Z) — Hu(K: Lo(Z) = Lo(Z)
with

H(KSLAO0)2) — (K L@) 5 (C6) — 5 (Cr)o(r)r

HL (S 0(E) — (K3 L(@) s (C) — & (i)

(ii) The global codimension n signature of an n-dimensional 0-connective

globally Poincaré {gzﬁf&lmc complex { E C 1/})) in A(Z,K) is
);

{Bgloba%c,sb) — B(C(K),$(K)) € L(Z) ,
BIobal(Cp) = B(C(K),¢(K)) € Lo(Z)
with { (C(K), 6(K)) € VL™ (0)(2Z, K)
— L(CR), p(K)) € La(z[7])

K of K.

(iii) The local codimension n signature of an n-dimensional 1/2-connective

the assembly over the universal cover

normal (C, o) . .

{quadratic complex { (©,) ™ A(Z,K) is
BlOcal(C, ¢) = %n)(C(T),qb(T))T c Hn(K,LO(Z)) _ LO(Z) ,
Blocal(C 4p) = %(n)(C(T),@D(T))T € Hy(K;Ly(Z)) = Lo(Z) .
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normal

Note that for any n-dimensional 0-connective locally Poincaré i
quadratic

complex { Eg: z)) in A (Z, K) and any n-simplex 7 € K™
{ Bolobel(C,g) = Blel(C,9) = (C(r),(r)) € L(Z) |
Bglobal(c«,w) = Blocal(C, w) = (C<T)7 w(T)) € LO(Z) :

EXAMPLE 24.19 If X is a compact n-dimensional topological manifold with
a map X — K = B to the classifying space of an n-dimensional Novikov
group m, and (C, ¢) is the 0-connective locally Poincaré n-dimensional sym-
metric complex in A (Z, K) representing the image in H,, (K;L") of the fun-
damental L'-homology class [ X, € H,(X;L") then
Bo* (X) _ Bglobal(c’ ¢) — Blocal(c’ (b) c IO (Z) - 7 .
In 24.22 below this codimension n symmetric signature will be identified
with the degree of the map X— K.
]

The difference between local and global codimension n signatures detects

the total surgery obstruction for the classifying spaces of Novikov groups:

PROPOSITION 24.20 Let m be an n-dimensional Novikov group, with classi-
fying space K = Brr.
(i) The difference between local and global codimension n quadratic signa-
tures defines an isomorphism

(C, ) — BI*YD/C, 8¢ [¢)) — B*Y(D/C, 6 /) .
Here, (C,%) is an (n — 1)-dimensional 1-connective locally Poincaré glob-
ally contractible quadratic complex in A(Z,K), and (D/C,0¢ /) is the
n-dimensional 0-connective globally Poincaré quadratic complex in A (Z, K)
defined by the algebraic Thom complex of any 0-connective locally Poincaré
null-cobordism (C——D, (v, 1)).

(ii) The n-dimensional 1/2-connective visible symmetric L-group of K is
such that

VLK) = H,(K;L(0)(Z)) ® Lo(Z)
with an isomorphism
VLMK) — Hy(K;L(0)(Z)) & Lo(Z) ;
(C,¢) — (AY(C(K), ¢(K)), (BI"(C, ¢) — B'**(C, ¢))/8) ,

and
d: VLK) — Su(K) = Lo(Z) ;

(C, ) — (BI*(C,¢) — B*!(C,9))/8 .
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(iii) The total surgery obstruction of K is
s(K) = 00*(1/2)(K)
= (BHMlg* (1/2)(K) — Bo%elo® (1/2)(K))/8
= (B (0)(K) — 1)/8 € Su(K) = Lo(Z) = 7,
with o*(q)(K) € VL™(q)(Z, K) the q-connective visible symmetric signature
of K forq=0,1/2.

PROOF (i) Note first that for any simplicial complex K there is defined a
commutative braid of exact sequences

/\A

H,(K; Lo(Z)) Hp—1 (K LA1)(Z)) m(K)))
Sn(1)(Z, K) Hy,—1(K51L.(0)(Z))
Lo (Z[m1 (K)]) S, (0)(Z, K) H, 1(K; Lo(Z)) ,

N

and that there is defined an isomorphism
Ho (KL (1)(Z) = LA0)(2)) — Ha(K Lo(Z)
(C—D, (6,9)) — > (D(7)/C(7),89(7)/9 ()T
TeK (M)

with (C—D, (d%,)) an n-dimensional locally Poincaré quadratic pair in
A (Z,K) such that C' is 1-connective and D is O-connective. For K = Br it
is also the case that S,,+1(0)(Z, K) = S, (0)(Z, K) = 0, so there is defined

an isomorphism
H,(K; Lo(Z)) — S,(1)(Z, K) = S,(K)

with the inverse specified in the statement.
(ii) Since S,4+1(0)(Z, K) = S,(0)(Z,K) = 0 the diagram of 15.18 (iii) in-

cludes a commutative braid of exact sequences



282 ALGEBRAIC L-THEORY AND TOPOLOGICAL MANIFOLDS

)

H,, (K; L (0)(Z)) VL™ 0)(Z, K)
& . / \
VLMK 0
/ & /
S

=
=
~
=
S

n(K)

defining a direct sum system

VLM O0)(Z, K) = H,(K;L(0)(Z)) «—

n
VLK) «+—— Sp(K) = H,(K;Lo(Z)) .
In particular, the quadratic boundary map

0: VLK) — S,(K) ; (C,¢) — 9(C,¢) = (9C,1)

is a split surjection, with kernel isomorphic to VL™(0)(Z,K). For any
n-dimensional 1/2-connective globally Poincaré normal complex (C,¢) in
A (Z,K) the image of (C,¢) € VL™(K) in the algebraic normal complex
cobordism group

H,(K;L7) = Hy(K;L(1)(2) —1(0)(2))

is represented by the n-dimensional 0-connective locally Poincaré normal
pair (0C—D, (0, (1 + T)y)) with D = C**1=* (D/0C,0/(1 + T)) =
(C, ¢). The symmetric version of (i) now allows the identification

(14 T)(0C, )
= BI°bl(D/oC,0/(1 + T)y) — BY(D/OC,0/(1 + T)1)
= BYN(C,¢) — BC,¢) € Hy(K;L°(Z)) = L°(Z),
with
1+T = 8: Ly(Z) = 7Z— L°Z) = 7.

(iii) The n-dimensional 1/2-connective globally Poincaré normal complex
(C,¢) in A (Z,K) with C = A(K’) representing 0*(1/2)(Z, K) = (C, ¢) €
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VL™ (K) has codimension n symmetric signatures

B (C, ) = BU*<0>(K) )

Blocal C, ¢ Z T = =1 EHn(K;LO(Z)) = LO(Z) = 7.
TeK(®)
Now apply (ii).

EXAMPLE 24.21 The 0-connective visible symmetric signature of 7" is
o*(T") = A([T"]L) = (0,...,0,1)
e VL™0)(Z,T™) = L"™(Z[Z"))

- L"Z)® (T)L”*(Z) D...0 (Z)L""“(Z) ®...oLZ).
The codimension n symmetric signature of T" is the generator
BU*(Tn) — Bglobalo.*(Tn) — Blocalg*(Tn) — (Z, 1) = 1le LO(Z) - 7.
The 1/2-connective visible symmetric signature of 7™ is
o*(T") = ((0,...,0,1),0) e VL™(T") = L™(Z[Z"]) & Lo(Z) ,

and the total surgery obstruction is s(7") =0 € S,,(T") = Lo(Z).
m

PROPOSITION 24.22 Let X be an n-dimensional geometric Poincaré complex
with a morphism e: w1 (X)——7 to an n-dimensional Novikov group .
(i) The total surgery obstruction s(X) € S, (X) has image

s(X) = 0(C,¢) = (BI"(C,¢) — B (C,¢))/8
€Su(K) = Lo(Z) = T,
with (C,¢) = o*(X) the n-dimensional 1/2-connective globally Poincaré

normal complez in A (Z, K) associated to a map e: X — K = Br inducing
e:m (X)—m, and

BIobI(C,¢) = Bo™(X) .
Blocal(C ¢) = (degree of e: X—K) € L°(Z) = 7Z .

(ii) If (f,b): Y —>X is a normal map of n-dimensional geometric Poincaré
complexes the difference of the images in S, (K) of the total surgery ob-

structions of X, Y is the codimension n quadratic signature of the surgery
obstruction o.(f,b) € L,(Z[r])

s(Y) —s(X) = Bo.(f,b) €Su(K) = Lo(Z) .

(iii) If vx: X—BG admits a topological reduction vx: X —BTOP then
the image in S, (K) of the total surgery obstruction s(X) € S, (X) is given
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up to sign by the codimension n quadratic signature of the surgery ob-
struction o.(f,b) € L,(Z[r]) of the corresponding topological normal map
(f,0): M—X
s(X) = —Bo.(f,b) € Sp(K) = Lo(Z) .

PROOF (i) The 1/2-connective visible symmetric signature o*(X) € VL™ (K)
is represented by the n-dimensional 1/2-connective globally Poincaré nor-
mal complex (C, ¢) in A (Z, K) of the n-dimensional normal complex cycle
{X(7)|7 € K} defined by the inverse images of the dual cells

X(r) = ¢7'D(r,K),
with (X (7),0X (7)) an (n — |7|)-dimensional normal pair and

C(r) = A(X(7),0X(7)) .
As in §16 assume that K is an n-dimensional simplicial complex with fun-
damental class
K] = Y 7 =1€H,(K) =Z

TeK(n)
and similarly for X. The degree of e: X — K is the number d € Z such
that

e« X] = dIK]e€e Hy(K) = Z,
which on the chain level can be expressed as

eX] = ) elp) = Z( > 1>T

pEX(“) reK(n) peX(n>7e(p):T

= d( > T) = d[K] € An(K) .

reK )
The degree d is thus the algebraic number of n-simplexes p € X in the
inverse image e ~!(7) of any n-simplex 7 € K (), which is the algebraic num-
ber of vertices p € X'(9) in the 0-dimensional geometric Poincaré complex

X(r) = e'(7) = U 7
pEX (M e(p)=7
and also the symmetric signature of X (1)
o (X(1)) = Y (Z1) =del’z) = Z.
pEX (™) e(p)=T
The local codimension n symmetric signature of o*(X) is thus
B(C,9) = ) m(C(7),8(7)) = d € Ho(K;L(Z)) = L°(Z) = Z.
TeK(n)

(ii) Apply Y——K to the identification s(Y) — s(X) = do.(f,b) € S, (Y)
given by 19.7.
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(iii) Apply e: X— K to the identification s(X) = —0do.(f,b) € S,(X).
Alternatively, substitute s(M) = 0 € S,,(M) in the formula s(M) — s(X) =
Bo.(f,b) given by (ii).

m

REMARK 24.23 A resolution (M, f) of a space X is a topological manifold
M together with a proper cell-like surjection f: M——X. Quinn [135], [136]
investigated the resolution of compact AN R homology manifolds by com-
pact topological manifolds, using controlled surgery theory and algebraic
Poincaré complexes to formulate the following obstruction. (It is now known
that this obstruction is realized, see 25.13). A compact AN R is homotopy
equivalent to a finite CW complex by the result of West, so that a com-
pact n-dimensional AN R homology manifold X is a finite n-dimensional
Poincaré space. Let X; C X be a neighbourhood of a point zg € X. As
in [135,4.1] there is defined a finite n-dimensional geometric Poincaré com-
plex Y with a normal map (f,b): Y ——T" such that the proper normal
map (f,b): Y —T" = R™ is bordant to a proper normal map X;—R".
The codimension n symmetric signatures of the associated 0-connective n-
dimensional globally Poincaré normal complex (C,¢) = o*(Y) in A (Z,T")
are
BIM(C,g) = Bo*(Y),
Ble" (O, ¢) = (degree of f:Y—T") = 1€ L%Z) = 7.
The local signature obstruction of [136] to a resolution of X by a compact
topological manifold is defined by
i(X) = B9bYC ¢) — Bl C,$p) = (Bo*(Y)—-1)/8c Lo(Z) = 7.
(Unfortunately, the local signature Bo*(Y) € L°(Z) of [136] arises here as
a global codimension n signature.) The total surgery obstruction s(X) €
Sn(X) =S,(1)(Z, X) is the image of
i(X) = 00.(f,b) = s(Y) €S,(T") = Ho(X;Lo(Z)) = Lo(Z)
under the map in the exact sequence
. — Sp41(0)(Z, X) — H,(X;Lo(Z)) — Sp{1)(Z, X)
— $p{(0)(Z2,X) — ... .

For n > 5 X is homotopy equivalent to a topological manifold (not neces-
sarily a resolution) if and only if i(X) € im(S,+1(0)(Z, X)—Ly(Z)). The
resolution obstruction of a homology manifold X is an invariant of the con-
trolled chain equivalence inducing the Poincaré duality H"*(X) & H,.(X).
See §25 and Appendix C for some further discussion of the surgery classifi-
cation of compact AN R homology manifolds and controlled topology.

i
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§25. The 4-periodic theory

The 4-periodic theory is the version of surgery in which the 1-connective
L-spectrum L. = L.(1)(Z) is replaced by the 4-periodic spectrum L. (Z), cor-
responding to the difference in the codimension n transversality properties
of n-dimensional topological manifolds and n-dimensional AN R homology
manifolds. The algebraic and topological properties of the 4-periodic the-
ory will now be investigated, including an interpretation of the difference
between the 4-periodic and 1-connective theories in terms of the local and
global signatures of §24.

The 4-periodicity of surgery was first observed experimentally by Kervaire
and Milnor [86], in the simply connected high-dimensional case arising in the
classification of compact (n — 1)-dimensional differentiable manifolds which
are homotopy spheres and bound framed n-dimensional manifolds W™, with
n > 5. After framed surgery below the middle dimension W can be taken
to be [(n — 2)/2]-connected. The obstruction to making W contractible
by surgery in the middle dimension is an element of the simply-connected
surgery obstruction group L, (Z). For n = 2i this is the Witt class of the
(—)*-quadratic intersection form on H;(W). In particular, for n = 4k > 8
the Fg-plumbing of 8 copies of Tgar: S2F——BSO(2k) is a framed (2k — 1)-
connected 4k-dimensional differentiable manifold W**¥ with boundary an
exotic (4k — 1)-dimensional sphere X4*~! and symmetric intersection form

(HQIC(W)7)\) = (ZS7E8) )
such that the corresponding surgery obstruction is
signature(W)/8 = 1€ Ly (Z) = Z .

There is no obstruction for n = 2i 4+ 1, since Lo;y1(Z) = 0. The simply-
connected surgery obstruction is 4-periodic since [(n — 2)/2]-connected n-
dimensional manifolds have the same homological intersection properties as
[(n+2)/2]-connected (n+ 4)-dimensional manifolds. The simply-connected
surgery obstruction groups L,(Z) = 7,(G/TOP) are 4-periodic, but the
groups of h-cobordism classes of exotic spheres 6,, = m,(TOP/O) are not
4-periodic.

The 4-periodicity persists in surgery on n-dimensional normal maps (f,b):
M"— X, which can be made [n/2]-connected by surgery below the mid-
dle dimension. The non-simply connected obstruction to surgery on (f,b)
depends only on the middle-dimensional chain level intersection properties
of the Z[m (X)]-module homology kernels

K.(M) = ker(f.: Ho(M)—H, (X)),

which are the same for [n/2]-connected n-dimensional normal maps and
[(n + 4)/2]-connected (n + 4)-dimensional normal maps. The surgery ob-
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struction groups L. (m) = L.(Z[r]) of Wall [180] were defined algebraically
to be such that

L.(Z[r]) = Luta(Z[n])
with the 4-periodicity isomorphisms realized geometrically as products with
the complex projective plane C P2

— xCP?: L,(Z[r]) = Lpta(Z[n)) ;
o ((f,0): M—X) — o, ((f,b) x 1: M x CP?—X x CP?) .
The expression of L, (Z[r]) as cobordism groups of quadratic Poincaré com-
plexes in Ranicki [143] allowed the 4-periodicity isomorphisms to be realized
algebraically as products with the symmetric signature of CP?
o*(CP?) = signature (CP?) = 1€ LYZ) = Z,
and also as the double skew-suspension maps
S? = —®0"(CP?) : Ly(Z[r]) — Lnta(Z[n)) ;
(C,9) — (8%C,8%) = (C,9) @ o™ (CP?) .
The classifying space G /O for differentiable surgery is 4-periodic modulo
torsion, since it has the rational homotopy type

G/0®Q ~ BO®Q ~ [[K(Q 4)) .
j=1
The classifying space G/TOP for topological surgery is 4-periodic, with a
homotopy equivalence
Q'G/TOP ~ Lo(Z) x G/TOP .
The geometric surgery spectra of Quinn [130] and the quadratic L-theory

spectra of Ranicki [138] with homotopy groups L, realize the 4-periodicity
on the spectrum level, with

Lo(Z) ~ Lo(Z) x G/TOP , Ly ~ G/TOP
in the simply-connected case.

In order to obtain an algebraic formulation of the surgery exact sequence
and the total surgery obstruction for topological manifolds it was neces-
sary to kill the Oth homotopy group mo(LL(0).(Z)) = Lo(Z) in L{0).(Z) and
work with the 1-connective quadratic L-theory spectrum L. = L(1).(Z),
as in §15. The controlled and bounded surgery of Quinn [135], [136] and
Ferry and Pedersen [53] have shown that the original 0-connective 4-periodic
surgery spectra are related to the surgery exact sequence and total surgery

obstruction for compact AN R homology manifolds.
Products with the L'-coefficient fundamental class [CP?];, € Hy(CP?; L")

—®[CP?L : Sp(X) — Spaa(X x CP?)
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are not in general isomorphisms, fitting into an exact sequence
o= Hpya(X x S% L) — Sp(X) — Sppa(X x CP?)
— Hpy3(X x S% L) —
However, for an n-dimensional polyhedron X the 1-connective quadratic

S-groups S.(X) = S.(1)(Z, X) are themselves 4-periodic in dimensions >
n + 2, with the double skew-suspension maps

S? 0 Sm(X) — Sm4a(X) 5 (C,9) — (S7C,5%y)
isomorphisms for m > n 4+ 2. In this 4-periodicity range the 1-connective
S-groups coincide with the S-groups S.(Z, X) = S.(0)(Z, X) appearing in
the 4-periodic algebraic surgery exact sequence of §14

- s Ho(XLo(Z)) — Lon(Zm (X))
— Sn(2,X) — H,p 1(X5;LA(Z) — ... .
Abbreviate
L(0)(Z) = L. , VL'({+}) = VL(O)(Z,{}) = L',
VL*(0)(Z,X) = VL*(X) , S.(0)(Z,X) = S.(X) ,
writing the corresponding assembly maps A as A.
PROPOSITION 25.1 (i) Up to homotopy equivalence
L' = K.(Ly(Z),0) VL

with K.(Lo(Z),0) the Eilenberg—MacLane spectrum of Lo(Z)-coefficient ho-
mology, so that for any space X

H.(X;L) = Ho(X;Lo(Z)) ® Hao(X;1L) .

(ii) For any space X there are defined commutative braids of exact sequences

AA

H,(X;L.) La(Z[m1 (X)) X)
\ / \ /
H,(X;L)) Sn(X)
Sn41(X) H,(X; Lo(Z)) H,_1(X;L.)
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(X;IL') :
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PROOF (i) The inclusion L' —1L" is split by the forgetful map L' —L".
(ii) The braids of exact sequences are induced from the braids of fibrations
of spectra given by 15.18.

O

REMARK 25.2 The fibration
L. — L. — K.(Lo(Z),0)

splits when localized at 2, but not away from 2. Taylor and Williams
[173, Thm. A] show that the 0-connective quadratic L-spectrum of any ring
with involution A is such that

L.(0)(A)[1/2] = boAg V LboA; V X2boAy V ¥2boAs

L.(0)(A) @) = \/ K.(Lj(A)2), )
where boA; denotes connectlve KO theory with coefficients in the group
A, = L;(A)[1/2]. For A = Z this gives
L01/2 = LO)®@)[1/2] = bol1/2],
L.[1/2] = L.(1)(Z)[1/2] = bo(1)[1/2] .

PROPOSITION 25.3 Let X be an n-dimensional polyhedron.
(i) The S«-groups of X are such that

m(X) = Sn(Z,X) = Spia(X) form>n,
m(X) = Sm{g)(Z,X) = Su(Z,X) form=n+1,¢<0,
m(X) = Sp(X) form>n+2,
with an exact sequence
0 — Spi1(X) — Spy1(X) — H,(X; Lo(Z))
— Sp(X) — Sp(X) .
(ii) The VL*-groups of X are such that
VL™ X) = VL™(Z,X) = VL™™(X) for m>n ,
VL™X) = VL™{(q)(Z,X) = VL™(Z,X)form>n+1,¢<0,
VL™X) = VL™(X) form>n+2,
with an exact sequence
0 — VLX) — VL"Y(X) — H,(X;Lo(Z))
— VL™(X) — VL™(X) .

(iii) If (C——D, (09, %)) is an n-dimensional locally Poincaré globally con-
tractible quadratic pair in A (Z, X) with C' 1-connective and D 0-connective

vl vl vl
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then the image in S, (X) of the homology class
v = 3 (D/O)r), (50/0)()T € Ha(X; Lo(Z))
reX ()
1S the cobordism class
[z] = (C,9) € ker(Sp(X)——S, (X)) = im(H,(X;Lo(Z))—S,(X)) .

(iv) If (E—F, (00, ¢)) is an (n+ 1)-dimensional globally Poincaré normal
pair in A (Z,X) with (E,¢) 1/2-connective and F 0-connective then the
homology class © € H,(X; Lo(Z)) determined in (ii) by the n-dimensional
locally Poincaré globally contractible quadratic pair (0E——0F, 0(0¢, ¢))

xr = Y ((0F/OE)(r),0(5¢/$)(r))T € Hy(X; Lo(Z))
reX ()
is such that
] = O(E,¢) € im(H,(X; Lo(Z))—S, (X)) ,

1+T)(x) = Y (B(r),¢(r)7 € Ho(X;L°(2)) .
reXx ()
(v) The diagram

Hy (X "(X)

;L) — A VL

~ 7
VL™"(X)

l@ 0

S0 (X)
e \_
@) S,

Hy (X5 Lo (X)

commautes.
PROOF (i) The double skew-suspension maps define an isomorphism of exact
sequences

.— Hp (XL (¢+1) —— Hp(X5L.(q) —— Hp—g( X5 Ly(Z)) — ...
> Hppa(X5LA(g+5)) > Hpga(X5L{g+4) » Hy—g(X; Lyya(Z)) - ...

for any m, ¢ € Z, with L.{q) = L.(¢)(Z). The natural map
H,,(X;L.(0)) = Hpa(X;L.(4)) — Hppa(X;1L.(0))
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is an isomorphism for m > n — 1, being the composite of the isomorphisms
in the middle of each of the exact sequences

Hpykis5(X5Li(Z)) = 0 — Hpya(XGLA(E+ 1)) — Hpppa(X; L (E))
— Hm_k+4(X;Lk(Z)) =0
for k =0,1,2,3. A 5-lemma argument applied to these and the 4-periodicity

isomorphisms L,, (Z[m1(X)]) & Ly+4(Z[m1(X)]) gives that the double skew-
suspension maps S,,(X)—S,,44(X) are isomorphisms for m > n. The

relationship between the S,- and S,-groups is given by the exact sequence
of 15.11 (iii)
. — Hp (X5 Lo(Z)) — S (X) — Sin(X)

— Hm—l(XaLO(Z)) 7
noting that H,,(X;Lo(Z)) = 0 for m > n + 1. Also, 15.18 (iii) gives an
exact sequence

Hy,1(X5L4(Z) =0 — Sp(X) — Sp(—1)(Z, X)
— H,(X;L_1(Z))=0
and by 15.11 (v)
(ii) This follows from (i) and the commutative braids of exact sequences
given by 25.1.
(iii) and (iv). These identities are formal consequences of the identifications
in §15 of the 0- and 1-connective quadratic L-spectra with the appropriately
connective quadratic Poincaré complexes.
(v) Let (C,v) be an n-dimensional quadratic complex in A(0)(Z).(X), rep-
resenting an element
(C, ) € Ln(A(0)(Z)+(X)) = Hn(X;L.)
with images
1+T)(C¥) = (C,(1+T)Y) € VL™(X) ,
Cow) = Y (C(),e(7))7 € Ha(X; Lo(2)) -
reXx(n)
Since L, (A(0)(Z, X)) = L,(A(1)(Z, X)) (by 15.11 (i)) there exists an (n +
1)-dimensional quadratic pair in A(0)(Z, X)
P = (C"eC—D, (0,¢ &—y))
with C” 1-connective and D 0-connective. The assembly of (C, ) is repre-

sented by (C’,v")
AC,Y) = (C"¢) € Lu(Z[m(X)]) = La(M1)(Z, X)),
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so the composite

_ A 14T
H,(X;L.) — L,(Zm(X)]) — VL"(X)
sends (C,¢) € H,(X;L.) to (C",(1+ T)¢') € VL™(X). The boundary of
P is an n-dimensional locally Poincaré globally contractible quadratic pair
in A{0)(Z, X)
OP = (0C' ®0C — 0D, 9(6, 9" ® —))
with
acr — a1 @Cn—r acl _ Cl+1 @Cln r
0D, = D, @ D" " e C" e C"T (re Z)

such that 9C is locally contractible, 9C’ is 1-connective and 9D is 0-
connective. The composite

Ha(X:T) — Lo(Zm(X)]) — VIM(X) — Sp(X)
sends (C,%) € H,(X;L.) to 9(C',9’) € S,(X). For each n-simplex 7 €
X (™) the 0-dimensional quadratic Poincaré complex in A{0)(Z)

OP(r) = ((9D/(9C" @ 0C))(7), (0¢/ (V" ® —¢))(7))

is cobordant to (C(7),%(7)), so that
= Y oP(n)r = > (C(r),¢(n)r = [C.] € Hu(X; Lo(Z)) .

rex(n) TeX ()
An application of (ii) gives

o(C",¢") = [oP] = [C,¢]
€ ker(Sp(X)—8,(X)) = im(H,(X; Lo(Z))—Sn (X)) ,

verifying the commutativity of the diagram.

REMARK 25.4 For a compact n-dimensional topological manifold M™ with
n > 5 18.5 gives that for ¢ > 1

SEOT (M x DM x S™2) = Spyivs(M) = Spyiva(M)
= SEOP(M x D' M x 81 = S, i01(M) .
Also, the initial part of the exact sequence
0 — Spe1(M) — Spp1(M) — H,(M; Lo(Z)) — Sp(M) — S, (M)
can be expressed as
0 — STOP(M) — STOP(M x D*, M x S3) — Lo(Z) .

See Kirby and Siebenmann [87, Appendix C to Essay V], Nicas [121] and
Cappell and Weinberger [29] for geometric interpretations of this almost
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4-periodicity of the topological manifold structure sets.
i

DEFINITION 25.5 The 4-periodic visible symmetric signature of a finite n-
dimensional geometric Poincaré complex X

F*(X) e VI "(X)
is the O-connective visible symmetric signature defined in §9, which is an
image of the 1/2-connective visible symmetric signature o*(X) € VL™ (X)

defined in §15.
i

DEFINITION 25.6 The 4-periodic total surgery obstruction of a finite n-
dimensional geometric Poincaré complex X is the image of the total surgery
obstruction s(X) € S,,(X) in the 4-periodic quadratic structure group

5(X) = [s(X)] €Sn(X),
or equivalently as the boundary of the 4-periodic visible symmetric signature
5(X) = 05%(X) €S,(X) .

O

PROPOSITION 25.7 Let X be a finite n-dimensional geometric Poincaré
complex.
(i) The following conditions on X are equivalent:

(a) the 4-periodic total surgery obstruction is
5(X)=0€eS,(X),

(b) there exists an IL'-homology fundamental class [X]|L € H,(X;1L") with
assembly

A(XL) = a*(X) e VL™(X) ,
(c) there exists an L'-homology fundamental class [X|r € H,(X;L") with
assembly
A(X]p) = o*(X) € VI(X) .
(ii) If the Spivak normal fibration vx: X — BG admits a topological reduc-

tion v: X —BTOP and there exists an element x € H,(X;L.) such that
the surgery obstruction of a corresponding normal map (f,b): M—— X is

o.(f,b) = A(z) €im(A: H,(X;L.)—L,(Z[r(X)]))
then
5(X) = 0€S,(X),
s(X) = [i(z)] € ker(S,,(X)—S,(X)) = im(H,(X; Lo(Z))—Sp(X)) ,
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with i(x) € Hy(X; Lo(Z)) the image of © under the natural map
H,(X;L.) = Hn(X;L.(0)(2)) — Hp(X;m0(L.(0)(Z))) = Hy(X; Lo(Z)).

PROOF (i) Immediate from the exact sequences

. — H,(X;L) 2, VL"™(X) 2, Su(X) — H, 1(X;L) —

_ A o _ —
S Ho (XL == VLX) — Sa(X) — Hp 1 (X L) —
(ii) The natural map H, (X;L.)—H, (X; Lo(Z)) coincides with the com-
posite

—1
Ho(X;L) (X0 ) s H(X;L.) = [X,Lo(Z) x G/TOP]

X|N—

(X, Lo(Z)] = H°(X;Lo(Z)) L Hn (X5 Lo(Z))
with [X]L = f.[M]L € H,(X; L ) the LL'-coefficient fundamental class of X
determined by (f,b), and [X] € H,,(X) the ordinary (Z-coefficient) funda-
mental class. The identities 5(X) = 0, s(X) = [i(z)] follow from 25.3 (iv).
m

projection

The resolution obstruction of a compact n-dimensional AN R homology
manifold M

i(M) € Hy(M; Lo(Z)) = Lo(Z)
was defined by Quinn [136] as the difference of local and global codimension

n signatures (24.23).

PROPOSITION 25.8 Let X be a finite n-dimensional geometric Poincaré
complex which is homotopy equivalent to a compact n-dimensional ANR
homology manifold M. The total surgery obstruction of X is the image of
the resolution obstruction of M

s(X) = [i(M)]
€ im(H, (X; Lo(Z))—S, (X)) = ker(S,(X)—S, (X)),
and the 4-periodic total surgery obstruction of X is
5(X) = 0€S,(X) .
Moreover, a choice of homotopy equivalence M ~ X determines an L' -
homology fundamental class [X|1, € H,(X ;L") with assembly

A(XL) = a*(X) e VL™(X),
and an L'-homology fundamental class [X|z € H,(X;L") with assembly
Z([X]E) = o' (X)eVL"(X) .
PROOF The total surgery obstruction of M is determined by a normal map
(f,b): N—M from a compact topological manifold N associated to the
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canonical topological reduction vy;: M——BTOP of the Spivak normal fi-
bration vy: M—— BG (Ferry and Pedersen [53])

s(M) = —[o.(f,b)]
€ im(L,(Z[m(M)])—S,(M)) = ker(S,(M)—H,_1(M;L.)) .
The canonical IL°'-homology fundamental class of M is defined by
(Mo = [N € Ho(M;L)
with assembly the 4-periodic visible symmetric signature of M
A([ML) = *(M) e VL™(M) .
The canonical L'-homology fundamental class of M is defined by
M}z = (i(M),[M]y) € Hy(M;T) = H,(M; Lo(Z)) ® H,(M;LL")
with assembly the 1/2-connective visible symmetric signature of M
A([M]) = o*(M) € VLM(M) .
and such that
s(M) = 90" (M) = [i(M)] = —[o.(f,b)] € Su(M) .
The surgery obstruction of (f,b) is the assembly of
(—i(M),0) € H,(M;L.) = H,(M;Ly(Z)) ® H,(M;L.) ,
that is
o.(f,b) = A(—i(M),0) € im(A: H,(M;L.)— L, (Z[m (M))]))
= ker(0: L, (Z][m (M)])—=S,(M)) .
The 0-connective visible symmetric signature of M is
o*(M) = o*(N)— (1 +T)o.(f,b) = A(M]L) + (1+T)A(i(M))
= Z([M]E) € im(A: H,(M;L)——VL"(M)) .
]
Normal maps (f,b): (N,vny)—(M,vps) of closed n-dimensional mani-
folds are classified by the normal invariant (18.3 (i))
[£,0lL € [M,G/TOP] = H°(M;L.) = H,(M;L.)
represented by the fibre homotopy trivialized difference vy, — vy M—
BTOP, with vy, the stable normal bundle.

DEFINITION 25.9 The 4-periodic normal invariant of a normal map (f,b):
(N,vn)—(M,vpr) of compact n-dimensional AN R homology manifolds

[f,blg = (V) —i(M), [f,b]L)
€ [M,Lo(Z) x G/TOP] = H°(M;L.) = H,(M;L.)
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with [f, bl = t(b) € [M,G/TOP] represented by the fibre homotopy trivi-
alized difference vy, — vp: M—— BTOP, with vy, the canonical topological
reduction of the Spivak normal fibration.

]

The 4-periodic normal invariant will also be written as
in terms of

(i,b) = (i(N)—i(M),t(b)) € Hn(M; Lo(Z) ® H,, (M;L.) .

The surgery obstruction of a normal map (f,b): N—M of closed n-
dimensional AN R homology manifolds is the assembly of the 4-periodic
normal invariant

c im(A: H,(M;L.)——L,(Z[r1(M)])) = ker(L,(Z[r1(M)])—S,(M)) .
ExaMPLE 25.10 Given a compact n-dimensional AN R homology manifold
M let (f,b): N—M be the normal map associated to the canonical topo-

logical reduction of M, with N a compact n-dimensional AN R topological
manifold. The 4-periodic normal invariant of (f,b) is

[f, bl = (—i(M),0) € H,(M;L.) = H,(M;Lo(Z)) ® H,(M;L.) .

The structure invariant (18.3) of a homotopy equivalence f: N—— M of
compact n-dimensional topological manifolds is the rel 9 total surgery ob-
struction

s(f) = so(NxIUy M,MUN) € S,41(M)
with image the normal invariant
[s(F)] = [/,
€ im(S,41(M)—H,(M;L.)) = ker(A: H,(M;L.)— L, (Z[r1(M)])) .
of the normal map (f,b): (N,vn)— (M, (f~1)*vxn), with vy the stable

normal bundle.

DEFINITION 25.11 The 4-periodic structure invariant of a homotopy equiv-
alence f: N—— M of compact n-dimensional AN R homology manifolds is
the rel 9 4-periodic total surgery obstruction

5(f) = 39(N xITUy M,MUN) €S, 11(M)
with image the 4-periodic normal invariant
[5(N] = [f:blg = tE(N) —i(M), [f,b]L)
€ im(S,11(M)—H,(M;L.)) = ker(A: H,(M;L.)— L, (Z[r(M))]))
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of the normal map (f,b): (N,vy)— (M, (f 1) *vy), with vy: N—BTOP
the canonical topological reduction.
]

The resolution obstruction (M) is not a homotopy invariant, with i(M) =
i(N) € Lo(Z) for a homotopy equivalence f: N—— M if and only if

5(f) € ker(Sn41 (M) ——Ho(M; Lo(Z))) = im(Sp41(M)——S,41(M)) .

As in §19 write the geometric Poincaré and normal bordism spectra of a
point as

oF = aP({«}) , ¥ = a¥({x}) .
Define

Q. = cofibre(L. — L. Vv Q) = fibre(QY — 3L.) ,

so that for any space K there is defined a commutative braid of exact
sequences

The relation between the 4-periodic theory and geometric Poincaré bor-
dism is given by the following generalization of 19.6:

PROPOSITION 25.12 (i) For any polyhedron K with finitely presented my (K)
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and n > 5 there is defined a commutative braids of exact sequences

AN TN

W (K QF) B QF (K) Sn(K)
\ _:1/' \ /
H,(K;Q.) S (K)
Sni1(K) H,(K; Ly(Z)) H,_1(K;QP)

(ii) A finite n-dimensional geometric Poincaré complexr X has 4-periodic
total surgery obstruction $(X) =0 € S,(X) if (and for n > 5 only if) there

exists an Q?D-homology fundamental class [ X5 € Hn(X;Q{D) with assembly
the geometric Poincaré bordism class of 1: X — X
A(X]p) = (LX—X) e Q(X),
wn which case the total surgery obstruction of X s given by
s(X) = [i[X]5] € im(H,(X; Lo(Z))—Sn(X)) = ker(S,(X)—S,(X)).
i
The structure set SZTOP (M) of a compact n-dimensional AN R homology
manifold M is defined to be the set of h-cobordism classes of pairs
(compact n-dimensional AN R homology manifold N,
homotopy equivalence f: N—M) .

REMARK 25.13 Bryant, Ferry, Mio and Weinberger [21] have announced
the existence of nonresolvable compact n-dimensional AN R homology man-
ifolds realizing the Quinn resolution obstruction in each dimension n > 5. It
follows that the 4-periodic total surgery obstruction of a finite n-dimensional
geometric Poincaré complex X is such that 5(X) = 0 € S,(X) if (and for
n > 5 only if) X is homotopy equivalent to a compact n-dimensional AN R
homology manifold M, in which case the total surgery obstruction of X is
the image of the resolution obstruction of M

s(X) = [i{(M)] € im(H,(X; Lo(Z))—Sn(X)) = ker(Sp(X)—8,(X)) .

It also follows that the structure set SZTOF (M) of a compact n-dimensional
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AN R homology manifold M fits into an exact sequence of pointed sets
. — Ly (Z[m (M)]) — SHTOP (M)
— [M, Lo(Z) x G/TOP| — L, (Z[r1(M)])

with the 4-periodic structure and normal invariants defining a bijection with
the 4-periodic algebraic surgery exact sequence

. = Lng1(Z[r]) — STTOT(M) — [M, Lo(Z) x G/TOP] — Ly (Z[])

S

. — Ly (Zln]) — B (M) ———— H,(M; L) —2— L, (Z[x])

with 7 = m(M). The generator 1 € Ly(Z) is realized by a nonresolv-
able compact n-dimensional AN R homology manifold X" with a homotopy
equivalence f: X" ——S" such that

i(X") = 5(f) = 1eSHTOP(S™) = §,,1(8") = Ly(Z) = Z.

REMARK 25.14 The 4-periodic total surgery obstruction §(Bm) of the classi-
fying space B of an n-dimensional Novikov group 7 takes value in S, (B7) =
{0}, so that by 25.13 B is homotopy equivalent to a compact n-dimensional
AN R homology manifold M (at least for n > 5) such that

s(M) = i(M)eS,(M) = S,(Br) = Lo(Z) ,

STTOP(M) = Sp41(M) = Sppa(Bm) = {0} .
In particular, M is resolvable if and only if M is homotopy equivalent to
a manifold. Ferry and Pedersen [53] used bounded surgery to show that
any compact AN R homology manifold in the homotopy type of a compact

aspherical manifold with a Novikov fundamental group 7 is resolvable.
O

ExXaAMPLE 25.15 The 4-periodic quadratic L-theory assembly maps for T
are isomorphisms (24.16)

~

A: H(T™L.) — L.(Z[Z")
so that

Se(T™) = 0, Su(T") = H.(T";Lo(Z)) (x >n)
and the ‘4-periodic’ geometric Poincaré bordism assembly maps of 25.12 (i)
are isomorphisms for T

~

A H (T — QP (1) |
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In each dimension n > 4 the element
i(1) = (1,00 € QF(T") = H,(T"Q)) = Lo(Z) & H(T"; Q)

is represented by a normal map (f,b):Y—T" from a topologically re-
ducible finite n-dimensional geometric Poincaré complex Y, with surgery
obstruction

o(10) = 10 € Lz = Lo (Y (1)n)
k=1

and codimension n quadratic signature

Bo.(f,b) = (Z% Fg) = 1€ Lo(Z) = 7.
The visible symmetric signature of Y is

o' (Y) = o (T") + (1+ T)o.(f,0) = (1,(9,0))
eVL™(T") = Lo(Z)® L™(Z[Z"]) ,
with components the 4-periodic visible symmetric signature
a*(Y) = (9,0)

e VL™(T") = L™(zZ[z"]) = L°(Z)& < > <Z)L’f(2)) ,
k=1
and the image of the total surgery obstruction
s(Y) = 1€S,(T") = Lo(2) .
The actual total surgery obstruction s(Y) € S,(Y) is the image of 1 €
H,(Y;Lo(Z)) = Lo(Z) under the map in the exact sequence
=S (Y) — Hpy (Y Lo(Z)) — Sp(Y) — Sp(Y) — ... .
For n = 4 there is an explicit construction of Y* in Quinn [136, §2]
v4 = <(T4)(3) Vv \/52) Uq et
48
attaching a 4-cell to a 3-complex by a Whitehead product « realizing the
nonsingular quadratic form over Z[Z*] of rank 48 representing the image of
1 € Lo(Z) under the geometrically significant split injection of Ranicki [140]
o*(TH ® — : Lo(Z) — L4(Z]Z%]) .
For n > 5 the product
(f,b) xid. : Y™ = Yix T4 T xv = 1"

has codimension n quadratic signature 1 by the surgery product formula
of Ranicki [145]. In each case the 4-periodic total surgery obstruction is
5(Y) = 0 € S,(Y), and the total surgery obstruction s(Y) € S,(Y) is
the image of 1 € H,(Y; Lo(Z)) = Lo(Z). By 25.13 each Y is homotopy
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equivalent to a nonresolvable compact AN R homology manifold.
|

See Appendix C for some further discussion of assembly and controlled
topology.

REMARK 25.16 See Hambleton and Hausmann [66, p. 234] for the construc-
tion in each dimension n > 4 of a finite n-dimensional geometric Poincaré
complex Y such that
(i) the fundamental group 71(Y) = 7 is an n-dimensional Novikov group
(in the class of Cappell [25]) with the homology of S™, such that

L.(Z[r]) = H.(Bm;L.) = H.(S"L.) = L._n(Z)® L.(Z)
(ii) the classifying map Y —— B7 induces an isomorphism of integral ho-
mology, with
H.(Y) = H.(Brm) = H.(S"),
(iii) the 4-periodic visible symmetric signature of Y is
" (Y) = (9,0)
cVL™(Y) = H,(Y;L) = H,(S";L) = L%Z)o L™(Z)
and the 4-periodic total surgery obstruction of Y is
5Y) = 95*(Y) = 0€S,(Y) = {0},
(iv) the visible symmetric signature of Y is
o' (Y) = (1,g"(Y) e VL™(Y) = Lo(Z)® VL"(Y),
and the total surgery obstruction of Y is
s(Y) = 0c"(Y) =1
€S, (Y) = coker(H,(Y;L.)—L,(Z[r]))
= coker(H,(S™;L.)—H,(S™;L.)) = Ly(Z) = Z.
By 25.13 each Y is homotopy equivalent to a nonresolvable compact AN R

homology manifold.
O

REMARK 25.17 Let M be a compact n-dimensional AN R homology man-

ifold, and let (f,b): N—M be a normal map associated to the canonical

topological reduction v, of the Spivak normal fibration, with N a genuine

manifold (as in the proof of 25.8). The Poincaré dual of the £-genus

L(M) = L(-vy) € H*(M;Q)

is the rational part of the canonical L'-homology fundamental class [M]r,
MlgNL(M) = MlL®1e H,(M;L')®Q = H,_4.(M;Q) ,

with [M]o € H,(M;Q) the Q-coefficient fundamental class. Every map

g: M——S""% can be made symmetric Poincaré transverse at a point in
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Sn— with [M]zNg* (1) € H;(M) represented by an i-dimensional symmetric
Pomcare complex ‘g~1(pt.)” over Z such that

oMl = o*('g" (pt.)) € Hu(S"5L) = LY(Z),
with 1 € H" %(8""%) = Z. The composite gf: N—S""" can be made
topologically transverse, and ‘(gf)~!(pt.)’ is the symmetric complex of a

framed i-dimensional submanifold (¢gf)~!(pt.) C N. For i = 4j the Hirze-
bruch signature formula gives

o ({(gf)~ (pt.)) = " (/)" (pt.))
= (Lj(=vn), [Nl N (9f)"(1)
= (£;(~on),[Nlgng* (1)) € LY(Z) = Z.
6

The algebraic normal map (2.1
complexes over Z

VN

(i) of 4j-dimensional symmetric Poincaré

(0 (9f) ) — ‘g~ (pt)’
has quadratic signature the assembly of a 4j-dimensional component of
[i(M)] € Hn(M;L.)
0 if7>0
(D)) = <. o Lyi(Z) = Z ,
2 (0D = {jamein ) oo | € (@)

with symmetrization

L+ D)o ((£,0)) = o*((gf) " (pt)) — 0" (g7 (pt.)) € LY(Z) = Z.
Every element z € Hy;(M;Q) is of the form z = [M]g N ¢g*(1)/m for some
g: M——S"=% m € Z\{0}. The L-genus of a compact ANR homology
manifold is thus characterized by the signatures of symmetric Poincaré sub-
complexes

(L;(M),=) : Hyj(M;Q) — LY(Z)®Q = Q;
r = [Mlgng*(1)/m —

. 2 — o (‘ _1( ))/m 1fj>0
(L;(M),z) = {0*(‘9 Ypt.))/m + 8i(M)x if j=0,

generalizing the combinatorial definition due to Thom of the £-genus of a
PL manifold (and hence the rational Pontrjagin classes) using the signatures
of submanifolds — see Milnor and Stasheff [114, §20], and also Appendix C.16
below.

]
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§26. Surgery with coefficients

There is also a version of the total surgery obstruction theory for the A-
homology coefficient surgery theory of Cappell and Shaneson [26], which
arises in the surgery classification of codimension 2 submanifolds (cf. Ran-
icki [146, §§7.8,7.9]).

For A-homology surgery the Wall L-groups L. (Z[r]) of a group ring Z|r]|
are replaced by the I'-groups I',.(F) of a ‘locally epic’ morphism F: Z[r|—A
of rings with involution. (A ring morphism is locally epic if for every finite
subset Ag C A there exists a unit v € A such that uAg C im(F).) By
definition, I'y;(F) is the Witt group of A-nonsingular (—)‘-quadratic forms

over Z[r], and T'g;11(F) is the Witt group of A-nonsingular (—)*-quadratic

formations over Z[r]. The forgetful map T, (F)— L, (A) is {Onto for
one—one

n { E:;ednv with [, (1: Z[r]—Z[r]|) = L«(Z[r]). In the terminology of §3 the

I'-groups are given by

[W(F) = L«(A(Z[r]), B (Z[x]),C(F))
with A (Z[r]) the additive category of f.g. free Z[r|-modules, B (Z[r]) the
category of finite chain complexes in A (Z[r]) and C(F) C B (Z[n]) the
subcategory of the chain complexes C' which are A-contractible, i.e. such
that A®z C is a contractible chain complex in A (A). For the fundamental
group m = m1(X) of a simplicial complex X the A-coefficient version of the
algebraic m-m theorem of §10 gives the identification

with C(Z,X,A) C C(Z,X) the subcategory of A-contractible complexes,
so that I',,(F) is the cobordism group of n-dimensional quadratic cycles in
X which are globally A-Poincaré. Define

the cobordism group of 1-connective (n — 1)-dimensional quadratic cycles
in X which are locally Poincaré and globally A-contractible. The groups
S« (X;A) are the A-coefficient total surgery obstruction groups of Ranicki
[146, p. 774], which fit into a I-theory assembly exact sequence
A

. — Hy(XGL) — T (F) — Sp(X5A) — Hyp 1 (XGL) — Lo

with
A
A: H,(X;L.) — L,(Z[r]) — T (F) .

There is a A-coefficient version of the visible symmetric L-theory, with a
commutative braid of exact sequences
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Sn—l—l(X;A) Hn(XvL) Hn<X7L)
\ 1% NA /’
H,(X;L.) VL"(X;A)

/’ X 1V X
Hn+1(X§ E ) Fn(f:) Sn(X7 A)

0

The A-coefficient visible symmetric L-group VL™(X;A) of a simplicial
complex X is the cobordism group of 1/2-connective globally A-Poincaré
n-dimensional algebraic normal complexes in A (Z, X).

An n-dimensional geometric A-Poincaré compler X is an n-dimensional
normal complex with A-Poincaré duality isomorphisms

(X]Nn—: H"*(X;A) — H.(X;A),
with respect to a locally epic morphism F:Z[mi(X)]—A of rings with
involution. The A-coefficient visible symmetric signature of X is defined by
o"(X;A) = (A(X),¢) e VL™(X;A)
working as in 16.5 to make (A(X),¢) 1/2-connective. The A-coefficient
total surgery obstruction of X is defined by
s(X;A) = 00" (X;A) € S,(X5A) .
As in the absolute case F = 1: Z[r]—A = Z[n] (17.4):
PROPOSITION 26.1 The A-coefficient total surgery obstruction of a finite
n-dimensional geometric A-Poincaré complex X is such that s(X;A) = 0
if (and for n > 5 only if) X is A-homology equivalent to a compact n-

dimensional topological manifold.
]

The A-coefficient structure set S*TOFP (M) of a compact n-dimensional
topological manifold M™ is the pointed set of A-coefficient h-cobordism
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classes of pairs
(compact n-dimensional topological manifold N™
A-homology equivalence h: N*—M")
with base point (M,id) = 0 € SAOP (M) .
As in the absolute case (15.19,18.2) for any simplicial complex M and

any locally epic F:Z[m1(M)]— A there is defined a A-coefficient algebraic
surgery exact sequence

. — T (F) — Spp1(M;A) — H, (ML) —A—> Fy(F) — ...,
and for any n-dimensional manifold M™ with n > 5 there is defined a A-
coefficient geometric surgery eract sequence

. — T (F) — SMOP (M) — [M,G/TOP] — T, (F) .
As in the absolute case (18.5):
PROPOSITION 26.2 The A-coefficient algebraic and geometric surgery exact

sequences of a compact n-dimensional topological manifold M™ with n > 5
are related by an isomorphism

. —— T (F) —— SMOP (M) —— [M,G/TOP] —— T',(

T

T (F) =958 (M A) —— Ho (ML) -2

O

The relative I'-groups I'.(®) of a commutative square of locally epic mor-
phisms of rings with involution

1

Zr] ———— Z[n]
F' P F

AN—m A
fit into an exact sequence
[W(F) — Tp(F) — Tp(®) — Tt (F) — ...
By [146,2.4.6] (a special case of 3.9)
I'n(®) = Ln(A(Z[r]),C(F),C(F))
is the cobordism group of (n—1)-dimensional quadratic complexes in A (Z[r])

which are A-contractible and A’-Poincaré. The various groups are related
by a commutative braid of exact sequences
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AA

H,(X;L.) I,.(F)

SN
-

N

n—l—l (ﬁ) Sn(XaA/) Hn 1

\/\/

PROPOSITION 26.3 The A-coefficient total surgery obstruction s(X;A) €
Sn(X;A) of a finite n-dimensional geometric A-Poincaré complex X has
image [s(X;A)] =0 € T',,(®) if (and for n > 5 only if ) X is A-homology
equivalent to a finite n-dimensional geometric A'-Poincaré complez.

o

EXAMPLE 26.4 For the augmentation
F:ZZ) = Zz,z Y —Z; 2— 1 (2=2"1)
the Z-coefficient rel 0 total surgery obstruction defines a bijection
SETOP(DMH x §1, 8™ x S — S,45(SLZ) 5 f —> 2(fiZ) .
Since S, (S1') = 0 (for * > 2) the Z-homology structure group S, ;3(S';Z)
is isomorphic to the relative I'-group I';,43(®) of the commutative square

27— 7|7
o

7)) — 7.

Cappell and Shaneson [26] identified I';,13(®) for n > 4 with the cobor-

dism group C,, of locally flat knots k: 8™ C S™*2. The following natural

(iso)morphism C,,—S,,+3(S'; Z) was defined in Ranicki [146,7.9.4]. The

complement of a knot k is the (n + 2)-dimensional manifold with boundary
(X,0X) = (cl(S"T2\U), S™ x Sh)

with U = k(S™) x D? C 8™"2 a closed regular neighbourhood of k(S™) in
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S7+2. The knot complement is equipped with a normal map

(f,b) : (X,0X) — (D" x St 5™ x §1)
which is a Z-homology equivalence, and the identity on the boundary.
The Blanchfield complex of k ([146, p. 822]) is the Z-contractible (n + 2)-
dimensional quadratic Poincaré complex o.(f,b) = (C,¢) over Z[Z], with
H.(C) = H,(X) the reduced homology of the canonical infinite cyclic cover
X of X. For n > 4 the cobordism class of the knot k is given by

(k:S™ C 8"*?) = $2(f;2) = (C,)

€ SETOP(Dntl 61 8" x S1) = S,43(812Z) = T,3(®) = C, .
m

REMARK 26.5 Let f:Y——X be a map of compact polyhedra, with X an
n-dimensional geometric Poincaré complex. If f is a homotopy equivalence
the induced maps f.:S.(Y)—S.(X) are isomorphisms, and Y is an n-
dimensional geometric Poincaré complex with total surgery obstruction
s(V) = (f)7's(X) €Sa(Y) .

If f is a Z-homology equivalence (= stable homotopy equivalence for finite
CW complexes) the induced maps fi: H.(Y;L.)— H.(X;L.) are isomor-
phisms, and Y is an n-dimensional Z-coefficient geometric Poincaré com-

plex with Spivak normal fibration vy = f*rx:Y—>BG and topological
reducibility obstruction

t(Y) = (fu) "(X)e H,_1(Y;L.) .
The image of the total surgery obstruction s(X) € S, (X)
[s(X)] € Sulf) = La(f: 2[m(Y)]—Z[m (X)])

is an obstruction to Y being a geometric Poincaré complex with f,s(Y) =
s(X). See Hambleton and Hausmann [66] for a study of this ‘minus’ prob-
lem for geometric Poincaré complexes, in the context of the Quillen plus
construction.

]

REMARK 26.6 The results of §§16-25 for n-dimensional manifolds and ge-
ometric Poincaré complexes with n > 5 also apply to the case n = 4, pro-
vided the fundamental group 7 is not too large — see Freedman and Quinn
[56]. However, as explained in [56, 11.8] there is a failure of 4-dimensional
homology surgery already in the case 71(X) = Z, which is detected by
the Casson—Gordon invariants of the cobordism group C; of classical knots
k:S' c S3. Thus the results of §26 do not in general apply to n = 4.

]
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Appendix A. The nonorientable case
This appendix deals with the modifications required for the twisted case, in
which the simplicial complex K is equipped with a nontrivial double cover
K™. In particular, the universal assembly functors of §9 are generalized to
w-twisted universal assembly functors of algebraic bordism categories

A: AR).(K,w) — AR, K,w) ,

A: AR, K,w) — AR[7]") ,

A: AR, K,w) — A(R[7]Y) .

The nonorientable version of L-theory appears in the codimension 1 split-
ting obstruction theory of type (C) (as described in §23), and has been used
to determine the image of the assembly map A: H,(Bm;L.)— L.(Z[r]) for
finite groups 7 in the orientable case, using appropriate index 2 subgroups —
see Wall [180, 12C], Hambleton [65], Cappell and Shaneson [27], Harsiladze
[72], Hambleton, Taylor and Williams [71] and Hambleton, Milgram, Taylor
and Williams [69].

The fundamental group of the double cover K"

m(KY) = «¥
is a subgroup of 71 (K) = 7 of index 2, and the orientation character is
given by
w:m— {£l}; g — {+1 1fg€7r.“’
—1 otherwise .

Let R be a commutative ring, as before, and let R[n]* be the group ring
R[r] with the w-twisted involution as in 1.4. The tensor product over R[n]"
of f.g. free R[m]-modules M, N is the abelian group

M @pfmyw N = M @4 (R{rw) V

= M@rN/{z®gy—w(g)g 'e@y|lz e M,ye N, gen}.
Regard M, N as R[n"]-modules via the inclusion R[7"]— R[r], and let
ZZs)] act on the abelian group M ® g w] N by
T: M@gpvi N — M Qpruj N ; 2@y — tx 1y,
using any element ¢ € 7\7", and the oriented involution on R[r"]. Let Z~
denote the Z[Zs]-module defined by Z with T € Zy acting by T'(1) = —1.
The natural isomorphism of abelian groups

L~ @iz, (M @prw) N) = M Qpjaw N3 1@ (2Qy) — 2Qy
will be used to identify
y/n ®Z[Z2} (M ®R[ﬂ—w} N) =M ®R[7r]“’ N .
Let

~

T: KY — K"; 0 —1To
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be the covering translation, a free involution.
DEFINITION Al An (R, K, w)-module M is a f.g. free (R, K")-module such
that
M(To) = M(o) (0 € KY) .
A morphism of (R, K,w)-modules f: M—N is an (R, K")-module mor-
phism such that
f(Ir,To) = f(r,0):
M(To) = M(oc) — N(I't) = N(1) (e <1€ K").
o
Given (R, K,w)-modules M,N let Z[Zs] act on the abelian group
M®A(R,Kw) N by
T M®A(R7Kw) N — M®A(R,K“’) N ;
z(o)®@y(oc) — z(To)@y(To) (c € KY).
DEFINITION A2 Let A (R, K,w) be the additive category of (R, K,w)-
modules and morphisms, and let

B(R,K,w) = B(A(R,K,w))
be the additive category of finite chain complexes in A (R, K, w). A (R, K, w)
has a chain duality
T: A(RK,w) — B(R,K,w); M — TM
characterized by the identities
Homy (r,xuw)(TM,N) = M®p (gxuw)N = Z~ gz, (M @4 r,xw) N) -
]

The universal cover K of K (assumed connected) is also the universal
cover of K. The universal assembly of an (R, K, w)-module M is a f.g.
free R[m]-module

M(K) = ZM(pw&) ,

with p: K— K" the covering projection.

DEFINITION A3 Given R, K, K, 7, there are defined algebraic bordism
categories:
(i) the local f.g. free (R, K, w)-module bordism category
AR).(K,w) = (A(R, K,w),B(R, K,w),C(R).(K,w)) ,
with C(R).(K,w) C B(R,K,w) the full subcategory of (R, K,w)-
module chain complexes C' such that each C(o) (o € K%) is a con-
tractible R-module chain complex;
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(ii) the global f.g. free (R, K, w)-module bordism category
AR, K,w) = (A(R,K,w),B(R,K,v),C (R, K,uw)),
with C (R, K,w) C B (R, K, w) the full subcategory of (R, K, w)-mod-
ule chain complexes C such that the assembly R[r|-module chain com-

plex C(K) is contractible.
m

PROPOSITION A4 (i) Inclusion defines a twisted universal assembly functor
of algebraic bordism categories
A: AR)(K,w) — AR, K,w) .
(ii) The universal assembly functor A: A (R, K,w)—A (R[r]"Y) extends to
twisted universal assembly functors of algebraic bordism categories
A: AR, K,w) — AR[x]") , A: AR, K,w) — A(R[x]"),
with
AR, K,w) = (A(R,K,w),B (R, K,w),B(R,K,w)) .
]

DEFINITION A5 The assembly chain map for (R, K, w)-module chain com-
plexes C, D

ac,p - C®A(R,Kw) D — C(f?) QO R[r]w D(IN()

is a Z[Zs]-module chain map, and so induces a twisted universal assembly
chain map

acp = 1®acp: COrrw D =72~ Rz, (Cr,xw) D)
— C(K) @ppmw D(K) = L7 ®zz,) (C(K) @pjre) D(K)); ¢ — $(K)
with C' ® (g, k,w) D short for C ®, (r,k,w) D. Here, the Z[Zs]-actions are

those induced from T: K%¥ —KY.
O

In the special case C' = D the assembly of A5 is a Z[Zs]-module chain
map

a = acc: COnxw) C — C(K) e C(K) 5 ¢ — ¢(K)
inducing abelian group morphisms
o QMC) = H, (Homgz,| (W, (C @R,k w) C))) —
Q(C(K)) = Hy(Homgy, (W, (C(K) ®ppme C(K))))
ay : Qn(C) = Hy(W ®zz,) (C ®(r,K,w) C)) —
Qn(C(K)) = Hu(W @ziz,) (C(K) ®pip C(K))) (n€Z).
Here, the Z[Zs]-actions are given by the duality involutions.
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The twisted version of 9.11 is given by:

PROPOSITION A6 Twisted universal assembly defines functors of algebraic
bordism categories

A: AR, K,w) — AR[7]") , A: AR, K,w) — A(R[x]")

symmetric
mducing twisted universal assembly maps in the visible symmetmc L-
quadratic
normal
groups
A: L"(R,K,w) = L"(A(R,K,w)) — L™"(R[r]")
A: VL"(R,K,w) = NL"(A(R,K,w)) — VL"(R[r]") 7
A: Ly(R K, w) = Ly(A(R,K,w)) —> Ly (R[x]) (n€Z)
A: NL"(R,K,w) = NL"(A(R,K,w)) — NL"(R[x]") .
|

The twisted version of 9.16 is given by:
Poincaré complex K

EXAMPLE A7 An n-dimensional geometric {normal map (f,b): M— K’

normal complex K
with orientation map

w = wi(vg): ® = m(K) — {£1}
visible symmetric
has a twisted { quadratic signature
normal
o*(K) € VL”(Z,K, w)
0.(f,b) € Ln(Z, K, w)
oc"(K)e NL™"(Z,K,w)

symmetric o*(K) € Ln( []*)
with assembly the twisted { quadratic signature ¢ o.(f,b) € Ly (Z[7]")
normal o*(K) € NL"(Z[r]").

O

The algebraic -7 theorem of §10 has an evident twisted version for a dou-
ble cover K" of K, with the twisted assembly maps defining isomorphisms

L.(R, K, w) — L,(Rlm(K)") .

DEFINITION A8 The twisted universal assembly map on the twisted general-
ized homology groups with quadratic L-theory coefficients is the composite

A: H,(K,w;L.(R)) = L,(A(R)«(K,w)) — L,(R, K,w) — L,(R[n]")
of the morphisms given by A4 and A6, with L, (R, K,w) = L,(R[r]").
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The cycle approach to generalized homology of §12 can be extended to
twisted coefficients, as follows.
Given pointed A-sets J, K with involutions let K, ZJQ be the function A-set

with (K7, )(P) the set of Zy-equivariant A-maps J A (AP) | — K.

DEFINITION A9 Let F be an 2-spectrum with an involution 7: F —F , and
let K be a locally finite A-set with a double cover K — K. The w-twisted
{ [ -cohomology

F -homology Q-spectrum of K is defined by
K K
Fz,” = {(Fn)z, In€Z}
KY¥ Az, F = {lig O (KY Az, Frj) In € Z}
J
[F -cohomology
[F-homology
n K w
H (Kava) = ﬂ'—n(FZQJr) = [K+7F—n]22
H,(K,w;F) = m,(KY¥ Nz, F) = lim 7,45 (KY Az, F—j) .
J

with homotopy groups the w-twisted groups of K

In the untwisted case of the trivial double cover K% = K U K
H.(K,w;F) = H.(K;F) , H'(K,w;F) = H*(K;F) .

The w-twisted F-cohomology group H" (K, w;F) of a locally finite sim-
plicial complex K has a direct combinatorial description as the set of Zo-
equivariant homotopy classes of Z-equivariant A-maps K —1TF _,,, which
may be called ‘w-twisted F-cocycles in K’. The w-twisted F-homology
group H, (K, w;F ) has a similar description as the set of cobordism classes
of ‘w-twisted F -cycles in K’, by analogy with the untwisted case.

Construct a Zo-equivariant embedding of K* in some 9A?™*! as fol-
lows. Let T: K¥—K"™ be the free involution defined by the covering
translation, and let {vg,v1,...,v,} be the vertices of K. Choose lifts

{P0,D1,...,0m} to half the vertices of K™, so that the other half are given
by {T%o, T?1,...,T0y}. Define a free action of Zy on JA?™H! by

i+m+1 if0<i<m
t—m—1 ifm+4+1<i:<2m+1,
and define a Zs-equivariant embedding

T OAXHL 5 gAZHL . i

KY — 9A?>™ L - 50— i, T, —s i+m+1.
The simplicial complex X?™ and the supplement K" C u2m of Kv C

OA?™+1 are defined as in the untwisted case. 2™ comes equipped with a
free involution

T: %2 — 22" . 5% 5 To* .
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The inclusion K= —Y2™ is a Zo-equivariant map covering the inclusion
K = K")2y, — RP*™ =x2"/7, .
DEFINITION A10 Given a simplicial complex K with a double cover K" —
K and a Zg-equivariant embedding K% C 9A2™+! et
H.(K,w;F) = {H,(K,w;F)|neZ}
be the (2-spectrum defined by

2m W
H,(K,w;F) = lim (F,_op,0)5 7,
J

with the direct limit taken over the finite subcomplexes J C K and using the
canonical Zsy-equivariant embedding J* C 9A?™*! with homotopy groups
T (H. (K, w;F)) = lim H** "(RP*",J,w;F) (n€Z).
J

O

PROPOSITION A11 The Q-spectrum H .(K,w;F ) is homotopy equivalent to
the w-twisted IF -homology §2-spectrum K Nz, F, with homotopy groups

Tl (K, w;F)) = m(KY Az, F) = Hy(K,w;F) (n€Z).
PROOF As for A4, using the w-twisted S-duality isomorphisms
m(H.(K,w;F)) = H*" *RP*" K,w;F)

~

— W*(K-T-) Nz, F) = H*(KawaF) .

There are also twisted assembly maps:

DEFINITION A12 Given an (2-spectrum with involution F, and a Zs-invariant
subcomplex K% C 0A?™+! define the w-twisted assembly to be the com-
posite map of (2-spectra

w' A
A:H.(K,w;F) — H.(KY;F) — F
inducing w-twisted assembly maps in the homotopy groups
A:m,(H.(K,w;F)) = H,(K,w;F) — 7, (F) (n€Z),

with w' the transfer map forgetting the Zs-equivariance

Zm_w
w' H, (K, w;F) = (Fn_gm,@)% K

s H (K" F) = (F g, )7
and A:H.(K“;F)——TF the assembly map of 12.14.
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DEFINITION A13 Given a covariant functor
F : {simplicial complexes with a double cover}

— {Q-spectra with involution} ; (K,w) — F (K, w)
define the local {F }-coefficient homology Q-spectrum of (K, w)
H.(K,w;{F}) = {Hn(K,w;{F})|ncZ}

by
H, (K, wi{F}) = Jim_ (Fn om(D(o, K),w'),0)5 7
&EKU)

with o € K the projection of & € K". The local {F }-coefficient homology
groups of (K, w) are the homotopy groups of H.(K,w;{F })
Ho(K,w; {F}) = mu(BL(K,w; {F}) (n 7).
o

As in the untwisted case (12.6, 12.8) it is possible to express H,, (K, w; {F })
as the cobordism group of n-dimensional {IF }-cycles in (K, w), which are
collections

t = {2(6) €F p_om(D(o, K),w )™l |5 ¢ K}

such that
0; =
(i) 0;z(c) {@ if 0,6 ¢ K
(ii) z(To) = Tx(5),
with 0;:F (D(d;0, K),w')—F (D(c, K),w') induced by the inclusion
D(6;0,K) C D(o, K).

(0<i<2m—|5])

DEFINITION A14 The local w-twisted {F }-coefficient assembly is the map
of Q)-spectra

A: H.(K,w;{F}) — F(K' v
given by the composite
A
A: H(K,w;{F}) — H.(K,w;F(K',v")) — F(K',w)

of the forgetful map H.(K,w;{F })—H.(K,w;F (K',w")) induced by all
the inclusions D(o, K) C K’ (0 € K) and the w-twisted assembly of A12

A: H.(K,wF(K' w)) — F(K, w) .

For a homotopy invariant functor

F : {simplicial complexes with a double cover}

— {Q-spectra with involution} ; (K,w) — F (K, w)
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the forgetful map from local w-twisted {F }-coefficient homology to constant
w-twisted F ({*})-coefficient homology is a homotopy equivalence
H. (K, wi{F}) — H.(K,wi {F ({+})}) .
DEFINITION A15 The constant w-twisted F ({x})-coefficient assembly for a
homotopy invariant functor F and a pair (K, w)
A: H.(K,w;F({*}) — F(K,w)
is given by the local w-twisted {IF }-coefficient assembly A of A14, using the
homotopy equivalences
H.(K,w;{F}) ~ H.(K,w;{F({x})}) , F(K' ') ~ F(K,w) .
m

EXAMPLE A16 Let Q%9 (K, w) = {Q5°(K,w), | n € Z} be the Q-spectrum
consisting of the Kan A-sets Q9°(K, w),, with k-simplexes

Q5O (K, w)) =
{(n + k)-dimensional smooth oriented manifold k-ads

(M;&OM,GlM,...,akM) such that 80Mﬂ81Mﬁ...ﬂ8kM = (Z),

with an orientation-reversing free involution M = M
and a Zg-equivariant map f: M—|K"| }
and base simplex the empty manifold k-ad (). Let
T: Q% (K,w) — Q%°(K,w)
be the orientation-reversing involution. The homotopy groups
T (PO (K, w)) = QR0 (K, w) (n>0)
are the bordism groups of Zs-equivariant maps M —|K™| from closed ori-

ented n-dimensional manifolds with an orientation-reversing free involution.
The functor
Q59 . {simplicial complexes with double cover} —
{Q-spectra with involution} ; (K,w) — Q°°(K,w)
is homotopy invariant, and the assembly map of A15 is a homotopy equiv-
alence

A H(K,w Q%9{x})) — Q99K w),
being a combinatorial version of the Pontrjagin—Thom isomorphism. (In
fact, Q5O (K,w) is just a combinatorial version of the Thom spectrum

|K™|, Az, MSO.) The assembly of an n-dimensional Q%9 ({x})-coefficient
cycle in (K, w)

z = {M@©5)" 5 e K}
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is a Zso-equivariant map
Aw): M* = | M) — |K"| = |(K")
FEKW
from a closed smooth oriented n-manifold with an orientation-reversing free
involution, such that

A(x)"'D(5,KY) = M(5) (6 € KY).
In the untwisted case of the trivial double cover
KY = KUK , Q%(K,w) = Q%°(K)
the spectrum is the oriented smooth bordism (2-spectrum of 12.21.
i

The results of §13 concerning the algebraic LL-spectra also have twisted
versions. Only the following special case of the twisted version of 13.7 is
spelled out:

PROPOSITION A17 The quadratic L-spectrum of the twisted algebraic bor-
dism category A(R).(K,w) of A3 is the twisted generalized homology spec-
trum of (K,w) of A10

L.(A(R)«(K,w)) = H.(K,w;L.(R)) ,
so that on the level of homotopy groups
L,(A(R)«(K,w)) = H,(K,w;L.(R)) (n€Z).
O

The algebraic surgery exact sequence of §14 also has a twisted version,
with K replaced by (K, w). Define an assembly map
A: H.(K,w;L.(R)) — L.(R[m(K)]")
by composing the forgetful map H.(K,w;L.(R))—L.(R, K,w) with the
homotopy equivalence L.(R, K,w) ~ L.(R[r (K)]*) given by 10.6. Only
the twisted version of 14.6 is spelled out:

DEFINITION A18 (i) The twisted quadratic structure groups of (R, K, w) are
the cobordism groups
Spn(R,K,w) = L,—1(A(R,K,w),C(R,K,w),C(R).(K,w)) (n€Z)

of (n—1)-dimensional quadratic complexes in A (R, K, w) which are globally
contractible and locally Poincaré.
(ii) The twisted quadratic structure spectrum of (R, K, w) is the Q-spectrum

S.(R,K,w) = YL.(A(R,K,w),C(R,K,w),C(R).(K,w))
with homotopy groups
T(S.(R, K,w)) = S«(R,K,w) .
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(iii) The twisted algebraic surgery exact sequence is the exact sequence of
homotopy groups
s Hy (K, wiLo(R)) — Lo(Rlm (K)]") —
Sh(R, K, w) — H,_1(K,w;L.(R)) — ...
induced by the fibration sequence of spectra
H.(K,w;L.(R)) — L.(R[m (K)]") — S.(R, K,w) .
]

The results of §§15-26 extend to the nonorientable case in a straightfor-
ward manner.
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Appendix B. Assembly via products
The quadratic L-theory assembly map of §14

A: H(K;L.(Z)) — L.(Z]m (K)])
will now be reconciled with the construction of A proposed in Ranicki [143]
by means of a ‘preassembly’ map A: K, —L°(Z[r(K)]) and a pairing of
spectra

®: L(Z[m(K)]) NL(Z) — L.(Z[m(K)]) .
Although only the quadratic case is considered, there is an entirely analo-
gous treatment for the symmetric L-theory assembly map.
B1. The cartesian product of A-sets X, Y is the A-set X x Y with
(X x V)™ = XMW xy™ - 9i(z,y) = (8i(x),0i(y)) -
The A-map
XXY —X®Y,; (A"=X,A"=Y) — (A"A" A" =X ®Y)

is a homotopy equivalence for Kan A-sets X, Y (Rourke and Sanderson
[155]), inducing a homotopy equivalence of the realizations

X xY| ~ | X@Y| = |X|x|Y].
It follows that the cartesian smash product of pointed Kan A-sets X, Y

XANY = (X xY)/(X x0yUlbx xY)

is homotopy equivalent to the geometric smash product, with | X A Y| ~

(XA Y]

B2. Let A™ have vertices 0,1,...,n. Define a cell structure on the realiza-
tion |A™| with one (p + g)-cell for each sequence (jo,j1,---,Jp, Koy .-, kq)
of integers such that

0<jo<n<..<jp<ko<ki<...<ky<n,
the convex hull of the vertices jp//l?q/ (0<p' <p,0<¢q <gq)inthe barycen-
tric subdivision (A™)". This is the combinatorial diagonal approzimation.

B3. Write a geometric or chain complex n-ad as C' = {C(0) | o € A"}, with
C(o) C C(r) for 0 < 7 € A™. Use the combinatorial diagonal approxi-
mation of B2 to define the product of n-ads C, D to be the n-ad C ® D
with

(C®D)O01...n) = U C(jo-..Jp) ® D(ko...kg)

0<j0<...<jp<ko<...<kq<n

= [Jco...yeD(i...n).
=0

There is one piece of the product for each cell in |A"].
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B4. For any rings with involution R, S use the chain complex n-ad product
of B3 to define spectrum-level products

®: LY(R)AL/(S) — L™ (R® S),
inducing the products of Ranicki [144,§8] on the level of homotopy groups
®: L'(R)®L(S) — L™ (R®S) ,
®: L'(R)® L;(S) — Li1j(R®S) .
(These products can also be defined using bisimplicial sets.) In particular,
L°(Z) is a ring spectrum, and Ly(Z) is an L%(Z)-module spectrum. For
commutative rings R, S with the identity involution and a subcomplex

K C OA™*! the n-ad products can also be used to define spectrum-level
products

© : L(R.K) ALi(S) — Lis (R® §).K) |
X ]LZ(R,K) /\]LJ(S) — ]LH_J(R(X) S, K) .
B5. For any subcomplex K C A™T! define the framed (smooth or topo-

logical) framed {2-spectrum

Q7 (K) = {QI"(K); = " (+HE i e 2)
by analogy with
L(Z.K) = {L{(Z.K)=L"™Z)®" 5 |iez} .
Use the construction of the symmetric signature to define a map
o* : UN(K) — L(Z.K) ; M — (A(M),p(M)) .
The framed bordism spectrum Q/7({*}) of a point is an Q-spectrum homo-
topy equivalent to the Q-spectrum of the sphere spectrum S°, and

QIM(K) ~ Ky nQI({#))

Q" (K); ~ lim QSIK, (~, 57K, for i <0)
where ~, denotes stable hjomotopy equivalence. Use the products of B4 to
define a product of Kan A-sets

® ¢ QI ({+})i ALj(Z) — Lisy(Z)
and define also products
®: UT(K); NLj(Z) N LYZ.K) AN1Lj(Z) 2, Lij(Z.K) .
By 13.7 there is an identification
Li(Z.K) = H;(K,L.(2)) ,
and for each i € Z the products
®: QK ANL_j(Z) — L;_;(Z.K) (j €Z)
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induce a homotopy equivalence
liy (27 (K); A L_;(Z)) —
J
Hi(K,L.(Z) = lim YL j(Z.K) = Li(Z.K) .
J
The inclusion K, —Q/7(K), is a stable homotopy equivalence, and the

ith space of the homology spectrum H.(K;L.(Z)) is such that
HL(KGL.(Z)) ~ lig Q9@ (K)i AL j(2)) ~ Ky ALi(Z) .
J

B6. Given an algebraic bordism category A let
NL'(A) = {NLY(A)|i € Z}

be the normal symmetric L-spectrum of 13.5. Let
NL.(A) ={NL;(A)|i € Z}

be the normal quadratic L-spectrum defined using quadratic n-ads which are
not required to be Poincaré. NL.(A) is contractible, since every quadratic
complex (C,1)) bounds the quadratic pair (C——0,(0,%)). The normal L-
spaces fit into fibration sequences

LY(Z,K) — NLYZ.K) 2, Li_1(Z.K) ,
LY(Z,K) — NLY(Z,.K) 2, Li_1(Z,K) ,
Li(Z.K) — NL{(Z.K) — Li_,(Z.K) ,
L;(Z,K) — NL;(Z.K) 2, L 1(Z,K) .

B7. The normal symmetric L-spectrum NL'(Z) is a ring spectrum with
products

® : NLY(Z) ANLI(Z) — NL*(Z) ,
acting on the normal quadratic L-spectrum NL.(Z) by products
® : NLY(Z) ANL;(Z) — NL;1,(Z) .
The products
® : NLY(Z.K) ANL;(Z) — NL;4;(Z.K)
restrict to products

®: LYZ,K)AL;(Z) — Li+;(Z,K) ,
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and there is defined a commutative diagram

Q7 (K); ALj(Z) ——2—— Liy (Z.K)

L{ZK) ALj(Z) —2 5 Ly (Z.K)

A

Li(Z, K) ALj(Z) —2— L;,;(Z, K)

~

L (Zfm1 (K)]) A Ly (2) —Z— Ly (Z[m (K)) -

By B5 the products ® : Q/"(K); AL;(Z)—Li1;(Z.K) induce homotopy
equivalences

lig Q7 (Q/7(K); AL_;(Z))
~ Hi(K,L.(Z) = lig YL ;(Z.K) = Li(Z.K) .

B8. The symmetric signature is a map of {2-spectra
o = 1AU: Q"(K) ~, K, NS — LYZ.K) ~, K. AL,
with
U = (Z,1): Q" ({})o = 5° — L°(Z)
the unit of the ring spectrum IL°(Z), representing
(z,1) = 1€L%Z) = Z.

Define the preassembly pointed A-map

o” A*
A: K, — QI"(K)y — LYZ,K) — LY(Z[r(K))) ;
(A"—K) — (C(A"),6(A™))
by sending the characteristic map of an n-simplex A"——K to the n-
dimensional symmetric Poincaré n-ad over Z[m; (K)] of the pullback A" — K

from the universal cover K of K, with A* the symmetric L-theory assembly.
The preassembly A is the composite

0 1ANU 0 0 A* 0
A: K, = K, NS — K. ALY Z) ~, L°Z,K) — L°(Z[r(K)]) .
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Thus the assembly map in quadratic L-theory factorizes as the composite

A Ho(KL.(Z) = Lo(Z.K) ~ lim (/" (K)o AL_;(Z))

2 HLZm (K)])L.(Z) ~ lny O (L(2{m, (K))) A L(2)

®
— Lo(Z[m(K)]) = lig QL_;(Z[m (K)]) .
J
On the level of homotopy groups this can be written as

A: H(K;L.(Z) = H.(Q/"(K)o;L.(Z))

A . ®
— H (L°(Z[m(K)]); L.(Z)) — Lu(Zmi(K))) .
This is the construction of assembly via products.

B9. From the multiplicative point of view the Sullivan—Wall factorization
of the surgery map for an n-dimensional topological manifold M through
bordism is given by

0 = A: [M,G/TOP] = H°(M;L.) = H,(M;L.) = H,(M;L.AS")

IAU .
“— H,(M;L.ANMSTOP) = H,(M, ALg; MSTOP)

= QTOP(M x G/TOP, M x {x})
— Q9P (Br x GJTOP, Brr x {}) — L, (Z[x]) (7 = m(M)),
with
U: 8" — MSTOP = QTP ({})

the unit in the oriented topological bordism spectrum of a point. The map
induced by 1 AU is an injection, which is split by the map induced by the
composite

1Nc™ ®
L.ANMSTOP — L. AL — L.

with o*: MSTOP——I" the symmetric signature map. MSTOP is a ring
spectrum, and L.(R) is an M.STOP-module spectrum for any ring with
involution R: see Taylor and Williams [173] for the homotopy theoretic
consequences, such as the decomposition at 2 as a generalized Eilenberg—
MacLane spectrum

L.(R ®Z(2) \/K (2),i) .

B10. An automorphism f:(M,0)—(M,0) of a nonsingular symmetric
form (M, 0) over a ring with involution R determines a 1-dimensional sym-
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metric Poincaré complex A(f) = (C, ¢) by
d=1—f:C = M"— C, = M*,
bo = {f*9:6’1 =M -—Cy = M*
0:C0 = M —C, = M*,
— M*,

¢1:€:C’1:M—>C’1—

corresponding to the nonsingular symmetric formation over R

(Mo M,00—-0;A,(fd1A),
with A = {(z,2) € M & M|z € M} the diagonal lagrangian in the non-
singular symmetric form (M @& M, 0 @ —0). For example, the 1-dimensional

symmetric Poincaré complex of the circle S* is
o*(8') = A(x:(Z[Z],1)—(Z[Z].1))

with the involution z = 27! on Z[Z] = Z[z, 27!], and
d=1-2z1:0C = Z]Z] — Cy = Z[Z) .

The preassembly map A: Br, —IL%(Z[r]) sends the 1-simplex
g€ (Br)W = U {0}
determined by an element g € m to the 1-dimensional symmetric Poincaré

= (C,¢)

complex over Z[r|
g:0"(S") = Alg: (Z[x],1)—(Z[x], 1))
with

d=1-g"':C = Zr] — Cy = Z[n] .
Loday [97] constructed the assembly map A,: H,(Bm;L.)— L. (Z[r]) away
from 2, using products and the action of 7 on hermitian K-theory induced

by the inclusion
7 — Aut(Z[n],1) = GL1(Z[r]); g — g .

The methods of this appendix show that this construction does indeed agree

with the surgery assembly map, as conjectured in [97].
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Appendix C. Assembly via bounded topology

The applications of algebraic L-theory to compact topological manifolds
depend on the torus trick of Kirby and Siebenmann [87]. The controlled
and bounded topology of non-compact manifolds subsequently developed by
Chapman, Ferry and Quinn has led to an interesting hybrid of algebra and
topology involving the lower K-groups of Bass [9] and the lower L-groups
of Ranicki [140], [149], in which the algebraic operations are required to be
small when measured in some metric space. The controlled surgery theories
of Quinn [133]-[136], Yamasaki [191] and the bounded surgery theory of
Ferry and Pedersen [53] have found wide applications to the structure theory
of ANR homology manifolds, group actions, fibrations and rigidity. See
Ferry, Hambleton and Pedersen [52] and Weinberger [185] for surveys of the
applications.

Controlled and bounded topology offer an alternative construction of the
4-periodic algebraic L-theory assembly maps

A Ho(X;L.(Z)) — L.(Z[m (X))

using the lower L-groups and the Bass—Heller-Swan computation K_;(Z) =
0 (i > 1) to express the L. (Z)-coefficient generalized homology groups as the
R’-bounded surgery obstruction groups for large i > 1. The 4-periodic alge-
braic L-theory assembly map will now be obtained using bounded topology,
and some of the consequences of this approach will be explored. The gen-
eralized homology groups with L-theory coefficients arise as the cobordism
groups of bounded algebraic Poincaré complexes, and the assembly maps
are the forgetful maps to the unbounded cobordism groups. See Ranicki
and Yamasaki [151] for a chain complex approach to assembly in controlled
K-theory, which also applies to controlled L-theory.

C1. The projective L-groups LY (R) of Novikov [124] and Ranicki [139], [140]
are defined for any ring with involution R, using quadratic structures on f.g.
projective R-modules. The projective L-groups are related to the free L-
groups L"(R) = L.(R) by splittings
La(Rlz,27']) = La(R)® Ly _1(R) (2=27")
and a Rothenberg-type exact sequence
. — Lp(R) —> LP(R) — H™(Zy; Ko(R)) — Ln_1(R) — ... .

The projective surgery theory of Pedersen and Ranicki [126] involves the
projective S-groups SY(X) which are defined to fit into an exact sequence

A
. — H,(X;L.) — LP(Z]m (X)]) — SP(X) — H,,—1(X;L.) — ...
for any space X, and are such that
Sp(X x SN = S(X)eSE_,(X) .
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The projective assembly map is the composite

A
A: H,(X;L.) — L,(Z[m(X)]) — LP(Z[m (X)]) .
If X is a finitely dominated n-dimensional geometric Poincaré complex then
X x 81 is homotopy equivalent to a finite (n + 1)-dimensional geometric

Poincaré complex, by the Mather trick. The projective total surgery ob-
struction sP(X) € SP(X) of [126] is such that

s(X xS = (0,sP(X)) €Spnp1(X xS = S1(X)@SE(X) .
Thus sP(X) = 0 if (and for n > 4 only if) X x S! is homotopy equivalent
to a compact (n + 1)-dimensional topological manifold.

The lower L-groups Li " (R) (¢ > 1) of Ranicki [140], [149] are the L-
theoretic analogues of the lower K-groups K_;(R) of Bass [9, XII]. The free
and projective L-groups

L.(R) = L"(R) = L<1>(R) . LP(R) = L(R)
are related to the lower L-groups AR (R) by sphttlngs

LV (R[z,27Y) = L8Ry @ Ly {(R) (i > 0)
and exact sequences

— L (R) — LS (R) — H™(Zo; K_i(R)) — L (R) — ...

with K_;(R) = K_;(R) for i > 1. For any space X the free and projective
S-groups

S.(X) = shx) = sP(X) , sP(x)=sX)
are related to the lower S-groups Si_i>(X ) by splittings

SEIX x 81 = sUT(X) @8 (X) (i20)

and a commutative braid of exact sequences

/\

Hp(X;L) ?(@[n)) H™(Zo; K _i(Z[r]))

h
:,_.
ﬁ
A

2
3/\
Es

)
3
*

N

5>

E

i

n

i

ES

5

L

e

=

NN
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with 7 = m1(X). For i > 0 the lower total surgery obstruction of a finitely
dominated n-dimensional geometric Poincaré complex X is the image of the
projective total surgery obstruction

sTHX) = [P(X)) e s(X)

and is such that s~ (X) = 0 if (and for n +i > 4 only if) X x T'*!
is homotopy equivalent to a compact (n + i + 1)-dimensional topological
manifold.

C2. Given a metric space X and an additive category A let C x(A) be the
X-bounded additive category defined by Pedersen and Weibel [127]. The
objects of C x (A) are formal direct sums

M =) M)
zeX
of objects M (x) in A. The morphisms f: M— N in C x (A) are collections
of morphisms in A

such that there exists a number b > 0 with f(y,z) = 0if d(x,y) > b. An
involution *: A—A ; A— A* extends to an involution of C x(A) by

x: Cx(A) — Cx(A);
M=) M@ —M =Y M), M*(z) = M(z)".

symmetric L*(Cx(A)) o
The quadratic L-groups { L.(C x(A)) are related by symmetrization
maps

14+T: L, (Cx(A) — L*(Cx(A))
which are isomorphisms modulo 8-torsion, since the ring EO(Z) = Zsg acts
on the relative groups.
C3. Given a group 7 and an additive category A let A [r] be the additive
category with one object M|[r] for each object M in A, and
Homp [W](M[W],N[ﬂ']) = Homy (M, N)[x]

the additive group of formal linear combinations ) fyg with f, : M—N
gem
morphisms in A such that {g € 7| f; # 0} is finite. An involution on A is

extended to an involution on A [r] by
x: An] — Aln];

Mr] — (M[r))* = M*[x], f = > fog—f" =D (f)7g".

gem gem
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For any commutative ring R there is an identification

A"(R)[r] = A"(R[x))
with A"(R) the additive category of based f.g. free R-modules. Write the
category C x (A"(R[r])) as C x(R[x]).

C4. The bounded surgery theory of Ferry and Pedersen [53] applies to
geometric Poincaré complexes and manifolds which are ‘X-bounded’ for
some metric space X, i.e. equipped with a proper map to X such that
the diameters of cells are uniformly bounded in X . In the first instance
the theory applies to ‘allowable’ metric spaces and Poincaré complexes with
constant ‘bounded fundamental group’ 7, and the same hypotheses will
be in force here. The main construction of [53] associates to a normal
map (f,b): J— K from an n-dimensional X-bounded manifold J to an X-
bounded geometric Poincaré complex K an X-bounded surgery obstruction

U*(f7 b) S Ln(CX(Z[ﬂ-]))

such that o,(f,b) = 0 if (and for n > 5 only if) (f,b) is normal bordant to
an X-bounded homotopy equivalence. The surgery obstruction o.(f,b) €
L,,(C x(Z[r])) is the cobordism class of an n-dimensional quadratic Poincaré
complex in C x(Z[r]) which may be obtained either by considering the
middle-dimensional form/formation remaining after surgery below the mid-
dle dimension as in [53], or else using the quadratic Poincaré kernel of
the algebraic normal map o*(J)—0c*(K) of symmetric Poincaré com-
plexes in C x (Z[r]) given by 2.16. An n-dimensional X-bounded geomet-
ric Poincaré complex K has a Spivak normal fibration vi: K— BG, such
that the topological reductions vx: K—— BT OP are in one—one correspon-
dence with the bordism classes of normal maps (f,b): (J,v;)— (K, Uk)
from n-dimensional X-bounded manifolds, as in the classical compact case
X = {pt.}. There exists a topological reduction vx: K—BTOP such
that o.(f,b) = 0 € L,(Cx(Z[r])) if (and for n > 5 only if) K is X-
bounded homotopy equivalent to an X-bounded topological manifold. For
an X-bounded topological manifold K the X-bounded structure set S?(K)
fits into the bounded version of the Sullivan—Wall surgery exact sequence

. — Ly11(C x(Z[x])) — SY(K) — [K,G/TOP] — L,(C x(Z[x])) .
The X-bounded symmetric signature of an n-dimensional geometric X-
bounded geometric Poincaré complex K is the algebraic Poincaré cobordism
class

0" (K) = (C(K),¢k) € L"(Cx(Z[r])) ,
with C(K) the cellular chain complex in C x(Z[x]) of the universal cover

K and ¢x = A([K]) the evaluation of an Alexander—Whitney—Steenrod
diagonal chain approximation A on the locally finite fundamental class
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[K] € HYJ(K). The X-bounded symmetric signature is an X-bounded ho-
motopy invariant. The X-bounded surgery obstruction of an n-dimensional
X-bounded normal map (f,b): J— K has symmetrization

(1+T)o.(f,b) = o"(J) =" (K) e L"(C x(Z[r])) .

Ch. Let K be a simplicial complex which is locally finite and finite-dimen-
sional. Given an additive category A let AY (K) be the additive category
of K-based objects in A, the category with objects formal direct sums
M = > M)
oceK
of objects M(c) in A. A morphism f: M—N in A (K) is a collection of
morphisms in A
f = Af(r,0): M(6)—N(7) |0, 7 € K}
such that f(r,0) = 0: M(0)——N(7) unless 7 > o. (For finite K this is
just the K-based category A ,(K) of §4.) Given an involution *: A——A;
A—— A* define a chain duality T: AY (K)— A/ (K) by the method of §5.
The dual of an object M in A% (K) is a chain complex TM in AY (K) with
M(r)* iftr=—|o
TMT(O') == {Tgo ( ) | |
0 otherwise .
Working as in §14 it is possible to identify the algebraic L-groups of A% (K)
with the locally finite generalized homology groups
Lo(AY(K)) = HJ(K;L.(A) (n€Z).
Assume that the diameters of the simplices of K are uniformly bounded, i.e.
there exists a number b > 0 such that d(z,y) < bif z,y € |o| for any simplex
o € K. Regard the polyhedron of K (also denoted by K) as a metric space
using a proper embedding K C R¥ for a sufficiently large N > 0, so that the
K-bounded additive category with involution C x(A) is defined as above.
Let K be a regular covering of K with group of covering translations .
Define an assembly functor by forgetting all but the bounded aspects of the
simplicial structure and passing to the cover
A: AY(K) — Cg(Alr); M — M,
sending an object M in AY (K) to the object M in C k(A [n]) defined by
]\7@) _ { M(o)[r] if x =7 is the barycentre of 0 € K
0 otherwise .
Working as in 6.1 the chain duality on AY (K) is related to the involution
on C g(A) by a natural chain equivalence in C g (A)

T8 : TM — (M)* .
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The assembly functor of algebraic bordism categories
A s AAY(K)) — AMCx(A[q])
(with A as in 3.3) induces natural assembly maps of L-groups
A Lo(AY(K)) = HJ(KL.(A) — La(Cx(A[r]) (n€Z).
If K = J is the universal cover of a finite simplicial complex J the simply
connected assembly map

A LAY () = HY (J;L.(A)) — La(C5(A))
(with m = {1}) is related to the universal assembly map of §9
A Ho(J;L.(A) — Lo(Alp]) (p=m(J))
by a commutative diagram

Ho(J;L.(A) —A—— L (A [])

trf trf

HY (JiL.(8)) —A— L, (C+A)) .

The infinite transfer map
6f: Lo(An()) = Ho(JiL.(A) — La(AY(T)) = HY(TiL.(4))
is induced by the functor
AJ)— A s M = M(o) — M =Y M(ps)
o€J seJ

with p: J——=J the covering projection. The infinite transfer map

trf : Ly (Afp]) = Ln((cj<A)p) — Ln(Cj(A))
is induced by the inclusion C5(A)?——C+(A) of the p-invariant subcate-

gory, with objects the lifts M of objects M in C;(A) and p-equivariant
morphisms. The forgetful functor

C+(A)P — Alp] ; M — M
is an equivalence of additive categories with involution, since J is finite.

C6. Given a metric space X and an X-bounded simplicial complex K with
constant bounded fundamental group 7 let S2(K) be the relative groups in
the bounded algebraic surgery exact sequence

. — HY(K;L.) 2, L, (C x(Z[r])) — S (K)

—s HY (K;L.) — ...
with L. = L.(1)(Z) as in §17, and

A HY (KLY —55 L.(Cx(Zin])) — Lo(C x(Z[r])) -
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The bordism group Q27 (K) of n-dimensional X-bounded geometric Poincaré
complexes with a map to K fits into a commutative braid of exact sequences

)

]
3
o
=
T
&h
2
o)
-

3

/
\
/
\

HI(K;QN)

=
o=
=
3
=2
P
3

3

\
£
\
~

S8
53
=

o)
3
h
s
@
>
N
=
A
=

<
<

generalizing 19.6 (= the special case when X is compact). Define the 1/2-
connective X -bounded visible symmetric L-groups V Ly (K) to be the cobor-
dism groups of visible symmetric Poincaré complexes (C, ¢) in A (Z)} (K)
which are globally 0-connective and locally 1-Poincaré at oo, by analogy
with the 1/2-connective visible symmetric L-groups V L*(K) of §15. As in
15.18 (i) there is defined a commutative braid of exact sequences

)
)

S

E
=
£
x
=
&

2/
£
\

=
=
<
b{
=
3

£
\
£

Se
53
2

=

h
Py
@
>
N
=
2
=

<
<

The 1/2-connective X -bounded visible symmetric signature of an n-dimen-
sional X-bounded geometric Poincaré complex K is

0" (K) = (C(K),AlK]) e VLy(K) .
The X-bounded total surgery obstruction of K
sP(K) = 00*(K) € SL(K)
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is such that s®(K) = 0 if (and for n > 5 only if) K is X-bounded ho-
motopy equivalent to an n-dimensional X-bounded topological manifold.
The algebraic surgery exact sequence is related to the geometric surgery
exact sequence of Ferry and Pedersen [53] for an n-dimensional X-bounded
manifold K by an isomorphism

. = Lns1(Cx (Z[n))) —§"(K) — [K,G/TOP] — Ly (Cx (Z[n]))

LT

. — Ln11(Cx(Z[x])) — Sh 41 (K) — H (K;L.) — L (Cx (Z[r]))
with
b SYK) — SU L (K) 3 (f: J—K) — sP(f) = sh(W,J U —K)

given by the X-bounded reld total surgery obstruction of the mapping
cylinder W = JxIU; K of the X-bounded homotopy equivalence f: J— K,
and

t = [K]N—: [K,G/TOP] = H(K:L.) — HY(K;L.)
the Poincaré duality isomorphism defined by cap product with the locally
finite IL'-coefficient orientation [K] € HY (K; L") (L' = L'(0)(Z)).
C7. Let Px(A) denote the idempotent completion of C x(A), the additive
category in which an object is a pair
(M = object of Cx(A), p=p* M—M)

and a morphism f:(M,p)—(N,q) is a morphism f: M—N in C x(A)
such that

qfp = f: M — N .

The algebraic K-theoretic methods of Pedersen and Weibel [127], Carlsson
[32] and Ranicki [149] give an exact sequence for the algebraic K-groups of

CX1UX2(A)
L th; K1 (Cp(x,,55) (A)) — K1(Cx, (A)) ® K1(Cx, (A))

— Kl(CXlux2(A)) — h% KO(PNb(leXQ)(A)) — ...
with
Nb(Xl,XQ) = {(E e X1UXs |d($,yl) < b for some Y; € X, 1= 1,2} .

An involution *: A—A; A— A* is extended to an involution of Px(A)
by

s Py(A) — Px(A); (M,p) —s (M,p)* = (M*,p*) .
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The quadratic L-groups of C x(A) and Px(A) are related by an exact se-
quence

. — Ln(Cx(A)) — Ln(Px(A)) — H"(Zy; Ko(Px(A)))

— L 1(Cx(A) — ...
involving the Tate Zy-cohomology groups of the duality involution on the
reduced projective class group

Ko(Px(A)) = coker(Ko(Cx(A)—Ko(Px(4A))) .
The quadratic L-groups of Cx,ux,(A) fit into the Mayer—Vietoris exact
sequence of [149,14.4]

S h% LW(CNb(X17X2)(A)) — Ly (Cx, (A) ® Ly (Cx, (A))
— Ly, (Cx,ux,(A) — 11%131 Ln-1(Cp,(x1,30) (A) —> ...
with
Y = im(Ky(Cx, (A) & Ki1(Cx, (A)— K1 (Cx,ux, (A))) -

Similarly for the symmetric L-groups L*.

C8. Let X be a metric space with a K-dissection (4.14)
X = |J X[
ceK
for a finite simplicial complex K with fundamental group m = 71 (K). Work-
ing as in 13.7 the generalized homology group H,, (K;{L.(Cx[,(A))}) can
be identified with the cobordism group of n-dimensional quadratic Poincaré
cycles

(C,¢) = {(C(o),¢¥(0)) |0 € K}
such that (C(c),v(c)) is defined in Cx,(A), and there is defined an as-

sembly map for any regular covering p: K—— K with group of covering
translations 7

A Hy (K5 {L(Cx 0 (A)}) — Ln(Cx (Aln])) ;
(C.) — (C(K),(K)) = | (C(p5),4(p5)) -

GEK
For any bound b > 0 and any n-simplex o = (vgv; ... v,) € K let
Npy(X[o]) = {x € X |d(x,y;) <b for some y; € X[v;],1<i<n}.
The algebraic transversality of [149, §14] shows that every n-dimensional
quadratic complex in C x (A) is homotopy equivalent to the assembly

A(C,y) = (C(K),¥(K))
of an n-dimensional quadratic cycle (C,v) (although not necessarily one
which is Poincaré) such that (C(o),% (o)) is defined in Cp;,(x[0))(A) for
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some bound b > 0. Working as in §13 the relative group S,, (K, X, A) in the
bounded algebraic surgery exact sequence

oo > Ty Ha (5 {L Caixio (A)D) — La(Cx(A)

o
— Sn(K7X7A> — hTH} Hn—l(K; {L(CJ\/},(X[U])(A))}) — .-

can be identified with the cobordism group of (n— 1)-dimensional quadratic
Poincaré cycles (C,1) such that (C(c),v¥(c)) is defined in Cy; (x[o))(A)
for some bound b > 0, and the assembly C(K) is contractible in C x(A).
It follows from the Mayer—Vietoris exact sequences of [149,§14] that the
groups S, (K, X,A) are 2-primary torsion, and can be expressed in terms
of the duality Zs-action on algebraic K-theory. In particular, for the case
K = Al = {0,1,01} of a space X which is expressed as a union of two
subspaces

X = X[oJux[l , X[o]nx[1] = Xx[o1],
Hy (K5 AL (Civ (x[0]) (A) 1)
= Ln(C, (xpo1)) (A)—C(x10p (A) X Cpy(xapy (A))
Sn(A, X, A) = liTn;}AI”(ZQ;Ib)
with
I, = ker(Ko(Pus (x o1 (A)) — Ko (P x(o) (A)) ® Ko (P xpi)) (A))) -

C9. The open cone of a subspace K C S¥ is the metric space

O(K) = {tr e R¥" |t €[0,00), 7€ K} CRV*L,
For a compact polyhedron K C S¥ define a K-dissection of O(K ™) by

O(K™)lo] = O(D(0,K)") (0 € K),

with KT = K U {pt.} . The assembly maps given by C5 and C8

A HI(O(KF);L.(A) — Lu(Corx+)(A))

A Ho (KL (Cox+)01(A))}) — La(Cox+)(A))
are related as follows. Projections define homotopy equivalences of spectra,

L.(Cogreriel () — L.(Cr(A) (v € K),
and product with the generator
c*(R) = 1€ LYCr(Z2)) = LY(Z) = Z

defines a homotopy equivalence

7 (R)® — : SL.(Py(A)) — L.(Cr(A))
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with Pg(A) the idempotent completion of A. The assembly map of C8
factors through the assembly map of C5

A: HY(OKT);L.(A) = H, 1(K;L.(A)) —
H (K;{L.(Co(x+)01(A))}) = Ho(K;L.(Cr(A))) = Heor1 (G L.(Po(A)))

A
—> L.(Cox+)(A)) ,
with both assembly maps isomorphisms modulo 2-primary torsion.
C10. Pedersen and Weibel [127] identified the torsion group of the R-

bounded category Cgr(A) of an additive category A with the class group
of the idempotent completion Py(A)

K1(Cr(A)) = Ko(Po(A)) ,
and expressed the lower K-groups of A as
K—z(A) = Kl(CRi+1(A)) = KO(PRI(A)) (Z > 1) )

The lower quadratic L-groups A (A) of an additive category with invo-
lution A are defined in Ranicki [149], and shown to be such that

LE7(A) = Ly (Crini(A)) = Luyi(Pri(A))
LAz 27Y) = L) e LY (A) (1>0)
with
Ale,z"1=A[Z] , LA) = L.(A) , LI%A) = L,(Py(A)) .
Also, there are defined exact sequences
C—— LS(A) — LED(A) — H™(Zg; K_i(Po(A)))

— LA — . (i>0)
with K_;(Po(A)) = K_;(A) for i > 1. The lower L-groups of a ring with
involution R are the special cases

L AMR) = LE(R)
C11. For any compact polyhedron K there is defined an isomorphism of
algebraic surgery exact sequences

. HgY

Y (K x REL) A Ly (Cpo(Zla]) — Sy, (K x RY) — .

S Hu(KL) — A L0-0(Z]) ——— SO0 () s

with 7 = m(K). If K is an n-dimensional geometric Poincaré complex
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then for any i > 1 the lower total surgery obstruction (C1) to K x T being
homotopy equivalent to a compact (n + i)-dimensional manifold coincides
with the Ri-bounded total surgery obstruction (C6) to K x R’ being R®-
bounded homotopy equivalent to an R*-bounded open (n + i)-dimensional
manifold
sUT(K) = (K xRY) eS{T(K) = Sh (K xR).

A homotopy equivalence f: M — K x T from a compact (n+i)-dimensional
manifold M lifts to a Z’-equivariant R’-bounded homotopy equivalence
f: M— K x R*. Conversely, if n +i > 5 an Ré-bounded homotopy equiva-
lence g: L— K x R from an R’-bounded open (n +i)-dimensional manifold
L can be ‘wrapped up’ to a Z*-equivariant lift f: L = M—K x R? of a
homotopy equivalence f: M—sK x T* from a compact (n + i)-dimensional
manifold M . See Hughes and Ranicki [79] for an algebraic treatment of
wrapping up.

The Ri-bounded geometric Poincaré complex bordism groups Q2F (K xR?)
(C6) fit into an exact sequence

. = Lnyi(Cri(Z[n])) — Q5 (K x R)

— HY (K xRGQN) — Lyyi1(Cri(Z[n])) — ...
with
Lnti(Cri(Z[n))) = L2(2[x]) , HY (K xR:QN) = H,(K; Q) .

In particular, for ¢ = 1 the R-bounded geometric Poincaré complex bordism
groups Q0 (K xR) coincide with the finitely dominated geometric Poincaré
complex bordism groups Q% (K) of Pedersen and Ranicki [126]

DI (K xR) = Q8 (K) |

and there is defined an isomorphism of exact sequences
. — L1 (Cr(Z[r])) — QL (K x R) — HY (K x R; QN) — ...
. ——— LP(Z[n]) ————— QP (K) —>Hn(K;Q.N) —_—.

The ultimate lower quadratic L-groups and L-spectrum of an additive cat-
egory A are defined by

LT (A) = g L0(A) LU (A) = g L0 (a),

with
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For any ¢ > 0 products with the generator
o*(RY) = 1€ LY(Cpi(Z)) = LY(Z) = Z
define homotopy equivalences of the non-connective quadratic LL-spectra
o (R)®—: L(Z) = {Li(Z)]i20}

— L7 (@) = {L(Cr(@) 120},
since they induce isomorphisms in the homotopy groups
0" (R*®)®@ —: m(L.(Z)) = L.(Z)

~

— m(LT(@Z) = Liw(Cre(2))

(using K_;(Z) = 0 for ¢ > 1). Thus the deloopings by lower L-theory
correspond to the deloopings by dimension shift.

C13. Pedersen and Weibel [127] identify the algebraic K-theory of Pk (A)
for a compact polyhedron K C S% with the reduced generalized homology
groups of K with coefficients in the algebraic K-theory spectrum K(Py(A))
of the idempotent completion Py(A)

K.(Pok)(A)) = H.1(K;K(Bo(A))) .

The Mayer—Vietoris exact sequences of Ranicki [149,§14] show that the
assembly maps in the ultimate lower quadratic L-groups are isomorphisms

A HY(OEK ), LE(A)) = Hooy (KL (A)) — LT (Cog (A)) -
The simply connected assembly maps are isomorphisms

A: HY(OK);L.(Z)) = H. 1(K;L.(Z))

— LI (Co(Z)) = L.(Cowux)(Z))
since K_;(Z) =0fori>1.

C14. For any pair of metric spaces (X,Y C X) and any additive category
A let Cx y(A) be the additive category with the objects M of C x(A) and
morphisms [f]: M——N the equivalence classes of morphisms f: M— N
in C x(A) which agree more than a bounded distance away from Y. A
morphism in Cx y (A) is thus a ‘germ’ of morphisms in Cx (A) which agree
far away from Cy (A), by analogy with the germs at Y of functions defined
on X. The germ category Cx y(A) was introduced by Munkholm in the
special case (X,Y) = (R¥ {0}) (Anderson and Munkholm [3, VIL.3]). See
Ferry, Hambleton and Pedersen [52] for a survey of the applications of the
germ categories. The X-bounded topology away from Y is measured by
the algebraic K- and L-groups of Cx y (A). See Ranicki [149,4.1,14.2] for
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the exact sequences
. — K1(Cy(A)) — K1(Cx(A)) — Ki1(Cx y(A))
— Ko(Py(A)) — Ko(Px(A)) — ...
. — L) (Py(A)) — Ln(Cx(A)) — Ln(Cx y(A)
— LY (Py(A)) — L, 1(Cx(A) — ...
with J = ker(Ko(Py (A))—Ko(Px(A))). For a compact subspace K C
SN the forgetful map
Cox+)(A) — Cox+),0(50)(A) = Cox) {0y (A)
induces isomorphisms in algebraic K- and L-theory
K.(Cox+)(A)) = K.(Cox),q0(A))

Li(Cor+)(A)) = Li(Cox), {0} (A))
so that O(K™)-bounded surgery and (O(K), {0})-bounded surgery are es-
sentially the same, namely O(K)-bounded surgery at oo (= away from {0}).
Ferry and Pedersen [53] use O(K)-bounded surgery at oo and the controlled

end theory of Quinn [134],[135] as a substitute for K-controlled surgery.
Since K_;(Z) =0 for i >1
L.(Cory 03 (Z)) = Lu(Cox+)(Z))
= HJ(O(KT);L.(2)) = H.—1(K;L.(2)) .
Similarly for the bounded symmetric L-groups, and also for the bounded
visible symmetric L-groups.

For any subspace K C SV with the homotopy type of a compact n-
dimensional polyhedron the bounded L-theory braid of C6

AA

82—1—2 n+1 n+1 )7IE)
l n
qY o VLY
Hif;z Lni1(Cor+y(Z St 11 (O(K™))

\/\/
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can be written as

with L' = K.(Lo(Z),0) VL' as in §25. Similarly, the bounded geometric
Poincaré bordism braid of C6

/\A

S?H—Q n—|—1 n—|—1 QN)
l
Hnjji—l Q?LI—T—I
HY (0K Lnt1(Cox+)(Z Sh 1 (O(K™))

V\/

can be written as
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NG T

Hp1(K; Lo(Z)) H,(K;QP) H,(K; QM)
H,(K;L.) H,(K:Q.)
Hippor (K Q) H,(K;L.) H,(K; Lo(Z))

with ﬁfp = K.(Lo(Z),0) v QF. The O(K™)-bounded visible symmetric
signature of an O(K™)-bounded (n + 1)-dimensional geometric Poincaré
complex X is a cobordism class

o"(X) = (C(X),AlX])

€ VL O(K™)) = Ho(K;L) = Hn(K; Lo(Z)) & Hy (K1)
with components the O(K*)-bounded total surgery obstruction

s'(X) = 007(X) €8, 1 (0(KT)) = Hn(K;Lo(Z))
and the O(K™)-bounded symmetric signature
o (X) = (C(X),AX]) € L (Copen (Z) = Ha(K:L) |

The O(K™)-bounded total surgery obstruction can be expressed as the dif-
ference of local and global codimension n signatures at oo, by analogy with
the expression in 24.20 of the total surgery obstruction s(Bw) € S,,(B7w) =

H, (Bm;Lo(Z)) of the classifying space B of an n-dimensional Novikov
group 7 as the difference of local and global codimension n signatures.

C15. A compact n-dimensional ANR homology manifold X is an X-
controlled Poincaré complex (Quinn [135]), and X x R has the O(X™)-
bounded homotopy type of an (n+1)-dimensional O(X ™ )-bounded Poincaré
complex via the projection map
o _ tr ift>0
X xR — O(X*) = O(X)V(=00,0] 5 (a.8) — {{7 70
(Ferry and Pedersen [53]). The O(X™)-bounded total surgery obstruction
s’(X x R) € SE_;(O(X ™)) is identified in [53] with the resolution obstruc-
tion i(X) € Lo(Z) of Quinn [136]

' (X xR) = i(X) €S, (0(XT)) = Hn(X;Lo(Z)) = Lo(Z) .
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A resolution of X corresponds to an O(X *)-bounded homotopy equivalence
fiM—X x R from an O(X*)-bounded open (n + 1)-dimensional mani-

fold M . There exists a resolution of X if and only if the O(X T)-bounded
Poincaré duality chain equivalence

(X xRN—: C(X xR)"™™* — C(X xR)
is sufficiently close to being ‘cell-like’. Let (f,b): M— X be an n-dimension-
al normal map from a topological manifold M determined as in 25.8 by the

canonical topological reduction vx: X—— BTOP of the Spivak normal fi-
bration. The canonical LL.'-homology fundamental class of M is

Ml = o*(M x R) € L"" (Co+)(Z)) = Hn(M;L)
with codimension n signature
BM|L = 1€ H,(M;L°(Z)) = L°(Z) = Z.

The canonical IL'-homology fundamental class of X is the image

XL = fi[MlL = o*(M xR) € L""(Co(x+)(Z)) = Hn(X;L),
with codimension n signature

BX|L = 1€ H,(X;L%Z) = L%Z) = Z.

The canonical L'-homology fundamental class of X (25.10) is given by

(Xlg = (i(X),[X]w)

€ VL (O(X™) = Hu(X;L') = Hy(X;Lo(Z)) ® Hp(X;1L)
with codimension n signature
B X]r = 8i(X)+1€ H,(X;L°(2)) = L°(Z) = Z.

The (n+ 1)-dimensional O(X T )-bounded normal map (f,b) x 1: M x R—
X x R has O(X™)-bounded surgery obstruction

o.((f,0) x 1) = (=i(X),0)

€ Ln+1(CO(X+)(Z)) = Hn<XaE) = Hn(X;Lo(Z)) ® Hn(X;L.) .
The O(X™)-bounded symmetric signature of X x R
o (X xR) = 0" (M xR) = (14+T)o.((f,b) x1) = [ X+ (1+T)i(X)
€ L' (Co(x+)(Z)) = Ho(X;L') = Ho(X;L%(Z)) ® Ha(X;L(1)(2)) -
is thus the image of [X]- € H,(X;L’) under the map

147 1 0
( 0 0 1>:
Ho(X;L) = Hn(X;Lo(2) ® Ho(X; LY(2)) @ Hp(X; L (1)(Z))
s Hy(X3L7) = Hy(X;L(Z)) & Ha(X51(1)(2)) .

C16. If h: M'— M is a homeomorphism of compact n-dimensional AN R
homology manifolds then h x 1: M/ x R—M x R is an O(M™)-bounded
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homotopy equivalence of (n + 1)-dimensional O(M™)-bounded geometric
Poincaré complexes. The 1/2-connective O(M™)-bounded visible symmet-
ric signature of M x R

o (M xR) = ([M]y,i(M))
€ VLyTHO(M™)) = Ho(M;L) & Hy(M; Lo(Z))
is an O(M™)-bounded homotopy invariant of M x R, and hence a topologi-
cal invariant of M. The topological invariance of the canonical IL'-homology
fundamental class [M]y, € H, (M;L") is an integral version of the topologi-
cal invariance of the rational Pontrjagin classes due to Novikov [123].
Rationally, the L'-orientation of a compact oriented n-dimensional topo-
logical manifold M is the Poincaré dual of the L-genus L(M) = L(1y) €
H4* (M, Q)
MlL®1 = [M]gNnL(M) € Hn—4.(M;Q) ,

with [M]g € H,(M;Q) the Q-coefficient fundamental class. The usual
Hirzebruch L-polynomial relations

Ly(M) = Li(p1,pa,.---,px) € H*(M;Q) (k>0),

express the £-genus in terms of the rational Pontrjagin classes p, = p.(7p) €
H**(M;Q) of the stable tangent bundle 7py = —5;: M—BSTOP. Con-
versely, the rational Pontrjagin classes are determined by the L-genus, for
example p; = 3L; € H*(M;Q). Originally, the expression for the £-genus
in terms of the signatures of submanifolds was obtained for differentiable
manifolds, but successive developments have shown that it also applies for
PL, topological and AN R homology manifolds (taking account of the res-
olution obstruction, as in 25.17).

For a compact oriented n-dimensional topological manifold M™ the 4k-
dimensional component £ (M) € H**(M;Q) of the L-genus is detected by
the signatures of compact 4k-dimensional submanifolds N4 ¢ M™ x R7 (j
large) with trivial normal bundle

(Lr(M),i.[N]g) = signature(N) € L*(Z) = 7,
since every element in Hy,(M;Q) is a rational multiple of an element of the
form

z = i[Nlg = [M]gng*(1)

€ Hy,(M;Q) = Hup(M xR7:;Q) (1€ H}(R™) =1Z)

with
g: M" xR — R™ (m=n+j— 4k)
a proper map transverse regular at 0 € R™ and
i = inclusion : N* = ¢71(0) — M™ xR/ .
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The topological invariance of the rational Pontrjagin classes is thus a direct
consequence of topological transversality for high-dimensional manifolds,
which was established subsequently by Kirby and Siebenmann [87]. How-
ever, it is instructive to interpret the original argument of Novikov [123] for
the topological invariance of the rational Pontrjagin classes of differentiable
and PL manifolds in terms of bounded topology, as follows.

Let h: M'— M be a homeomorphism of compact n-dimensional oriented
PL manifolds. Let x, g, N be as above, so that

(Lp(M),z) = signature(N) € L*(2) = Z,
and let
v = (B h.(2) € Hyp(M';Q) .
It is required to prove that
(Lp(M'),z") = signature(N) € L**(Z) = 7Z .
The inverse image of an open regular neighbourhood N Ak R™ Cc M™ x RJ
of N in M x R7 is an open codimension 0 PL submanifold
W = (hx1g;) YN x R™) C M’ x R/
with a homeomorphism
H = (hx1gi)|: W — N xR™.
Making H PL transverse regular at N x {0} C N x R™ there is obtained a
normal map of closed 4k-dimensional PL manifolds
(f,b) = H|: N'* = H"Y (N x{0}) — N
with simply-connected surgery obstruction
o.(f,b) = (signature(N’) — signature(N))/8
= (Le(M'),2") = (Ly(M),2))/8 € Lar(Z) = Z.
Approximate the homeomorphism H by an R"-bounded homotopy equiva-

lence W ~ N xR of R™-bounded open (4k+m)-dimensional PL manifolds
with R™-bounded symmetric signature

o*(W) = o*(N xR™)
= signature(N') = signature(NV)
€ LY (Crm(Z)) = L*(2) = 7.
Equivalently, identify
0«(H) = 0.(f,b) = 0€ Lypsm(Crm(Z)) = Lyp(Z) = Z .

Equivalently, use geometric ‘wrapping up’ to identify W with the pullback
cover V = e*(N x R™) of a compact (4k + m)-dimensional PL manifold
V along a homeomorphism e: V—— N x T™ with a lift to a Z™-equivariant
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homeomorphism
e =H:V =W — NxR"™,
and
o (V) = o"(N xT™)
= (signature(N’),0) = (signature(NN),0)

e I*MZZ™) = 1*@) e (Z <m> “’““(Z)) |
i N
The evaluation of L(M') € H*(M';Q) on 2/ = (h™1).(z) € Hyp(M';Q) is
thus given by
(Lp(M"), 2"y = signature(N’) = signature(N)

= (Lp(M),z) = (WLpx(M),2") € Z,
and
L(M') = h*L(M) e H*(M";Q) .

See Sullivan and Teleman [171] and Weinberger [184] for analytic proofs
of the topological invariance of the rational Pontrjagin classes p.(7ys) €
H**(M;Q) of a compact oriented topological manifold M. The most sys-
tematic way of obtaining the topological invariance of the L’-orientation
[M]L € H,(M;L") is to follow up the proposal in the Introduction of devel-

oping the sheaf-theoretic versions of the methods of this text, allowing the
construction of [M]y, directly from the local homology sheaf.
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symmetric
L'(A), 138
L(R), 145
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L(R,K), 145
L, 173
L', 286
visible symmetric
VL(R,K), 145
map

algebraic normal complexes, 40

chain bundles, 39

quadratic complexes, 30

symmetric complexes, 30
mapping cofibre, 121
multirank 7, (P), 226
multisignature

K-theory, 224

L-theory, 232

nerve, 71
normal
complex
algebraic, 40
geometric, 42
invariant
normal map [f, by, 196
TOP reduction t(b), 196
homotopy equivalence t(f), 197
4-periodic [f, by, 294
4-periodic t(i,b), 295
map, algebraic, 49
pair, algebraic, 40
pseudomanifold, 180
structure, algebraic (v, x), 40
Novikov
conjecture, 271
group, 275
number of embeddings of field F
complex nc(F), 248
involution nc¢(F,Zs), 248
negative ng (Fp,a), 248
positive ng (Fo,a), 248
real ng(F), 248

open star, 68

Poincaré complex
geometric, 42
quadratic (C, ), 30
symmetric (C, ¢), 30
topologically reducible, 181
Poincaré duality group, 275
Poincaré pair
quadratic, 31
symmetric, 31
Poincaré transverse, 185
preassembly, 320
pseudomanifold, 91

g-connective
algebraic bordism category

Ma)(R), Mq)(R),
Ma) (R, K), Mq)(R, K), 157
complex
chain, 156
normal, 156
quadratic, 156
symmetric, 156
cover F(q), 151
L-groups
normal NL*{(q)(A), 151
quadratic L.(q)(A), 151
symmetric L*(q)(A), 151
VL*(g)(A), 163
LL-spectrum
normal NL*(g)(A), 151
quadratic L. {(q)(A), 151
symmetric L*(g)(A), 151

visible symmetric VIL'(¢)(A), 163

spectrum, 151

structure groups
quadratic S.(q)(R, K), 158
symmetric S*(q)(R, K), 159

structure spectrum
quadratic S.(q)(R, K), 159
symmetric S*(q)(R, K), 159
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Q-groups R
hyperquadratic @*(C), 38
quadratic Q.(C), 30
symmetric @*(C), 30
twisted quadratic Q.(C,~), 39
visible symmetric VQ*(C), 99

quadratic kernel, 49

rank of Witt group r*(D), 232
relative F-homology, 127
resolution, 283

(R, K)-modules, 85

[R, K]-modules, 85

(R, K, w)-module, 308

signature, 233
bounded visible ¢*, 329
codimension n
global, 277
local, 277
quadratic, 277
symmetric, 277
higher, 269
hyperquadratic o*, 47
normal o*, 47
normal, 105
quadratic o, 49
quadratic, 105
symmetric o*, 47
visible symmetric o*, 99
visible symmetric, 104
4-periodic 7, 292
simple factor S;(F, ), 225
stable
algebraic bordism subcategory, 58
closed subcategory, 58
star, 67
structure group
quadratic
S«(R,K), 148
S«(X), 190
SE(Y), 263
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S.(X), 286
S«(R, K,w), 315
symmetric
S*(R,K), 149
structure invariant s(f), 197
4-periodic 3(f), 295
structure set STOF(X), 195
A-coefficient SATOP (M), 303
structure spectrum
quadratic
S.(R,K), 148
S.(R, K,w), 315
symmetric
S(R, K), 149
supplement, 123
surgery exact sequence
algebraic, 169
geometric, 195
A-coefficient, 304
g-connective algebraic, 159
suspension
chain complex SC, 25
spectrum XK, 121
(symmetric, quadratic) pair, 43

topological reducibility obstruction
difference element ¢(7,7'), 175
homotopy equivalence t(f), 197
Poincaré complex t(X), 181
spherical fibration ¢(v), 174

total complex, 25

total surgery obstruction s(X), 190
bounded s°(K), 329
4-periodic 5(X), 292
A-coefficient s(X; A), 303
lower s{~9(X), 325
projective sP(X), 324

totally
imaginary, 248
real, 248

transfer, 215

transversality structure, 185



